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Background

Kleene 1956:

Finite automata are regular expressions

b 2 a,b
b*a(atb)*

0 1
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Background

Schitzenberger 1961.:

Languages are non commutative series

and operations on regular expressions
are rationals.

L = {¢,ab,aab} 1+ ab + aab

Addition = union

Subtraction = take the coefficients from a field

Product = concatenation 1
Division = star a*=l+a+a*+ad+..=1-3
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Background

Chomsky, Schitzenberger 1963:

Algebraic system of equations
have power series as solutions.

X = XX+ ay + bz

Z=17a
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Background

Fliess1971:

Solutions of algebraic equations in one
variable are algebraic streams.

1-(X+2)o +4Xc? =0
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Background

Rutten1999:

Streams and power series are solutions of
behavioral differential equations.

x=012345617
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Starting point

Bonchi, Boreale, Milius, Rot, Rutten, Silva, Winter
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Part |

Finite state power series
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Moore automata

b a a A
X—>SxX
S b t
a b *
X—>y—>X—>S SA

X—a>yi>yi>y—>t
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Moore automata, coalgebraically

Behavioral equation

o(X)=s
X, =Y

& f(x)=<s,0> and o@) =y
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(Formal) power series

Semirings (5,+,0,-,1)

Power series A* = 5 = 5((A*))

G=S,+Sa+S,0+sa2+s,ab+sba+...= 2 (c,w)w

weA*

Polynomials A* > S = S(A%)
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Examples

(B,v,0,A,1)

(F2,+,0,,,1)

(N,+,0,-,1)

(R,+,0,-,1)

(R*,min, o0,+,0)

Boolean semiring

Binary field (arithmetic modulo 2)

Natural numbers

Real numbers

Tropical semiring
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Finite state power series

Finite
\ [[-1]

X ----- SR ((-N)) I S —— - S((A%Y)

—
112
112

! !
S x XA > S X SSANNY —— S x (SUA*W))?

Behaviour of finite Moore automata
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b a 3 Behavioral equations
o(x)=0.2 o(y)=0.8
Xa =Y Ya=¥
0.2 o 0.8 Xp = X Yp = X
(R,+,0,-,1) Real numbers
[[x]](e) = 0.2 [[x]](wb) = 0.8 [[x]](wa) = 0.8

[X]] =0.2+0.8a+0.2b + 0.8a% + 0.2ab + 0.8ba +0.2b? +
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Properties of SIS({(A*))

m Decidable bisimulation

Implemented in CIRC [B.,Caltais, Goriac, Lucanu, Rutten,Silva 10]

m Several algorithms for minimization
Partition-refinement [Bonchi et al.]

Brzozowski minimization: [Bonchi,B., Rutten, Silva 09] + Hansen

m Complete axiomatization [silva,B., Rutten 09]
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Some closure properties of S'S{{(A*))

0=s, oly)=s,
Xa = X1 Ya= Y1
X, = ... Y, =
Sum of x and y Product of x and y
o(xty) =s,;+5s, 0(X®Yy) = s;-S,
XtYp = XKy, =

E1.Y A coalgebraic classification of power series 4/3/2012
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Part |l

Rational power series
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Weighted automata

X ti=x|st|t+t

X ——> TX--- Ak SA*))
f / =
\ -
A . C R,
Sx TX X 5 X (SKA*))

Distributive law induced by XF — FT

S1:(S2,0)— (S1°S,, Aa.S;-¢(a))
(S1s 01) + (S2.9)—(S1+S,, Aa.9,(a)+9,(a))
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Weighted automata, classically

2.,a
1, 3,a

L(x) e N{A*))

X 4b

x—il’ x2—’§>y4+b->x—>1

> L(X)(aab) =8 + 24 =32

x 28 38 &b 5
2 4,
x 28 x 28y L(x)(ab) = 8
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Two examples ...

o(s) =s o(@ =0
§a:O§ ga:l SES,aEA
s,=0-s a,=0 SX"TXA
1,a
S 0 1

[s]]=s + 0a+ 0b +... [a]] =0+ 1a+0b+ ...
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... and their Moore automata

0(9) = s 0@ =0 /
Sy = O§ aa:l

Sp=0-8 a,=0 Sx TX"

a,b
a,b

V.63 N A coalgebraic classification of power series 4/3/2012
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A larger example ...

o(x) = 1 o(y) = 2 X
Xa = X Ya = 2'y
Xp = 2:X + 3y Yp =0y

N x TX?
2.b
1,a 2,a

3,b

[X]] =1+ 1la + 8b + 8ab + 14ba + ...
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... and its Moore automaton

o(x) =1 o(y) = 2 /
Xg = X Ya = 2'y

X, = 2-X + 3-y y, = 0-y N x TX?
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Few equalities

m (TX, +,0) Isa commutative monoid

mS- IS a scalar product
(S;+S,)t~s;-t+s,t s-(t;+t,)~s -t +s-t,
0t~0 s:0~-0
1-t~t (S1°S,) 't ~S;:(S,1)
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Rational power series

/ Finite

G G () —— - S((A%)

m—ty
112
112

A4 v VL
Sx TX? > S x SA(ANYY —— S x (S(A*Y)

X ti=x|st|t+t
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Properties of S8((A*))
[Sakarovitch 03]

Decidable equivalence for many semirings [Esik,Maletti 10]
Yes: Natural numbers, any subsemiring of a field
No: tropical semiring, regular languages

Complete axiomatization for many semirings
For regular languages [Krob 90][Kozen 94]
For proper semirings [Esik, Kuich 12]
Adding equations to those of bisimulation [B.,Milius,Silva 12]

Several minimization algorithms
[Schltzenberger 61], [Berstel,Reutenauer 88], [Sakarovitch 06],

[Mohri 09],[Bonchi,B.,Boreale, Rutten,Silva 11]
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Part |l

Context free power series
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Context free behavioral equations

TX ti=x|s|t+t]tt

X ——> TX--- Ak SA*))
f / -
v v
A . Q A
SXTX" o S X (SUAD)

Distributive law induced by X(Fxid) —» FT

s— (s, ra.0,s)
(S1s 01,v1)(S2:02,v0) F>(S1°S,, Aa.¢1(a) v, + S1-0,(8))
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Example

Dyck language

o(x) =1 o(@)=0 o(b) =0
X, = X-a-X a =1 Qa: S
X, = X-b-Xx  a,= b,=1 §

4/3/2012
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Context free power series

/ Finite

X —— T A seany s - S((A®)

m—ty
112
112

A4 v VL
Sx TX? > S X SH(ARNYS —— S x (SUA*H)®

TX ti=x|s|t+t]tt
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(TX,+,0, -, 1) Isa semiring

m (TX, +,0) Isacommutative monoid
m (TX, -, 1) Isamonoid

Distributivity
(L + L)t~ ity + 1ty t-(t +t) ~ -t +ttg

Annihilation
0-t~0 t-0~0
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A simple closure property

X ti=x|s|t+t]tt S a field

Inverse of x (if s # 0)
O(X):S O(y)= O(i):S'l
X, =t = X
a "1 ya e 1 o 1
X, = 1, Ga=-stt -5
1y - o1t . 1
Go=-5" - %
: 1 _
Lemma: X~ =1
A coalgebraic classification of power series 4/3/2012
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Part IV

Algebraic power series
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S-algebraic systems

Finite
% =p, b eS(ATX)®  xeX J
- D & | »
X = 2axb + by Proper = in each p; occurs
y=hby+Db 1. no constant from S
% )L 2. no single variable from X

[Every proper S-algebraic system has a solution in 5((A*)) ]

Llﬂot propq\

X=a+Xx and xXx=2+ xXx

X=X:X

no solution in N{(A*))
two solutions, 0 and 1

11111
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S-algebraic power series  S*(A*))

o € S{A*))

c=Syts;a+s,b+s;a’+s,ab+scha+...
\ )
v

Strong solution of a
proper S-algebraic system

V.63 N A coalgebraic classification of power series 4/3/2012
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SM((AR) = SUAT)

s R
X = 2axb + by 0(X) = s, o(y)=0 o(b) =0

y=by+b ) X, =2xb  y,=0 b,=0

. ) \xb=y Yp=y+1  b,=1

Using Greibach normal form

(%= a(y+2) + 3b | (X) 1‘( (y) = 2
X =aly O(X) = o(y) =

y=da(x+l) | <4m|x =y Vo= 4X
\ y Xb: yb:

V.E3.Y A coalgebraic classification of power series 4/3/2012
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SYUA*YY is closed under reverse

o(x) = 1“/ o(b) =0 x =a(x+1)b

X,=xb  b,=0 | HEEp [E:b ]

X, = 0 b, =1 \
reverse

V4 [XR - bR(XR+1)a ]
o(x®) =1 o(@)=0 bR=h
xR, =0 =
Xfp=x"-a+a /
GNF

a-=a

\ [XR = bxRa + ba ]

4/3/2012
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Part V

Algebraic streams
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Algebraic streams over F

[A={x}] | Fisafield

[ F{A*) =N — F I.e. streams

A stream o € F{(A*) Is algebraic if there are
non-null polynomials p;, € F{A*) such that

Po+ Po+P,c°+ ... +p,c"=0

V.63 N A coalgebraic classification of power series 4/3/2012
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Algebraic streams are context free

Paper folding stream

c=110110011100... F,
1-0+Xc?=0
=) -5 +52=0 Taking derivative

_—) o = o2

Behavioral equation

0(c)=1
L —
O —0-'0O
A coalgebraic classification of power series 4/3/2012
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Algebraic streams are context free

The Thue-Morse stream
c=01101001100101160 ...

I,

X +(1+X?)o + (1+X+X>+X3)0%= 0

Behavioral equations

o(x)=0 oy)=1 0(z)=1 o(w)=1
X =y y =2 Z' = Z2ty+X-X-W W =Yy-W
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F-algebraic = Fo{X}*))

In any field F and a singleton alphabet A, if a
well behaved stream is
algebraic [BRW 12]
then
IS context-free

For a perfect field I and a singleton alphabet A,
a stream Is
algebraic [Fliess 71]
If and only If
Is F-algebraic

A coalgebraic classification of power series 4/3/2012
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Part VI

Automatic streams
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p-Automatic streams

The n-th term of the stream is the output
of the state when the automata input is
the digits of n in some fixed base p

[Allouche, Sallit 03]
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Example: Thue-Morse again ...




p-automatic are context free

For any prime number p, a stream Is
p-automatic
If and only if
Is algebraic over F,

[Berstel,Retenauer 11]
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The big picture

semirings — power series

fields m——Perfect field streams

=== p prime

Z.E1. A coalgebraic classification of power series 4/3/2012
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Why?

m Clarifying the definitions

m Importance of weighted systems

m Towards the understanding of treatable subsets of
the final coalgebra

m Algorithmically interesting
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