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What the talk is about

We will explore properties of the final sequence and give

<+ a minimization functor
(constructively, still without a final coalgebra!)

-+ characterizations of final coalgebras,
given weakly final coalgebras

provided that the category admits a
factorization system (£, R) with R C Monic
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Final sequence

For an endofunctor T: C — C the final sequence is given as

1<---T1-+ T21 < T3 «—nr -
! T! T2 T3

...formally it is a limit preserving functor

F(0) =1
F:Ord® - C such that F(B+1) = TF(B)
F(B+1 = y+1) = TF(8 — 7)



Final coalgebra from the final sequence

Vh

X X

The, Vo € Ord

ho
'

F(a) ~— TF(«)

Theorem (Adamek,Barr) Sl Corollary (Adamek,Worrell)
If the final sequence stabilizes at o If F(a+1 — «) is monic and T
then F(a+1 — a)~!is a final preserves monos, then T has final
T-coalgebra. coalgebra, provided that C is

well-powered.




Assumptions (1)

a factorization system (£, R) with R C Monic
F(a+1 — a) € R for some a € Ord

T preserves R-morphisms



Minimization functor

M: T-Coalgy — T-Coalge

Objects Arrows
XX x— Ly
/\hi TAn )\hi iAk
ha My, - - e TMy, Tha ha My -~ Mh_, My ko
ph[ [Tph ﬂhI ka
> Fla) «——TF(a) < — F(e) Fla) «

(*) We do not require the existence of a final T-coalgebra (ex. Ord®”)
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Reflective subcategory of minimized coalgebras

Factorization systems on C induces a reflective subcategory R,
provided that C has final object
[Borceux, Handbook 1, Prop.5.5.5]

M

M we do not need
a final object!

T-Coalg, T



Final from weakly final

X TX
af Tf
Ww—"—~ Tw weakly final
Aw TAw
\Y Lo v
M, ="~ ™,
Pw Tow
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Final from weakly final

Vh

X X
f H g Tf H Tg
w—"— TWw
Aw TAw
\% Lo v
M, -----~ ™,
Pw Tow

weakly final
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Final from weakly final

————— X X
ng Tfu Tg
W T
ha ' Aw TAw
l v Pw '
| M, -----~ ™,
i Pw Tow

weakly final

12



Final from weakly final

77777 X TX
ng Tfu Tg
3 w—"— Tw weakly final
ha ' Aw TAw
| v Pow ' :
| M, -----~ ™, = M(W,w) is final!
i Pw Tpw

-~ Fla) ~—— TF(a)
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Results for finitary Set endofunctors T

[Adamek/Worrell]

+ the final sequence for T has monic arrow at w+1 — w

+ T is a quotient of some finitary polynomial endofunctor Hsx

e Hr =T with epic componets

idTx
Vh | 0 ex '
X - TX » Hs X X
f Hs f Tf
Z z - HsZ TZ
= €z
A TX
\Y Y
A I T + TM(cz02)
p Tp
F(a) < TF(a)
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Assumption (2)

C is R-well-powered

(each object has only a set of R-subobjects)
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‘R-union of minimized coalgebras is final

Under this further assumption the category M is small. ..

Yh

X X

inp, © Ap l T (inpm, o Ap)

4

[ My . T(LI My) —— weakly final

Ap i T
4

My~ ~ TM, —— R-union (final!)

Pp I Tpp

TFkoz)
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Thanks



