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Why finitary functors are interesting

Finitary functors F' (on sets) are important in algebra and coalgebra

initial algebras  pF = colim(0 — FO — --- — F"0 — - - )

n<w

final coalgebras vF = im}r (14 Fl4 -+ F¥l + F*T11 ¢+ ..

have presentation by (3, F): F=Hy/E
F-algebras = >-algebras satisfying £

BUT  Set is not enough for many applications.

Our results.
1. Generalize to ' : A — A, where A locally finitely presentable category.

2. Hausdorff functor 7: CMS — CMS :  finitary + presentation
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Locally finitely presentable (Ifp) categories

,Definition.“ A locally finitely presentable : <=

S~

= finitely presentable objects

A has good notion of “finite object”

F:A— B fintary <=  F determined by its action on 7 — A

= preserving filtered colimits /

J = full subcategory of finitely presentable objects

Examples. Set, posets, graphs, groups, vector spaces
finitary varieties of algebras

Alfp,Csmall = A°, Fin(A, A), FinMnd(A) Ifp
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Example: presentation of the finite power-set functor

Pr : Set — Set P X ={Y |Y C X,Y finite }

HeX =30+ 321 X X + 3y x X2+ ---
— X*

flat equations: O‘g(.’L‘Q, . ,:Cg_l) = Uk(fUO; ce ey yk_l)

signature X : Yn={on} €

iff {z0,..., 20} = {0y, Yr }

/

U
1 — = He{0,..., k—1}
uf
e: Hy — Ps EXZ(O',,;,.GL'(),...,ZCZ'_l)H{ZC(),...,.’EZ'_l}
IS universal
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signature ¥ = (X,)nen Y| Fl— A
HeX =Y+ 31 x X + 5y x X2 ... HzXzﬂA(k,X)-Ek
keF
u
flat equation 1< Hxk _> —— <t Hxk nkelF

/
u

s

Construction of F: A— A presentedby X, {n, —_Z3 Hxk; |i€l}

1. form the signature >, = [] n; Yk e F

el k;=k
2. copairing of all equations > LN Hsk VEk
Hi 4@) Hz;
3. coequalizer '\ A

U _ J
Hg —< Hy — % F Hz:LaﬂJzJ\
i’

Ae—|7]
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Example in posets

(

@®
1 ifn=
signature %, = « % —

one binary operation o(z, y)
| 0 else defined for z < y

flat equation o (z,2) = o(y, y)

specifies G(X,<)={(z,y) e X? |z <y}lU{x*}

for f: (X,<) — (Y, E)

Gf(z,y) :{ (fz, fy) if fx C fy

else
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Finitary functors and presentations

Theorem. Let A be an Ifp category.

F: A— Afinitary <= F given by a finitary presentation

Proof. < Hy < Hy—>» F  coequalizer of finitary functors

—> canonical presentation of a finitary F': A — A

id
signature X, = Fk Y —— Fk VEk

Hy = Lan;X ——> F

flat equations: all n__—_XXHxk with c-u=¢ o O

u

Theorem. Let F': A— Abe presentable by (2, F).

F-algebras = >-algebras satisfying flat equations in £
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The Hausdorff functor

Non-determinism for systems with complete metric state space.

category CMS: complete metric spaces (X, d)
non-expanding maps f : (X,dx) — (Y, dy)

dy (fz, fy) < dx(z,y) Va,y € X
. CMS — CMS
(X, d) = non-empty compact subsets of X with Hausdorff metric d*

sup inf d(x,y
zeM YEN ( )

d* (M, N) = max{ sup inf d(x,vy), sup inf d(z,
(M, N) tsup inf d(z,y), sup nf d(z,y)}

sup inf d
seb 2 )

SRR - 3 -



Accessability of the Hausdorff functor

Theorem.

(X, d) = free metric join-semilattice on (X, d)

JSI(CMS) " L CMS ) » = . isaccessible
u \

preserves A-filtered colimits for some A

Acategory with x -+ Jsl(A):  AxA—23A4 suchthat

AxAx A2 4w A Ax A A—2 3 Ax A
idan/ la SwapJ \ \J{a
AxA——: sy A AXxA——A A

associative commutative idempotent
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Accessability of the Hausdorff functor

Theorem.

(X, d) = free metric join-semilattice on (X, d)

JsI(CI\/IS)< L CMS ) ur :Can*qccessible

U

Cdop .
preserves . O b e Z‘; gr/fc;e A

A category with x -~ Jsl(A):  AxA—23A4 suchthat °*

AxAx A2 4w A Ax A A—2 3 Ax A

idan/ la SwapJ \ \J{a
AxA——: sy A AXxA——A A

associative commutative idempotent
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Yes, we can!

2
<

JSI(CMS) T CMS )
U

Proposition. A lfp category .7 algebraic theory
Then Alg, 7 Ifp and U7Z:Alg, 7 — Afinitary

 =theory of semilattices .- Algcys 7 = JsI(CMS)
Bad news. CMS is not Ifp!
But: CMS is locally countably presentable

Proposition holds for locally countably presentable categories

—> U:JsI(CMS) — CMS is countably accessible
—> £ : CMS — CMS is countably accessible
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Yes, we can!

— preserves colimits

JSI(CMS) " T . CMS ) »#
U

Proposition. A lfp category .7 algebraic theory
Then Alg, 7 Ifp and U7Z:Alg, 7 — Afinitary

J = theory of semilattices --- AlgcysZ = Jsl(CMS)
Bad news. CMS is not Ifp!

(\
But: CMS is locally countably pre~ be\.\-e

Proposition holds 4»\:\\\ thably presentable categories

—  U:Jslli™ G'a.“) IS countably accessible
— O(\_, — CMS is countably accessible
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Finitaryness of the Hausdorff functor

Theorem. 2. CMS — CMS preserves filtered colimits.

Proof.

<7 .
1. CMS. L PMS  reflective subcategory

\

pseudometric spaces

2. U7 :AlgpysT — PMS finitary

3. U":Jsl(PMS) — PMS finitary = U:JsI(CMS) — CMS finitary

/

category-theoretic argument
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Presentation of the Hausdorff functor

The same as for the non-empty finite power-set functor Pf 7. Set — Set.

separable spaces ocall |
= countably presentable —> C — CMS <€— locally countably presentable

signature 5, = {on,} if n non-empty finite discrete
O  else
HyX = ] Xr=XTt
O<n<w
flat equations 1 L; Hy k o¢(xo, ..., Te—1) = ok(Yo,- - Yr—1)
Y iff{fl‘o,...,ﬂﬁg}:{yo,...,yk}
Proposition. The joint coequalizer of all u, v’ is
e:Hy, — (Ons oy ooy Tp—1) > {0y Tp1}

Proof. 1.ex non-expanding

u
2. ¢ x coequalizer: 1—§ Hgk—»Pf@’X%%”X

u
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Conclusions and future work

Finitary functors on Ifp categories are precisely those having a finitary presentation

The Hausdorff functor is finitary and has a presentation by operations with finite arity

Future work
Kantorovich functor on CMS (for modelling probabilistic non-determinism)

Relation of our presentations to rank-1 presentations as in Bonsangue & Kurz
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