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Abstract

An open problem posed by Milner asks for a proof that a certain axiomatisation, which Milner showed is sound with respect
to bisimilarity for regular expressions, is also complete. One of the main difficulties of the problem is the lack of a full Kleene
theorem, since there are automata that can not be specified, up to bisimilarity, by an expression. Grabmayer and Fokkink (2020)
characterise those automata that can be expressed by regular expressions without the constant 1, and use this characterisation to
give a positive answer to Milner’s question for this subset of expressions. In this paper, we analyse Grabmayer and Fokkink’s proof
of completeness from the perspective of universal coalgebra, and thereby give an abstract account of their proof method. We then
compare this proof method to another approach to completeness proofs from coalgebraic language theory. This culminates in two
abstract proof methods for completeness, what we call the local and global approaches, and a description of when one method can
be used in place of the other.
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1 Introduction

In 1984, Robin Milner gave a non-standard operational interpretation of regular expressions [21], viewing them
as nondeterministic processes rather than regular languages. Comparing them for bisimilarity rather than
language equivalence affects the semantics in two key ways. First, there are finite nondeterministic processes
that do not behave like any regular expression up to bisimilarity (the problem of characterising those that do
was solved first in [1]). This draws a stark contrast with the language semantics of regular expressions, where
Kleene’s theorem gives a one-to-one correspondence between finite automata and expressions. Second, there
are axioms in Salomaa’s complete axiomatisation of the algebra of regular expressions [23] that are unsound
in the process interpretation. Milner offers a modified version of Salomaa’s axioms and shows that they are
sound with respect to bisimilarity. Completeness is left as an open problem in [21], a full solution to which has
yet to appear in the literature.

Several partial solutions to Milner’s problem are known. For instance, by omitting the constants 0 and 1 from
the language and replacing the Kleene star with its binary version, ! interpreted as iteration on its first argument

I In fact, Kleene’s original star operation was binary. However, the binary star operation seems to have fallen out of fashion by
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before proceeding with the second, one obtains the calculus introduced in [2]. The corresponding axiomatisation
was shown to be complete with respect to bisimilarity in [6,7]. Later, soundness and completeness were shown
for the fragments including either (or both) of 0 and 1, but with a perpetual loop operator (—)“ in place of
the star [5]. These partial solutions led up to the recent paper of Grabmayer and Fokkink [8], which solves the
completeness problem for the fragment of 1-free regular expressions, and so subsumes much of the previous
work on the problem. However, what specifically interests us in their work is that it perfectly illustrates a
subtle difficulty in completeness proofs.

Grabmayer and Fokkink’s approach consists of four key parts, as is the case for many related completeness
proofs that go through automata. The first is the production of models from expressions through the operational
semantics. The second is a sort of inverse to the first, a notion of solution to a model in the class of expressions.
The third is the identification of a distinguished class of models that includes the semantics of the expressions,
every member of which admits a unique solution modulo the axioms. This gives a one-to-one correspondence
between models in the distinguished class and expressions modulo the axioms. The fourth is the ability to
combine or reduce and compare models (without leaving the distinguished class), as well as their solutions.

The last part is subtler than the first three. In a classical proof such as [23], but also in more recent
coalgebraic formulations (e.g., [26,13]), the distinguished class typically consists of all finite (or locally finite)
automata, and comparing automata consists of finding a bisimulation between them. Bisimulations between
finite automata are trivially finite, so the fourth step is rarely worth mentioning in this situation. Here, the
highest hurdle to clear seems to be the issue of proving that solutions are unique. This is in stark contrast with
the setting of Grabmayer and Fokkink’s paper [8], where the class of models they consider are the so-called
LLEE-charts. The necessity of identifying such a non-trivial class is caused by the above-mentioned issue that,
up to bisimilarity, not all finite processes are characterised by regular expressions. For LLEE-charts, uniqueness
of solutions is not a triviality, but also does not warrant a proof in the main body of [8].? In comparison,
a great amount of ingenuity is involved in establishing the fourth of the moving parts mentioned above: The
ability to reduce equivalent LLEE-charts to a common LLEE-chart.

Grabmayer and Fokkink’s solution to this problem is highly innovative and technical, and makes use of new
tools carefully crafted for proving the compositionality result mentioned above. The abstract view we present
here is no replacement for the detailed combinatorial arguments found in [8]. Instead, the intent of the present
paper is to unpack its contents by situating them in the context of universal coalgebra. Universal coalgebra
is a well-established general framework for state-based systems, subsuming constructs like bisimilarity and
behaviour [22,14]. We give a coalgebraic spin on some of the results of [8], strengthening some while simplifying
the proofs of others:

¢ We show that solutions to automata are in one-to-one correspondence with coalgebra homomorphisms
into the expressions modulo the axioms.

¢ We elucidate the four moving parts of Grabmayer and Fokkink’s completeness proof mentioned above and
prove that they are sufficient in a general coalgebraic setting.

» We generalise the connect-through-to operation from [8] to a purely coalgebraic construction. We coin the
term rerouting for this construction, and show that a prevalence of reroutings can be used to establish the
fourth moving part of completeness proofs.

* Finally, we give a general account of a related approach to completeness proofs found in [13,26,20,3] and
show how the method used by Grabmayer and Fokkink can be restructured to fit this mould.

Overall, we use the structure of the completeness proof in [8] as a case study in completeness proof methods
from coalgebra that do not rely on a one-to-one correspondence between expressions and all finite automata.
This culminates in two abstract proof methods for completeness, what we call the local and global approaches,
and a description of those situations in which the latter method can be used in place of the former.

The paper is organized as follows: In Section 2, we introduce the 1-free fragment of regular expressions in
parallel with its coalgebraic aspects. In Section 3, we discuss the four moving parts of Grabmayer and Fokkink’s
completeness proof and show that they are sufficient in a general coalgebraic setting. In Section 4, we give an
alternative description of LLEE-charts and show how Grabmayer and Fokkink’s technique for reducing LLEE-
charts can be strengthened. It is in this section that we generalize their connect-through-to operation. Lastly,
in Section 5, we give a general account of a related approach to completeness proofs, found in [13,26,20,3], and
show how the method used by Grabmayer and Fokkink can be restructured to fit this mould.

the time [23] was written.
2 Tt appears in the extended version [9].
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Fig. 1. The prechart (SExp, (0sExp, 0SExp))-

2 Coalgebras and 1-free Star Expressions

For a fixed finite set A of atomic actions, the set of 1-free star expressions, or star expressions for short, is
generated by the BNF grammar

SExpoe,fu=acA|O0|le+ fleflexf

The expression e # f denotes the regular expression e* f from [21], but we write * as an infix to emphasize that
it is a binary operation in this formalism, as in Kleene’s seminal paper [17].

Operationally, each star expression specifies a labelled transition system with outputs in 24, called its chart.

Following [8], a chart consists of a set of states X, a transition relation ), © X x A x X, an output relation
= C X x A, and a start state x € X from which every other state is reachable via a path of finite length. We
impose the additional assumption that charts are finitely branching, ie. for any z € X and a € A, x 2, y for
finitely many y € X.

Where P, (X) = {U € X | |U| < w}, a transition relation is equivalent to a function 0 : X — P, (X)4, an
output relation is equivalent to a function o : X — 24, and they can be given together by a function

(0,0): X — 24 x P (X)A.

Since (o, d) says nothing about a start state, we call a pair (X, <o, 0)) a prechart.

Precharts fit nicely into the framework of universal coalgebra. For an endofunctor G on the category Sets
of sets and functions, a G-coalgebra is a pair (X,dx) consisting of a set X of states and a structure map
Sx : X — GX. Thus, if P(X) = 24 x P,(X)4 and P(f : X — Y)(o,h)(a) = (o(a), f(h(a))), precharts are
precisely P-coalgebras. Given a prechart (X, {o,d)), its transition and output relations can be recovered by
writing z %, y to denote y € d(x)(a) and x = a to denote o(z)(a) = 1.

To obtain a chart from each star expression, Grabmayer and Fokkink begin by giving the set of star expres-
sions SExp the structure of a prechart. The transitions of SExp are built inductively from the interpretations
of expressions as processes: The constant 0 is deadlock, a € A is the process that performs the action a and
then terminates, e+ f and ef are alternative and sequential composition respectively, and e« f iterates e before
executing f. Formally, the transitions and outputs of SExp are those derivable from the rules in Figure 1.

Given an expression e € SExp, the chart interpretation of e is the smallest subset of SExp containing e and
closed under the transition and output relations. The resulting prechart is denoted {e), and coincides with the
smallest subcoalgebra of SExp containing e, ie. if U € SExp contains e and (U,{oy, dy)) is a P-coalgebra s.t.

Ue . SExp
<oU,aU>l l@smp,asma (1)
p(U) — L™, p(SExp)

commutes, then {(e) € U. In general, a chart is a prechart of the form {x) for some (X, <o, d)) with z € X.

In coalgebraic terminology, (1) states that the set U carries a P-coalgebra structure such that the inclusion
of U into SExp is a P-coalgebra homomorphism. For a general endofunctor G on Sets, a G-coalgebra homo-
morphism from (X,0x) to (Y,dy) is a map h : X — Y such that dy o h = G(h) o dx. We write X =~ Y if
there is a bijective coalgebra homomorphism X — Y, and say that X and Y are isomorphic. Homomorphisms
coincide with the standard notion of functional bisimulation.



ScHMID, RoT, SiLva

(B6) e1+0=¢e

(B7) Oe; =0
(BKS1) e1# ey = ej(eg xez) + €9
(BKS2) (e1 *ea)es = eq = (ezes3)

€3 = eje3 + ez

(B1) e1+ey =e3+ e

(B2) e + (ex +e3) = (e1 +e2) +e3
(B3) e1+e = e

(B4)  (e1 +ea)es = ejes + eaes
(B5) (e1ea)es (RSP)

61(6263) €3 = €1 * €3

Fig. 2. A sound and complete axiomatisation [8]. Here, e, ez, e3 € SExp.

Lemma 2 1 A function h : X — Y between precharts is a coalgebra homomorphism if and only if for any
x € X,y eY,andac A, (i) x = a if and only if h(z) = a, and (i) h(z) % y' if and only if there is an
o' € X such thath( )—y and x %, '

Bisimulation can also be captured coalgebraically. For a general endofunctor G, a bisimulation between
two coalgebras (X,dx) and (Y,dy) is a relation R € X x Y carrying a coalgebra structure (R, dg) such that
the projection maps 7 : R — X and 73 : R — Y are G-coalgebra homomorphisms. It follows from Lemma 2.1
that a relation R € X x Y between precharts is a bisimulation if and only if for any (z,y) € R and a € A,
(i) x = a if and only if y = a; (ii) if 2 2/, then there is a ' € Y such that (2/,y') € R and y % ¢'; and
(iil) if y 2, ¢/, then there is an 2’ € X such that x 24, 2’ and (2/,y’) € R. Conversely, a map h is a coalgebra
homomorphism if and only if its graph Gr(h) = {(x,h(z)) | z € X} is a bisimulation. If there is a bisimulation
R relating z € X and y € Y, we say x and y are bisimilar and write x < y. Restricted to a single coalgebra,
<« C X x X is a bisimulation equivalence, a bisimulation that is also an equivalence relation.

Within SExp, bisimilarity satisfies a number of intuitive equivalences, keeping in mind the interpretation of
star expressions as processes. For instance, 0e < 0 and e + f < f + e for any e, f € SExp. These are captured
by two of the axioms suggested by Milner in [21], appearing as (B7) and (B1) in Grabmayer and Fokkink’s
adaptation of Milner’s axioms to star expressions summarised in Figure 2. We define = to be the smallest
congruence relation on SExp containing the pairs e = f found in Figure 2.

In general, an equivalence relation = on the state space of a G-coalgebra E is sound with respect to
bisimilarity if = is a bisimulation equivalence, and complete with respect to bisimilarity if e = f whenever
e < f. The following theorem says that the axioms in Figure 2 build a sound equivalence relation on SExp.

Theorem 2.2 The relation = < SExp x SExp is a bisimulation equivalence on SExp.

The role that bisimulation equivalences play in coalgebra is analogous to the role that congruences play
in algebra. The kernel ker(h) = {(z,2') € X x X | h(z) = h(z)} of any coalgebra homomorphism h is a
bisimulation equivalence, ® and every bisimulation equivalence R is the kernel of some coalgebra homomorphism
X — X/R [22]. By Theorem 2.2, the set SExp/= of star expressions modulo provable equivalence is itself a
P-coalgebra, and the quotient map [—]= : SExp — SExp/= is a coalgebra homomorphism.

2.1 Linear Systems and Solutions

Starting with an expression e € SExp, obtaining a prechart X with a state x € X such that e < = is only a
matter of computing {e¢). However, going from a prechart X and a state x € X to an expression e € SExp such
that e « x is more difficult (and in fact, is not always possible). The following theorem hints at a method for
doing so.

Theorem 2.3 Let e € SExp. Thene= Y, a+ Y, af, where Y, je; =e1+ (X 5e;).”

= a
e=a e—f

Given a finite prechart (X, {0, 0)), its corresponding linear system is the set of equations

x=2a+ Z ax’ (2)

r=a

3 Actually, this is only true if G preserves weak pullbacks. This is a common assumption, however, and holds for each of the
concrete functors we consider here.

4 Here, the generalised sum on the left is well-defined up to the commutativity and associativity of + assumed in Figure 2.

4
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indexed by X, where we are thinking of each z € X as an indeterminate. A solution to the linear system
associated with X is a map s : X — SExp such that

s(x) = Z a+ Z a s(z') (3)

r=a a
x—sx!

for all z € X. Composing a solution s with the homomorphic image homomorphism [—]= : SExp — SExp/=,

(3) becomes the equation
[s(x)]== D a+ ) als(a))= (4)

r=a a
=z’

It follows from (4) that {(z,[s(x)]=) | z € X} is a bisimulation between X and SExp/=. Since this is the graph

of the map [—]=o0s, if s : X — SExp is a solution, then [—]=0s: X — SExp/= is a coalgebra homomorphism.
Conversely, if [—]= o s is a homomorphism, then (4) holds. As (3) and (4) are equivalent, we obtain:

Lemma 2.4 A map s: X — SExp is a solution iff [-]= o s : X — SExp/= is a coalgebra homomorphism.

We often identify solutions with their corresponding homomorphisms into SExp/=.

3 A Local Approach

In the previous section, we observed that the axioms in Figure 2 are sound with respect to bisimilarity, and
that solutions from [8] coincide with coalgebra homomorphisms into SExp/=. In loc. cit., Grabmayer and
Fokkink show that the axiomatisation in Figure 2 is complete with respect to bisimilarity: that e = f whenever
e < f, for any e, f € SExp. Next, we give an abstract description of Grabmayer and Fokkink’s approach to
proving soundness and completeness, which we call the local approach, and compare it to an approach found
in classical automata theory. Grabmayer and Fokkink’s approach can essentially be organized into four steps.

Step 1 is to show that the provable equivalence relation = is a bisimulation equivalence. This is the content
of Theorem 2.2 from Section 2, and establishes soundness.

Step 2 is to identify a class C of precharts such that for any e € SExp, {e) € C.

Step 3 is to show that for any X € C, there is a unique homomorphism X — SExp/=. By Lemma 2.4,
homomorphisms into SExp/= are identifiable with solutions, so this is the same as saying that precharts
in C admit unique solutions.

Step 4 is to show that C is closed under binary coproducts and bisimulation collapses. That is, for any
X, YeC,wefind X uY €C and X/< € C as well.

It should be noted that Grabmayer and Fokkink never explicitly show that their class C is closed under binary
coproducts, due to their focus being on charts, which do not have this property. Thus, the four steps above are a
coalgebraic rephrasing of their approach that requires the introduction of coproducts. However, the coalgebraic
analogue of Grabmayer and Fokkink’s distinguished class of models is easily seen to be closed under binary
coproducts, as we will see in Section 4.

The four steps above are sufficient for showing soundness and completeness of an axiomatisation of bisimi-
larity in general. In fact, we can even replace step 4 with a weaker version:

Step 4 is to show that C is collapsible, ie. for any X,Y € C and any x € X and y € Y such that x < y, there
is a Z € C and a pair of homomorphisms p: X — Z and ¢ : Y — Z such that p(z) = ¢(y).

Steps 1-4 constitute the local approach, leading to soundness and completeness via the following theorem.

Theorem 3.1 Let = be a bisimulation equivalence on a fized G-coalgebra E, and C be a collapsible class
of G-coalgebras containing {e) for each e € E. If there is exactly one homomorphism X — E/= for every

G-coalgebra X € C, then e = f if and only if e = f for any e, f € E.

A class of G-coalgebras that is closed under binary coproducts and bisimulation collapses is collapsible: If
X and Y are in the class, and x < y for some x € X andye Y, let Z = (X uY)/ < and take p = [—]< oiny
and ¢ = [—]< oiny. Here, inx : X — X 1Y is the inclusion of X into the coproduct X 1Y, and similarly
for iny, and [—]< : X uY — Z is the bisimulation collapse homomorphism. Because © < y in X 1Y,
p(z) = q(y), from which collapsibility follows.

Steps 1 through 3 of the local approach should be familiar to readers acquainted with equational axiomatisa-
tions in classical automata theory. Some aspects of the soundness and completeness theorems of regular algebra
can be seen to trace each of the first three steps above. Since two states of a deterministic automaton are

5



ScHMID, RoT, SiLva

bisimilar if and only if they recognize the same language, one could reasonably expect that the local approach
to proving soundness and completeness, of any one of the existing axiomatisations of language equivalence for
regular expressions, should be successful.

Kleene proved in [17] that a language is regular if and only if it is recognized by a state in a deterministic
finite automaton (or DFA). This motivates choosing DFAs as the distinguished class of coalgebras. This
trivializes step 4, as finiteness is preserved under binary coproducts and bisimulation collapses. Thus, the
central difficulties surpassed in the first completeness proofs of regular algebra lay in step 3 [23,18].

Although all four steps had been taken, neither of the completeness proofs in [23,18] conclude with an ob-
servation like Theorem 3.1. Instead, bisimulations between DFAs are treated as DFAs, and solutions are pulled
back across projection homomorphisms. As Grabmayer and Fokkink point out in [8], this use of bisimulations
does not translate to the case of 1-free regular expressions. This is due to the fact that the distinguished class
C, consisting of the precharts for which they could prove the existence and uniqueness of solutions, does not
include every bisimulation between precharts in C. This is where the need for collapsibility becomes apparent.

Comparing the difficulties in Salomaa’s approach with the difficulties in Grabmayer and Fokkink’s approach
reveals a crucial aspect of discovering soundness and completeness theorems in general: When choosing a
distinguished class of models C, there is a balance to be kept between the difficulty of finding solutions to
models in C and proving their uniqueness on the one hand, and ensuring desirable structural qualities of C on
the other. Salomaa circumvented the difficulties of steps 2 and 4 by including every finite automaton in his
distinguished class, but this made step 3 a difficult problem. Grabmayer and Fokkink were able to take step 3
and prove uniqueness of solutions for precharts in their distinguished class with relative ease, but step 4 took
great ingenuity.

4 Layered Loop Existence and Elimination

Grabmayer and Fokkink prove that Milner’s axioms are complete with respect to bisimilarity for the 1-free
fragment by modelling star expressions with charts. They single out a specific class of charts, namely those
satisfying their layered loop existence and elimination property, or LLEE-property for short. Roughly, a prechart
is said to satisfy the LLEE-property if there is a labelling of its transitions by natural numbers such that an
edge descending into a loop accompanies a descent in natural number labellings, and such that no successful
termination can occur mid-loop. The existence of such a labelling ensures that loops are never mutually nested,
and requires threads to finish every task in a loop before termination. Every chart interpretation of a star
expression has the LLEE-property, and every prechart with the LLEE-property admits a unique solution.

In this section, we discuss a coalgebraic version of Grabmayer and Fokkink’s distinguished class of models,
the class of so-called LLEE-precharts, and review the proof of its collapsibility. As it so happens, a slight
variation of Grabmayer and Fokkink’s proof of collapsibility shows something much stronger: That the class
of finite LLEE-precharts is closed under arbitrary homomorphic images. The main tool used in the proof
of collapsibility is the connect-through-to operation, which preserves bisimilarity while it identifies bisimilar
states. We generalize Grabmayer and Fokkink’s connect-through-to operation, and show that it can be used to
establish closure under homomorphic images in general.

4.1 Well-layeredness

We give an equivalent but different characterisation of LLEE-precharts that makes them easier to describe
coalgebraically, and rename the property well-layeredness. While we recall all of the necessary details, much
of what is covered here can be found in more detail in [8].

A simple but interesting observation about well-layeredness is that it makes no reference to the action labels
of a prechart. In other words, well-layeredness is really a property of transition systems with output (tswos for
short), coalgebras for the endofunctor 2 x P, (—).

A well-layered tswo is a tswo that carries a particular labelling, called an entry/body labelling, that satisfies
a few extra conditions. Here, an entry/body labelling of a tswo (X,{o,?d)) is a coalgebra (X,{o,0%)) for the
endofunctor 2 x P,,({e, b} x (=)) such that d(x) = m2(2°*(x)) for any x € X. We typically denote an entry/body
labelling of a tswo X with X*°.

To state the extra conditions on the labellings that define well-layeredness, we need some notation. Given
an entry/body labelling X* = (X, {0,0*)), the following glyphs are used to denote its various transition types:
For any xz,y € X, z = means o(z) = 1, x —¢ y means (e,y) € 0°(z), and © —p y means (b,y) € 3°(z).
Furthermore,

x -~y means (vg,...,V) T—2eV1 b b Uk —b Y, T¢{v1,...,0,y}, and

y G o means (Jui,...,0;) T—>eV1 —b " —b Uk —b L, YE{v1,..., 0}, x¢{vr,..., 0}

6
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Transitions of the form x —¢ y and x —, y are called entry and body transitions, respectively. We enclose a
relation in (—)* or (—)* to denote its transitive or transitive-reflexive closure respectively.

Definition 4.1 A layering wilness is an entry/body labelling X* that is

(i) locally finite, meaning that {x) is finite for all x € X;
(ii) flat, meaning that z —¢ y implies —(x —y, y) for all z,y € X;
(iii) fully specified, meaning that for all x,y € X,
(a) —(z - z) and
(b) if z >y for some y # x, then y —* z.
(iv) layered, meaning that the directed graph (X, —) is acyclic; and
(v) goto-free, meaning that x —~ y implies —(y =), for all ,y € X.

A tswo is well-layered if it is the underlying tswo of a layering witness.

Every prechart (X, (o, d)) also comes with an underlying tswo X = (X, {0, 0)), given by

0=\/ ofa) o) = | o@)(a)

acA aceA

for any x € X. A layering witness for a prechart is a layering witness for its underlying tswo, and a prechart
is said to be well-layered if it has a layering witness.

Remark 4.2 Every bisimulation R between precharts X and Y carries an underlying bisimulation R between
the tswos X and Y. However, not every bisimulation between X and Y lifts to a bisimulation between X and
Y: Such relations ignore action labels in general, while bisimulations between precharts do not.

Remark 4.3 It can be checked that the underlying tswo of a locally finite prechart X is well-layered if and
only if X has an LLEE-witness [8]. To obtain an LLEE-witness from a layering witness, replace each = —e y

with a weighted transition x Lzlen]] Yy, where

|z|en, = max{m e N | (3zq,...,&m) ¢ ~ 21 —~ - 2y, S84, 2 # x; # 2 for i # j}

and each z — y with = 101, y. This is a well-defined translation because we have assumed that (x) is finite
and ({x), ) is acyclic. To obtain a layering witness from an LLEE-witness, replace each x L) Y by ey

if n >0 and y > x, or by x —, y otherwise. This entry/body labelling is flat because every resulting entry
transition appears in a minimal cycle, and every minimal cycle contains precisely one entry transition by (W1)
and (W2)(b) from [8]. Each of the remaining conditions are by construction, or are a direct consequence of the
LLEE-witness conditions. For example, full specification follows from (a) local finiteness and (W1) in loc. cit.,
and (b) our assumption that x —¢ y implies y —* z for all z,y (see [25, Proposition C.1]).

By restricting a layering witnesses X* to a subcoalgebra U of X, one obtains a layering witness U*® for U.
It follows from this observation and the lemma below that {(e) is well-layered for any 1-free star expression e.

Lemma 4.4 The prechart SExp is well-layered.

This completes Step 2 from Section 3: Where C is the set of finite well-layered precharts, we find {e) € C
for any e € SExp. For a concrete example, let f = (ab) * (ba) and e = f * a, where a,b, c € A. The prechart {e)
is depicted below along with a layering witness.

It is important to note that not every well-layered prechart has a unique layering witness. The prechart
{(aa) % 0), for example, has exactly two.
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4.2  Existence and uniqueness of solutions

Steps 1 and 2 consisted of showing that = is a bisimulation equivalence and {e) is a well-layered prechart for
each e € SExp. To complete step 3 of the local approach, Grabmayer and Fokkink give an explicit description
of a solution to a chart X = (v) with layering witness X*, and show that it is equivalent to any other solution
to X. For any z € X, let

sx(x) = Z a+ Z atx(y,xz) | = 2 a+ Z a sx(y) (5)
T—5 T x5y r=a T,y
TFY
where
tX(‘er)E 2 a+ Z atX(yvl') * 2a+ Z (ltx(y,Z)
wiew xi)ey r=a xi)by
TFY

Both functions are well-defined by induction on the pair (|z|en, |2|p), where |z|e, is given in Remark 4.3 and
|x|p = max{m | (3z1,...,2m) T —p X1 —p -+ —b Tm}, With respect to the lexicographical ordering on N x N.

It is shown in [8] that for any solution s : X — SExp, s(z) = sx(x) for all x € X. This proves that
well-layered charts have unique solutions. The same result readily extends to the prechart case: If X is an
arbitrary well-layered prechart and x € X, then s¢,\(z) is a well-defined expression, as {x) is a subcoalgebra of
X and is therefore also well-layered. By uniqueness of solutions for charts, the map sy : X — SExp given by
sx () = s¢zy(x) is a well-defined solution to X. Furthermore, since every solution to X restricts to a solution
to {z) for each = € X, sx is the unique solution to X.

Lemma 4.5 If X is a well-layered prechart, then there is a unique solution sx : X — SExp/= to X.

4.8 Reroutings and Closure under homomorphic images

The crucial step in Grabmayer and Fokkink’s proof is step 4 of the local approach, showing that the bisimu-
lation collapse of a finite well-layered chart is also well-layered. This is done in a step-by-step procedure that
exhaustively identifies bisimilar states. In each step, a specially chosen pair (wy,ws) of distinct bisimilar states
is reduced to the singleton wsy by rerouting all of w;’s incoming transitions to wy and then deleting w; .

Formally, given a prechart (X, {0, d)) and a pair (1, x2) of distinct states of X, the connect-x1-through-to-zo
construction returns the prechart X[ra/z1] = (X — {x1}, [z2/x1]), where

s/ ](@)(a) = {{xz} O (@0(@)(a) ~ {a1)) i 1 € Aa)(a),

| d(z)(a) otherwise

The connect-z1-through-to-zo operation preserves bisimilarity, in the sense that if R is a bisimulation equiv-
alence on X, then R n (X x X — {x1}) is a bisimulation between X and X[xzy/x1]. This has the following
consequence: If the only pairs of distinct states in R are (z1,22) and (z2,21), then By = Rn (X x X — {1})
is the graph of a homomorphism between X and X[za/x1], and consequently X[x2/z1] = X/R. Otherwise,
R|x_{z;} = R (X — {21})? is a bisimulation equivalence containing a pair of distinct states (xs,z4). If
(73,74) and (24, 73) are the only such pairs, then Ry = R|x_(5,3 0 (X —{z1} x X — {21, 23}) is the graph of a
homomorphism X[za/z1] — X[xa/z1][z4/x3], and therefore Ry ¢ Ry = R (X x X —{x1,x3}) is the graph of a
homomorphism X — X|[xo/x1][z4/x3], where § denotes relational composition, and X [za/x1][x4/23] = X/R.
Generally, if X is finite, then iterating this construction yields the graph Ry ¢ -+ § R,, (for some m) of the
homomorphism X — X /R (up to =~). Taking R = <, the bisimulation collapse of a finite prechart X can be
computed by iterating the connect-through-to operation until no distinct pairs of bisimilar states are left.

For an arbitrary well-layered prechart X and a pair of distinct bisimilar states (z1, z3), X[x2/21] may not
be well-layered. An example discussed in [8] is the connect-through-to construction depicted in Figure 3, which
takes a well-layered chart to a chart that does not admit a layering witness.

However, if (x1,x2) is chosen carefully, then the connect-zi-through-to-zo operation preserves well-
layeredness. Where X*® is a layering witness for X, it is shown in [8] that X[ws/w1] is well-layered for
any pair (wq,ws) of distinct bisimilar states satisfying one of the following three conditions in X*:

8
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A N
P ooy

X* X[$2/$1]
Fig. 3. A bisimulation rerouting that does not preserve well-nestedness.

(C1) —(wy =* wy); and if (Jz) x —~ wy, then —=(Fy)(wy —* y =)
(CQ) wa Gt w1
(C3)  —(w2 = w1); and (Iz) w1 G = and wy G x and if w1 Gy, then z G y
As Grabmayer and Fokkink point out in loc. cit., if X* is a layering witness for a finite prechart X such that

X # X /<, then there is a pair (wy,w2) of distinct bisimilar states satisfying one of (C1)-(C3) in X*. A slight
variation on their proof yields the following.

Lemma 4.6 Let X*® be a layering witness for X, and R be a bisimulation equivalence on X. If R is non-trivial,
ie. X ¢ X/R, then there is a pair (w1, w3) € R of distinct states satisfying one of (C1)-(C3).

By iterating the connect-through-to construction on the pairs guaranteed to exist in Lemma 4.6, every
homomorphic image of a finite well-layered prechart is seen to be well-layered.

Theorem 4.7 Let X be a finite well-layered prechart, and R be a bisimulation equivalence on X. Then X/R
1s a well-layered prechart as well.

This completes step 4 of Grabmayer and Fokkink’s proof that Milner’s axioms are complete with respect
to bisimilarity for the 1-free fragment of regular expressions.

Theorem 4.8 For any e, f € SExp, if e = f, thene = f.

Proof. Let C be the set of finite well-layered precharts. Lemma 4.4 tells us that {e¢) € C for any e € SExp, and
Theorem 4.5 tells us that precharts in C admit unique solutions.

By Theorem 3.1, it suffices to show that C is collapsible. We have already seen that a class of coalgebras
closed under binary coproducts and homomorphic images is collapsible, so by Theorem 4.7 it suffices to show
that C is closed under binary coproducts. To this end, observe that if X* and Y* are layering witnesses for X
and Y respectively, then X*® 1Y is a layering witness for X 1 Y. O

4.4  Reroutings, in general

Interestingly, the connect-through-to construction can be performed on general G-coalgebras. For a fixed
prechart X and a pair of states x1,z0 € X, if i : X — {&1} — X is the inclusion map and j : X - X — {x1}
is the map identifying xo with x;, then the prechart X|[za/z1] = (X — {21},{o, d[x2/21])) obtained from the
connect-x1-through-to-zs construction is given precisely by

Olza/z1](x)(a) = j(0(z)(a)) = Pu(j) 0 doi(z)(a).

In other words, the following diagram commutes.

X — {21} !

X
<o,a[z2/z11>l l<o,a>
i A
2 % Po(X — {a1}) 4227 5 p(x)A

Notice that (7, 7) is a splitting, meaning joi = idx_,,}. In general, given any G-coalgebra X and any splitting
(i,7) with i : U — X, we define

X[Zaj] = (UvG(]) Odoi)a
and call X[i,j] the rerouting by (i,j) of X. As is the case for the connect-through-to operation, reroutings
that identify bisimilar states preserve bisimilarity.
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Lemma 4.9 Let R be a bisimulation equivalence on a prechart X, and (i,7) be a splitting with i : U — X and
ker(j) € R. Then Q = Rn (X x U) is a bisimulation.

A rerouting X|[4, j] is called an R-rerouting if R is a bisimulation and ker(j) € R. In case R = <, we will
use the phrase bisimulation rerouting instead.

A common assumption in universal coalgebra is that the endofunctor G under consideration preserves weak
pullbacks [22,10]. This property is sufficient for ensuring that the relational composition of two bisimulations
is again a bisimulation. In general, if R is an equivalence on X, and Z € Y € X, then Rn (X x Z) =
(Rn(XxY)s(Rn (Y xZ))and Rn (Y xY) is an equivalence relation. Thus, by iterating Lemma 4.9, we
obtain the following generalisation of Theorem 4.7.

Theorem 4.10 Let G be an endofunctor that weakly preserves pullbacks, and C be a class of finite G-coalgebras
closed under isomorphism. Then the following two statements hold.

(i) If for any X € C and any nontrivial bisimulation equivalence R € X x X there is a nontrivial R-rerouting
U of X such that U € C, then C is closed under homomorphic images.

(i) If for any X € C such that X # X /< there is a nontrivial bisimulation rerouting U of X such that U € C,
then C is closed under bisimulation collapses.

As closure under bisimulation collapses is often enough to establish collapsibility, Theorem 4.10 tells us that
establishing an abundance of reroutings in the distinguished class can be a crucial step towards completeness.

5 A Global Approach

We now discuss a different approach to proving soundness and completeness theorems in process algebra, which
we call the global approach, and show how the soundness and completeness theorems of [8] fit in this setting.
Fitting Grabmayer and Fokkink’s proof into the mould of the global approach involves expanding the class of
finite well-layered precharts to a much larger class that is closed under homomorphic images. We further show
how the same remoulding technique can remould many local approach proofs into global ones.

The global approach originates in coalgebraic automata theory [13,26,27,20,3]. Its main goal is to show
that the expression language modulo provable equivalence is isomorphic to a subcoalgebra of a final coalgebra.
For example, in [13], Jacobs proves that the Kleene algebra axioms (see [18,4]) are sound and complete with
respect to language equivalence by exhibiting a coalgebra isomorphism between the initial Kleene algebra
and the algebra of regular languages. The coalgebras that appear in Jacobs’ paper are a standard choice
for deterministic automata, the 2 x (—)?-coalgebras. This establishes the soundness and completeness of the
Kleene Algebra axioms because bisimilarity and language equivalence coincide. Silva successfully applies the
same method in [26] to a variety of expression languages and axiomatisations parametrized by the functor
G, with Jacobs’ proof given by the special case G = 2 x (—)4. Following the same pattern, Milius gives an
expression language and axiomatisation of language equivalence for stream circuits in [20], and generalizes
some of the results in [26] to endofunctors on categories other than Sets. Following a similar approach, all
three of the above are unified in [3].

In order to explain precisely how the global approach works, fix a G-coalgebra F, thought of as an abstract
expression language, and let = be an equivalence relation on F. Similar to the local approach, the global
approach involves a sequence of four steps:

Step 1 is showing that = is a bisimulation equivalence. This establishes soundness.

Step 2 consists of identifying a class C of G-coalgebras in which E/= is weakly final in C, ie. that E/=€ C
and every X € C admits a homomorphism X — E/=. Again, homomorphisms into E/= play the role of
solutions, so it can be said that coalgebras in C admit solutions.

Step 3 is a proof that E/= is final in C, ie. every X € C admits exactly one solution.

Step 4 consists of showing that C is closed under homomorphic images.

These four steps are sufficient for showing the soundness and completeness of the axiomatisations in each of
the cases considered in [13,26,27,20,3] because the functors that are present there satisfy two key properties.

The first key property is that there is a G-coalgebra Z that is final, ie. every G-coalgebra X admits a unique
homomorphism !x : X — Z. Following the steps above, this implies that E/= is a subcoalgebra of Z.

Lemma 5.1 Assume that a final G-coalgebra exists, and call it Z. If C is closed under homomorphic images
and has a final object Y, then ly : Y — Z is injective.

Proof. Where !y : Y — Z is the unique coalgebra homomorphism from Y into Z, let J

= 12(Y). The
z
image of a coalgebra homomorphism is always a subcoalgebra of the codomain [22], so J € C b

y closure

10



ScHMID, RoT, SiLva

under homomorphic images. Since Y is final in C, J admits a unique coalgebra homomorphism h : J — Y.
Composing, holy : Y — Y is a homomorphism, so finality of Y in C tells us that holy = idy. As !y has a
left inverse, it is injective. O

This means that if every X € C admits a unique solution and C is closed under homomorphic images, then
[e]= = !g(e) for any e € E.° The second key property is preservation of weak pullbacks.

Lemma 5.2 (Rutten [22]) Let X andY be G-coalgebras, x € X, andy € Y. Assume that a final G-coalgebra
exists. If G preserves weak pullbacks, then x < y if and only if !x () =y (y).

Following steps 1 through 4 above, and assuming that G has a final coalgebra and preserves weak pullbacks,
Lemmas 5.1 and 5.2 tell us that [e]l= =!g(e) =!g(f) = [f]= if and only if e & f, for any e, f € SExp.

Theorem 5.3 Assume G preserves weak pullbacks, and let = be a bisimulation equivalence on a G-coalgebra
E. Let C be a class of G-coalgebras that is closed under homomorphic images. If E/= is a final object in C,
then e = f if and only if e = f for anye, f € E.

It follows from standard observations about the prechart functor P that there is a final P-coalgebra [22]
and that P preserves weak pullbacks [11]. This suggests the possibility that the global approach can be taken
to proving Theorem 2.2 and Theorem 4.8. This is indeed the case, although the class of finite well-layered
precharts needs to be extended so as to include SExp/=.

5.1 A global approach to the 1-free fragment

Returning to the 1-free fragment of regular expressions, we have already seen that the class of well-layered
precharts has SExp as a member. It is likely that SExp/= is also well-layered, but proving this turns out to
be unnecessary for our purposes.

In order to have the global approach go through for the 1-free fragment, we make a slight change in the
distinguished class of precharts from Section 4. Let Cj,. be the class of locally well-layered precharts, ie.
X € Cjc if and only if X is locally finite and every finite subcoalgebra of X is well-layered. Using the fact that
the finite well-layered precharts are closed under homomorphic images, we obtain the following key lemma.

Lemma 5.4 Let X be locally well-layered and q : X — Y a surjective coalgebra homomorphism. Then Y 1is
locally well-layered as well.

Every well-layered prechart is locally well-layered, so SExp is locally well-layered by Lemma 4.4. Since
SExp € Cjoe and SExp/= is the image of SExp under the homomorphism [—]= : SExp — SExp/=, Lemma 5.4
tells us that SExp/= € Cj,. as well.

So far, we have taken step 4 and the first half of step 2 from the global approach. Interestingly, step 3
and the latter half of step 2 are possible because of Theorem 4.5, the uniqueness-of-solutions theorem for finite
precharts. To see how this works, let X € Cj,.. By Theorem 4.5, every finite subcoalgebra U of X admits a
unique solution sy : U — SExp/=. Since homomorphisms restrict to subcoalgebras, this clearly implies that
X admits at most one solution. To see that SExp/= is final in Cj,., it suffices to construct a solution to X.

The unique solution to X is the map sx : X — SExp/= given by sx(z) = sy(z) for any finite subcoalgebra
U of X containing x. To see that this is well-defined, recall that X is locally finite, meaning that every state
of X is contained in a finite subcoalgebra of X. If U and V are finite subcoalgebras of X with x € U and
x €V, then U NV is a finite subcoalgebra of X containing z. We have assumed U n V is well-layered, so by
Theorem 4.5, U n V' admits a unique solution. Restricting sy and sy to U n V' also obtains a solution, so it
must be that sy(z) = sp~v(z) = sy(x). To see that s is indeed a solution, observe that a map h: X - Y
between locally finite coalgebras is a coalgebra homomorphism if h|y : U — Y is a coalgebra homomorphism
for any finite subcoalgebra U of X. Since the latter statement is true of s by definition, s is a solution to X.
This establishes the lemma below.

Lemma 5.5 Let Cj,. be the class of locally well-layered precharts. Then SExp/= is a final object of Ciqe.
Together, Theorems 2.2, 4.5, and Lemmas 5.4, 5.5 constitute steps 1 through 4 of the global approach to

proving soundness and completeness of Milner’s axioms for the 1-free fragment of regular expressions modulo
bisimulation, thus providing an alternative proof of 4.8.

5 Here, we have identified E/ = with its isomorphic copy in Z.
6 Namely, that it is bounded.
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5.2 From local to global

As Lemma 5.5 illustrates, there are instances in which a completeness proof taking the global approach can be
obtained from the four steps in the local approach. This is particularly the case when the distinguished class of
coalgebras is closed under binary coproducts and homomorphic images, like the well-layered precharts. Where
FE is a locally finite G-coalgebra and = is a bisimulation equivalence on E, assume that in the four steps of the
local approach we have obtained a class C of finite G-coalgebras such that

(a) each X € C admits a unique homomorphism into E/ =,
(b) {e) e C for any e € E, and
(¢) C is closed under binary coproducts and homomorphic images.

Then the class Cj,. of locally C coalgebras, locally finite coalgebras X such that every finite subcoalgebra of X
is in C, satisfies the necessary conditions for steps 2 through 4 of the global approach.

Going through the same motions as in the prechart case, for any X € Cj,. the unique solution sx : X — E/=
is defined locally. If z € X and U is a finite subcoalgebra of X containing x, then sx (x) = sy (x), where sy is the
unique solution to U. Furthermore, if h : X — Y is a surjective coalgebra homomorphism and X € C,., then for
any finite subcoalgebra U of Y, U = h(V) for some finite subcoalgebra V of X. By closure under homomorphic
images, U € Cjoc, and by extension Y € Cj,. as well. Lastly, E € Cj,. by definition, so E/= € C,. by closure
under homomorphic images. The following theorem obtains a global approach-style proof of completeness from
the four steps of the local approach when C is closed under coproducts and homomorphic images.

Theorem 5.6 Let C be a class of finite G-coalgebras satisfying (a)-(c) above. Then Ci,. is closed under
homomorphic images, and E/= is a final object of Cioc.

On the other hand, not every global approach-style completeness proof gives rise to a local one with such
immediacy. For example, few of the distinguished classes of coalgebras found in the global approach-style
proofs in [26] include the DFA interpretation of every expression in the language (each such DFA fails to be
locally finite).

6 Discussion and Future Work

In this paper, we explore a coalgebraic take on Grabmayer and Fokkink’s approach, what we call the local
approach, to proving the completeness of Milner’s axiomatisation of the 1-free star expressions modulo bisimi-
larity [8]. We use the insights gained from our exploration to give a general version of their method in Section 3
that can be applied in other contexts. We do the same for a different proof method in Section 5, what we call
the global approach, originating in [13,26,3], and show how Grabmayer and Fokkink’s proof can be remoulded
to fit the global approach. At the end of the latter section, we give general conditions under which such a
remoulding of a completeness proof that takes a local approach to a global one is possible.

A method is presented at the end of Section 5 for turning a distinguished class C from the local approach
into a class Cj,. suitable for a global approach. Interestingly, the class Cj,. of locally C coalgebras is closed
under arbitrary coproducts, subcoalgebras, and homomorphic images when C is closed under subcoalgebras and
homomorphic images. In the case of the prechart functor P, and with C the class of finite well-layered precharts,
these structural qualities imply that Cj,. is a covariety, meaning that it can be presented by a predicate on a
cofree P-coalgebra in some number x of colours (that is, a coequation in  colours) [22]. The final P-coalgebra
is a cofree coalgebra in one colour, but a covariety presented by a coequation in one colour is closed under
bisimilarity [12], which we know from Figure 3 is not the case for C;,.. We suspect that the number of colours
needed to present the covariety of locally well-layered precharts is infinite, due to the infinitary nature of the
layeredness condition, but more work needs to be done to be sure.

The use value of covarieties in the pursuit of completeness theorems is generally not well-understood. From
Theorem 5.6, we expect there to be a deeper connection, but this is something that can only be uncovered
by considering more examples. For instance, a covariety appears as the distinguished class of automata in the
completeness proof in [24], the presenting coequation being the image of the expression language under the
final coalgebra homomorphism. The situation in loc. cit. was similar to Grabmayer and Fokkink’s, in that
it was a completeness proof which lacked the use of a full Kleene theorem, and so could be an example of
the phenomenon we are alluding to. We think other examples could be found by giving different operational
interpretations of star expression languages considered in the literature, including as [19,16,15,28,24], as well
as their fixed-point versions. Furthermore, we generally suspect that when going from semantics to expressions
via solutions that depend only on generated subcoalgebras, a coequation should specify the distinguished class
of models, thus enabling either of the two approaches to completeness discussed in this paper to go through.
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A Proofs from Section 2

Lemma A 1 A function h : X — Y between precharts is a coalgebra homomorphism if and only if for any
x € X,y €Y, andac A, (i) x = aif and only if h(z) = a, and (i) h(x) % v if and only if there is an
o' € X such thath( )—y and x %, '

Proof. Let h: X — Y be a coalgebra homomorphism. To see that (i) holds, observe that
oy oh =m0{oy,dyyoh =mo(idga xP,(h)) o{ox,0x) = ox,
so = a if and only if h(z) = a for any z € X, a € A. For (ii), observe that
Oy o h =mg 0{oy,0y)yoh =myo0 (idga xP,(h)) o{ox,0x) =P, (h) o 0x.

Now, if 2, 2/, then h(2') € h(0x(x)(a)) = dy (h(z))(a), so h(z) 2 h(z'). Conversely, if h(z) 2, ¢, then
y' € 0y (h(x))(a) = h(0x(z)(a)), so there is an 2’ € X such that %, 2’ and h(2’) = ¥/.

Conversely, assume that h satisfies (i) and (ii). Property (i) says that oy o h = ox, and (ii) says that
Oy o h = P,(h) o dx. It immediately follows that

(idga xPy(h)) o{ox,0x) = {ox,Py(h) 0 0x) = {oy o h,dy o hy = {oy,dy ) o h.

O

Theorem A.2 The relation = < SExp x SExp is a bisimulation equivalence on SExp.

Proof. Let e, f € SExp and a € A. Following the characterisation of bisimulations after Lemma 2.1, we show
by induction on the proof of e = f that (i) e = a if and only if f = a, for any a € A, and (ii) e %, €’ only if
there exists an f’ € SExp such that f 2, f' and ¢ = f’, and (iii) f 2, f’ only if there exists an ¢’ € SExp such
that e 4, ¢ and ¢’ = f’.

If the proof of e = f is composed of only a single equational axiom, then (i) and (ii) can be shown directly
by considering each axiom separately. The property (iii) then follows from (ii) by symmetry.

(Bl) e=-e; +egand f = ey +e; for some e1, ez € SExp. For (i), we havee=>a1fand only ife; = aore; = a
if and only if f = a. For (ii), e %, ¢’ if and only if e; %, ¢ or ey 2, ¢ if and ounly if f 2, ¢'.

(B2) e =€ + (e2 + e3) and f = (e1 + e3) + e3 for some ey, es € SExp. For (i), we have e = a if and only if
e; = a for some ¢ € {1,2,3} if and only if f = a. For (ii), e %, ¢’ if and only if e; 2, ¢’ for some i € {1, 2,3}
if and only if f 2, €'.

(B3) e = e1 + €1 and f = ey for some e; € SExp. For (i), we have e = a if and only if e; = a if and only if
f = a. For (i), e & €' if and only if e; %, €’ if and only if f 4, ¢'.

(B4) ¢ = (e1 + ea)ez and f = ejes + esez for some eq,es,e3 € SExp. Neither e nor f terminate after any
action, so (i) holds vacuously. For (ii), assume e %, €’. If ¢/ = eles and e; %, €] for some i € {1,2}, then
eies 2, eleg for the same 4, and therefore f 2, eles. If e; = a and eg 2, ¢’ for some i € {1,2}, then
e;es % ¢ for the same ¢, and therefore f %, ¢’. Conversely, if f %, ¢/, then e;e3 2, ¢’ for some i € {1,2}.
Thus, for the same 4, either e; %, ¢, and ¢’ = efes or e; = a and eg %, ¢/. In either case, e %, ¢'.

(B5) e = (e1ea)ez and f = eq(ezes). For (i), same as (B4). For (ii), e %, ¢’ if and only if either e; %, €] and
e/ = (elea)es or e; = a and egeg 4, €. In the first case, e; %, €] and f %, €/ (ese3) = (¢ ez)es. In the
second, f 2, ¢ as well. The converse holds symmetrically.
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(B6) e = e1 + 0 and f = e; for some e; € SExp. Since 0 does not have outgoing transitions, this case is the
same as (B3).

(B7) e =0e; and f = 0 for some e; € SExp. Since 0 has no outgoing transitions, this case is vacuous.

(BKS1) e = e1 xe3 and f = ej(eg * e2) + eo for some e, es € SExp. For (i), since ej(e; * e3) does not terminate
after any action, f = a if and only if es = a if and only if e = a. For (ii), assume e 4, ¢’. If &/ = ey * €9
and e; = a, then ej(e; xe3) 4 e1 xeq. If €/ = €)(e1 xez) and e1 2, €], then ey (eg * e2) 2, €’ and therefore
fo e Ifeg & €, then f 2 ¢ also. Conversely, f 2, f’if and only if either e; %, €} and f' = ¢/ (e1 *e2)
or eg 4 f’ or e; = a. In any case, e &, f’.

(BKS2) e = (e1 #eg)ez and f = e; = (eges) for some eq, eq, e3 € SExp. For (i), follow (B4). For (ii), assume e 2, ¢’.
Ife; = aand e =e, then f 2, faswell. If e’ = (e (e;#e3))es and ey 2, €], then f 4, €] (e; *(eze3)) = €.
If e; 2, e} and €' = ehes, then f 2, €. The converse is similar.

The inductive step is broken into four cases, depending on if the last step in the proof of e = f is reflexivity,
symmetry, transitivity, or (RSP). The reflexivity and symmetry cases are trivial, by the symmetry between (ii)
and (iii). For the transitivity rule, let e = g and g = f satisfy (i)-(iii). Clearly, e = «a if and only if f = a. If
e 4 €, then g 4 ¢ for some ¢’ such that ¢’ = ¢/, and consequently f %, f’ such that ¢’ = f’. Hence, ¢/ = [/,
and therefore (ii) holds for e = f. Symmetrically, we obtain (iii).

For the (RSP) case, suppose (i)-(iii) hold for g = eg + f. Then g = a if and only if f = a if and only if
e * f = a. Furthermore, if g %, ¢’, then there is an ¢’ such that eg + f 2 ¢’ and ¢’ = ¢/. Whence, either (a)
e=aande =g, (b)e % e and e’ =€"g, or (¢) f & [

(a) Since g=e = f by (RSP),ex f % ex f=g.
(b) Since g=e = f by (RSP), ¢ =¢' =e"g=¢€"(ex f). Also, e f 2, "(e = f).
(¢) Simply observe that e = f 2, f" as well.

The converse is similar. This concludes the proof. O

Theorem A.3 Lete€ SExp. Thene= >, a+ Y, af, where Y, e;=e1+ (X o¢€;)."

e=a a
e—f

Proof. See Lemma A.2 in [9]. We will prove this by induction on the construction of e. If e=0ore=be A,
then

B6 B6
O(E)O—&-OEELH-Z@]‘ b(E)b—I—OEZa—i—Zaf
0=a 08, f b=a b f
by definition. Now, assuming the result for e, es, there are three cases to consider.

* e=¢€1 + €3

e1+ e = 2a+ Z aey |+ 2a+ Z a e

e1=a 61i>€/1 ea=>a €2i>€’2
= 2 a-+ Z a €} (B1,B2)
e1tex=a e1tes %el
® e = e163.
e1eg = ZaJr Z ace) e
e1=a elge/l
= Z aes + Z a eles (B2-B4)
e1=a elge’l

7 Here, the generalised sum on the left is well-defined up to the commutativity and associativity of + assumed in Figure 2.
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e e =eq *eg.

e1 xea =eq(er xeq) + ey (BSK1)
= ZCH— Z ae) |(exxez) + Za—i— Z a e
e;=a eli>6/1 ex=a 82i)€/2

= Z a (e1 *es) + Z a€)(eg *eg) + Z a+ Z a € (B2-B4)

e;=a eli)e/l ex=a 621)6/2
= Z a+ Z (e1 % e2) Z a€)(eg xes) + Z a € (B1)

es=a e1=a eli>e/1 621>6/2
]

Lemma A.4 A map s: X — SExp is a solution iff [-]= 0o s : X — SExp/= is a coalgebra homomorphism.

Proof. Let s: X — SExp, and R = {(z,[s(z)]=) | z € X}. Then [—]= o s is a homomorphism if and only if R
is a bisimulation.

If R is a bisimulation, then x = « if and only if s(z) = a, and s(z) % €' if and only if there is an
2’ € X such that = %, 2’ and s(z’) = ¢/, because [—]= is a coalgebra homomorphism. Thus, by (B3),

2, 0(s(x))(a) = 2 s(0(x)(a)), so that
Z a-+ Z ’EZG—!—Zas(x’

s(z)=>a s(z) Lse! r=a z %!
It follows that s is a solution to X.
Conversely, assume s is a solution to X,

Then = = a if and only if s(z) = a, and s(z) 2, €’ if and only if there is an 2’ € X such that © %, 2’ and s(z’) =
€', because = is a bisimulation. Whence, R is a bisimulation because [—]= is a coalgebra homomorphism. [

B Proofs from Section 3

Theorem B.1 Let = be a bisimulation equivalence on a fixred G-coalgebra E, and C be a collapsible class
of G-coalgebras containing {e) for each e € E. If there is exactly one homomorphism X — E/= for every
G-coalgebra X € C, then e = f if and only if e = f for any e, f € E.

Proof. Let e, f € E. Since = is a bisimulation equivalence, e = f implies e <> f for any e, f € E by definition.
Therefore, it suffices to show the converse.

Suppose e <> f, and let X = {e) and Y = (f). As C is collapsable, there is a Z € C and a pair of
homomorphisms p : X — Z,q : Y — Z such that p(e) = ¢(f). Let s : Z — E/= be a homomorphism, and
consider the diagram

]

B 1= g s

Since X and Y admit a unique homomorphism into E/=, this diagram commutes. In particular, we have

[e]l= = s(p(e)) = s(q(f)) = [f]=, meaning e = f. O

Remark B.2 The assumption that {e) € C for all e € F is also not completely necessary. We could instead
assume that E/= = | J{s(X) | s solves X € C}. The proof of Theorem 3.1 would then take X and Y to be any
coalgebras in C such that sx(z) = [e]= and sy (y) = [f]= for some z € X and y € Y and solutions sx and sy
to X and Y respectively.
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C Proofs from Section 4

Proposition C.1 A locally finite prechart X is well-layered if and only if it has an LLEE-witness [8].

Proof. To obtain an LLEE-witness from a layering witness X*, let X be the numerical entry/body labelling
of X (as in [8]) obtained as follows: label each z %, y in X such that x —e y in X* with a weighted transition
x i’[‘ﬂf‘en] Y, Where

|Z|en = max{m e N | (3z1,...,2p) T 21 —~ -+ Ty, s.t. T # 23 # xj for i # j},

and each z 2, y such that v —p y with z 2,5 y. This is a well-defined translation because we have assumed
that (x) is finite and ({x), ~) is acyclic. We proceed to check each of the LLEE-witness conditions.

(W1) Since X is locally finite, every infinite path in X contains a cycle. It follows that no body loop can exist
in X, because X* is fully specified and therefore has no body cycles.
(W2) Let ve X and n € N, and recall that X ¢ (v,n) is the union of all paths of the form

v Sy @1 Bhpg) T2 ] (o) Tm g ¥

such that v ¢ {z1,...,2m}. For n # |v|en, X (v,n) is the single vertex v, so it suffices to show that (a)

X ¢ (v, [v]en) is a loop chart when |v|e, > 0, and (b) every transition in X whose source in X ¢ (v,n) is not

equal to v carries a numerical label strictly less than |vlep,.

(a) This consists of three parts, corresponding to the loop chart conditions (L1), (L2), and (L3) in [8].
The condition (L1) follows from full specification, since if v Sololen] Y then y —* v. This implies that

there is a minimal cycle (a cycle 1 — --- — x) such that ; # z; when ¢ # j) containing v —¢ y, in
which every other transition must be a body transition by layeredness. Condition (L2) follows from
the lack of body cycles in X*: Since an infinite path in X must contain a minimal cycle, and every
cycle in X ¢ (v, |v]en) contains v, every infinite path from v in X ¢ (v, |v|en) eventually passes through
v. Condition (L3) follows from X* being goto-free.

(b) This is a direct consequence of X being layered, since (X*, ~) and (X, ~) coincide.

To obtain a layering witness X°® from an LLEE-witness X, replace each 2,1, y in X by z —=eyifn >0
and y —* x, or by  —, y otherwise. We now proceed to check the conditions in Definition 4.1.
(i) This entry/body labelling is locally finite because X is.
(ii) That X* is flat can be shown in two steps. First, observe that every transition x 2 [n] Y such that  —ey
in X*® appears in a cycle, and therefore also a minimal cycle L in X. Since L is minimal and X is layered,

there is exactly one transition x’ i,[m] y' in L with m > 0. Every non-(x — y) transition in L is a  —p y

transition in X*, so  %,1,; y must carry a numerical label n > 0, and therefore must be the unique entry
transition in L. If it is also the case that x E,[m] y, and we replace © %) y by = ﬂ,[m] y in L to obtain

L', then either m > 0 or L’ is a body cycle. We have assumed X is free of body cycles, so m > 0 if and
only if n > 0. This establishes the flatness of X*°.

(iii) Since x —y implies y —T z by construction, it suffices to see that —(z —; z) for all z € X. So, assume

that x —T 2z in X. Then there is a minimal cycle L in X containing x. Then L must contain a transition
of the form 2" 2,1, ¥ with n > 0 by (W2)(b). Since y’ —>F 2', 2" =y’ in X*. This means that L does

not correspond to a body loop in X*, so —(z — z).

(iv) X* is layered because (X*, ~) is a subgraph of (X, ~) and (X, —~) is acyclic.
(v) X* is goto-free by (W2)(a)(L3) from [8].

Lemma C.2 If X is a well-layered prechart and U € X is a subcoalgebra of X, then U is well-layered.

Proof. Let X* be a layering witness for X. Since U is a subcoalgebra of X, and X* and X share an underlying
tswo, restricting X* to the states in U gives a subcoalgebra U® of X*. It suffices to see that U*® is a layering
witness for U.
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It is easily seen that U® is locally finite and flat. Furthermore, U* is closed under the transitions of X*,
so U* is easily seen to be fully specified as well. To see that U*® is layered, it suffices to see that (U, —) is a
directed subgraph of (X, —~). To this end, simply observe that  —~ y in U*® if and only if z € U and  —~ y in
X*, since U* is closed under the transitions of X°®. Similarly, U® is goto-free because z —~ y = in U*® if and
only if x € U and x —~ y = in X* because U*® is closed under the transitions of X°. O

Lemma C.3 Fvery minimal loop in SExp is of the form

(exfgr...q—elexflgr-..q— - —>emlexflgr...q — (ex flgr1...g

for some e, e;, f,g; € SExp and | = 0, where the sequential composition operation associates left by default.

Proof. Let h € SExp. By induction on the construction of h, we begin by showing that if
h—% hyg—hy — - — hy — ho (C.1)

in SExp, then every h; € {(e* f)g1...qi,ei(e* f)g1...g} for some fixed e, e;, f,g9; € SExp.The base case is
vacuous, for if h = 0 or h = a € A, then no such loop in (C.1) exists. For the inductive step, assume that the
above holds for some j and k£ in SExp. There are three cases to consider.

(1) In case h = j+k, and given a loop such as (C.1), either j —* hg or k - hy. By the induction hypothesis,
every h; € {e;(e* f)g1...gi,ei(e* f)g1...q} for some e, e;, f, g; € SExp, as desired.

(2) In case h = jk, either kK —% h; for some 7, or h; = j;k for all i < m and
J—=Fdo— = = Jm — Jo,

for some jo, ..., jm € SExp. In the former case, we simply appeal to the inductive hypothesis again. In the
latter, observe that by the inductive hypothesis j; € {(e * f)g1 - gi,ei(e* f)g1--- g} for each i. Whence,
hie{(exfgr...gik,ei(e* f)gr...qk}, as desired.

(3) In case h = j = k, either (a) k —T h; for some i < m, or (b) j = jo — j1 — -+ — jm = and
hi = 3i(j = k), or (¢) 5 =>% jo — -+ — jm — Jo as in (2). Sub-case (a) is settled by the induction
hypothesis. In (b), every of the expressions is of the desired form (here, I = 0), so we are done. Finally,
in (c), by the induction hypothesis j; € {(e * f)g1...g1,ei(e* f)g1 ... g} for each i. Hence, h; = j;(j k) €
{lexflgr---q(f*k),ei(exf)gi...g1(j *k)} for each i as desired.

Suppose now that hg — hy — -+ — h,, — hg is a minimal cycle in SExp. By the previous observation, we
may assume without loss of generality this cycle is of the form

eo(e*f)gl--ogz—>€1(€*f)91-~-gl—>"'—’(€*f)91~~gl—>6p(€*f)91~--gl—>"'
c—emex flgi...qr —eolex flgr... g

with eg > €1 — -+ — €, — eg. The desired result can be seen simply by shifting the indices ahead by p
modulo m + 1. Ol

Lemma C.4 The prechart SExp is well-layered.

Proof. First, we check that SExp is locally finite. To this end, define N : SExp — N inductively, as
N(0) = N(a) =1 N(e1 +e3) = N(ey xe3) = N(ey) + N(ez) N(ejez) = N(e1) + N(e1)N(e2)

It follows by induction on e that the number of states appearing in {e) is at most N(e). If e=0or e = a € A,
then clearly | X| <1 = N(e). For the inductive step, let X; = {e;» for i = 1,2 and X = {e), and | — | count the
states in a coalgebra. There are three cases to consider.

* e=e¢e1 + e9.

| X|=|{e | e1 »1 € ores »1 € ore =e; + e}
< | Xi| + [ Xz < N(ex) + N(e2) = N(er + e2) = Ne).
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e e =e€5.

|X| =|{e | =¢les and e; »T €], or e > €' and e; »*= a, or €' = e}|

< | Xa| + [X1]|X2| < N(e1) + N(e1)N(e2) = N(e).
e e=¢e; % e9.

+

|X|=|{e/ | ¢ =¢€](e1*e3) and e; =T €], or ea > €/, or ¢/ = e}

< |X1| + ‘X2| < N(el) + N(eg) = N(e)

This shows that SExp is locally finite, and thus any entry/body labelling of SExp must also be locally finite.
Next, we provide SExp with a layering witness. Define SExp® via the proof rules below:

e — f e1 = f er1 —p f €1 = €1 = ex — f
er +e2 —yp f €1€2 ¢ f€2 €162 —p f€2 €162 —p €2 €1 * €2 —>e €1 * €2 €1 ¥ €2 —p f
e1—f (Fg)er—-Fg= e1—f  —((3g) e1 =% g=)

61*62—'ef(€1*€2) €1 ¥ e —p f(€1*€2)

Here, ¢ — f if either e = f or e —, f, and ¢ = in SExp® if and only if e = in SExp. It is easy to see this
labelling is flat. By Lemma C.3, every minimal loop in SExp is of the form

(exflgr...qe —eilexflgr...q1 — - —emlex flgr...q — (ex fgi...q,

where e — €1 — -+ — e, =. In (C), the initial transition is an —-transition, so SExp*® satisfies —(z — )
for all x € SExp. Conversely, an easy induction on the proof of e —¢ f reveals that there is an [ > 0 such that
e = (e * f1)g1...q for some ey, f1,9; € SExp, and such that either f = eje and €] >*= or f = e. In the
first case, since €] —T=>, there is a path f —T e. Note that there are no paths f —%= that do not pass
through e, as e;es does not terminate for any e, e € SExp, thus SExp® is goto-free. In the second case, f — e
by assumption. This establishes that SExp® is fully specified and goto-free.

Lastly, we check that SExp® is layered. For this, we follow [8] and define the loop depth |e — f]|;4 of a
transition in an entry/body labelling by the following rules:

e—y f lex = flia=n er— f (3g) e1 =¥ g = el =
le = flia=0 lerez — fealia =n lep % ea — f(e1 % e2)ia = le1]s + 1 ler # ea — €1 * ealia = |e1]s + 1

where |e|, is the star height of the expression e, defined as

0« = |al« =0 le + fls = lefls = max{le|, | fl«} lex fle = 1+ max{le]s, | fl«}
It now suffices to see that for any minimal path
€1 e €] —b €] b P €2 b €h b T b €3 e b Cn,

we find |e;11 — €], 1| < |e; — €} for each i. For a fixed i, e; is necessarily of the form (e * f)g; ... g, and
ei=¢e(ex fgi...q for e > €, and e —*=. Moreover, e;;1 = e (e f)g1...g where e —> ¢ — .- — ek,

So, it suffices to see that [e®)], < |e|4, since |e;+1 — €, 1]ia < [e®)] — 1. This can be shown by induction on
construction of e as a term in SExp. O

Lemma C.5 If X is a well-layered prechart, then there is a unique solution sx : X — SExp/= to X.

Proof. We closely follow Grabmayer and Fokkink’s proof in [9]. Let X* be a layering witness for X, and sx be
the map defined in (5). We need to do two things: First, show that sy is a solution to X, and second, show
that every other solution s : X — SExp satisfies s(z) = sx(x) for all X. Note that this implicitly proves that
sx does not depend on X*, up to =. We need the following lemma.

Lemma C.6 (Lemma 5.4 of [9]) For any z —~y in X*, sx(y) =tx(y,x) sx(z).
19
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y—>el’

y—>e’U

Yy#v
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(Z a+ Z athy)*OsX()

y—>e$ y—»ev

Y#v

—b Ym}- If |ylp = 0, then

x(y,x) sx ()

Now, since X* is goto-free, —(y =>). It is not hard to see that if y —y, v, then |v|y < |y|p. From the induction

hypothesis, we obtain

(Z a+ Zatxvy) (0

y—>e1

y—>ev
y#v

a
Y— v
YF#v

a
Y— v
Yy#v

y—)J« y—»e
y#Fv
= tX(y7 I) SX(x)

( Z a+ Z atx(v,y))*( Z asx(x)+ Z asx(v))

a
Y— T

a a
Y—pT Y—pv

a
Y—pv
THFU

a
Y—,

(Z a + Z atxvy) (Z a + Z atxvx>sx()

y—n,l y—>bv

THU

This allows us to prove that sx is a solution to X as follows: For any =z € X,

JC_>’£ r_,y

w#y

( Z a+ Z atX(y7x))sX(:1:)+

a a
T— T rT—.Y
THFY
= Yo+ Y ante
r=a ac L
= Y+ Y ante
r=a r_> -
=Tt Tant
r=a

r—»

We now turn to uniqueness, for which we need the next lemma.

Lemma C.7 (Lemma 5.7 of [9]) For any © —~ y in X°,

tx (ya ,T)

( Z a+ Z atx(v,y))*( Z a sx(x)+ Z atx(v,z) sx(m)>

a
Y—z

Proof. Here, we proceed by induction on (|2|en, |y|p) wrt. the lexicographical ordering onn N, where |z, =

max{m | Qy;) © —~ y1 —~ ---

™ Ymy-

O
(Za—i— Zatxy, )*(Za—l— Zasx(y)) (def.)
r=a ﬂci)by
Z a+ Z a sx(y) (BSK1)
Tr=a xi)by
Z a tX<yaw) Sx(.’L') + Z a SX(y) (B174)
aci,ey xiby
THEY
Z a sx(y) + Z a sx(y) (Lemma C.6)
Ti)ey fﬂin,y
TH#Y
and any solution s : X — SExp to X, s(y) =
Now, if y —e v, then |[v|en, < |y|en and consequently (|ylen, |v]p) <
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(|]en, |ylp)- Since z —~ y, —(y =), and applying the induction hypothesis yields

0+ Z a s(v)
Z a s(y) + Z a s(v) + Z a s(x) + Z a s(v)

s(y)

v,y vy v y yLs v
EY TF#U
= Z a s(y) + Z atx(v,y) s(y) + Z a s(x) + Z atx(v,x) s(z)
vy vy .v TR y- Lo
Y#U THFU
= ( Z a+ Z atX(v,y)>s(y)+( Z a+ Z at;dv,x))s(x)
vy v y L y2sv
y:,éu THFU
E(Z(L—l—Zatxvy) (Za—l—Zatxvx)()
y—>ey y—»ev y—>b$ y—>bv
e THFVU

=tix (yv .T) S((E)
U

Uniqueness of solutions can now be proven as follows: Let s : X — SExp be any solution to X, and let X*
be a layering witness for X. We show that s(z) = sx(z) by induction on |z|, as follows.

EZCL-F Z a s(y)

Tr=a li)y
Za+ Z a s(x Z a s(y) + 2 a s(y)
= 2y sy
T#EY
Za—l— 2 a s(x Z atx(y,x) 2 a sx(y)
r=a L 2y ey
TFEY
= Z a s(x) + Z atx(y,z) s(z)+ Z a+ Z a sx(y)
2% @ z %y r=a x5y

= Za+2atxy, ) 2a+2asx

RN x5y r=a 2y
TH#Y
E(Za+2atxy, ) (ZaJrZasX )
Tr=a
I—> T I—) Yy z_>by
z#y
= sx(z). O

C.1 Reroutings and closure under homomorphic images

Lemma C.8 Let X* be a layering witness for X, and R be a bisimulation equivalence on X . If R is non-trivial,
ie. X £ X/R, then there is a pair (w1, w3) € R of distinct states satisfying one of (C1)-(C3).

Proof. We closely follow Grabmayer and Fokkink’s proof of Proposition 6.4 of [8], making the necessary
comments as we go along.

Let R be a nontrivial bisimulation equivalence on X, and (uj,us) € R a pair of distinct states. For any
xe X, let sce(x) = {2/ € X | x —»* 2/ and 2/ —* z}, called the strongly connected component of x. We split
the proof into two cases, scc(uy) = scc(ug), and sce(uy) # sce(ug).

Assume sce(ug) # sce(ug), and without loss of generality that —(us —* wuy). We argue that (ug,us) —*
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(w1, ws) in R such that (wy, ws) satisfies (C1), by induction on

UL —p T] —p -+ —p T, UL # T; # x5 for ¢ # j,
|y = max < n|(3x;) :

and scc(uq) = sce(z;) for all 4

This number is well-defined because X is locally finite and fully specified.

For the base case |u1|;p = 0, assume that v —~ u; for some v € X. If ug —>* o = then (uj,ug) =% ¢ =,
and therefore u; —* o = as well. Since every body transition out of u; leaves scc(uy), —(u; G v) for any v,
meaning that u; —F e =. This contradicts the assumption that X* is goto-free, so it must have been that
—(ug —* ¢ =). Hence, with w; = u; and ws = w9, the pair (ws, ws) satisfies (C1).

For the induction case, let |u1|yp > 0, so that u; —p, u) for some u} € scc(uy). Since R is a bisimulation,
(u1,u2) — (uf,uh) in R, for some u)y € X. Since |uf|w < |ui|wp, by the induction hypothesis it suffices to
show that —(ub, —* u}). However, if this were the case, then uy — u) —* u} — wq, since u} € sce(uq).
This contradicts our assumption that —(us —* wuq), so it must be the case that —(u, —* u}). Whence,
(u1,ug) — (uf,uhy) —>* (w1, ws) for some (wy,ws) satisfying (C1).

*

Now assume that scc(ug) = sce(us). Since X* is layered, (scc(uy), —) is acyclic. This has two consequences:
First of all, it means that @ —~ y if and only if y G « for any x,y € scc(uy). Second, it means that (scc(uq), G*)
is a join semilattice. Therefore, for some v € scc(uq), u1 G* v and ug G* v, and v G* v’ for any v’ satisfying
up G* v and us G* v'. We consider three distinct cases: u; = v, us = v, and uy # v # us.

In the first two cases, simply take w; = v and let wy be the u; that is not v. Since u; # ug, this means
either that w3 G™ ug or us G wy. In either case, (wy,ws) satisfies (C2). Since R is symmetric, (w1, ws) € R.

In the third case, u; G* v for ¢ = 1,2. We will show that (uy,us) —>* (wy,w2) € R for some (wy,ws)

satisfying either (C1), (C2), or (C3). A further case analysis is needed, made possible by the following claim.
Claim/l. Where ¢ = 1,2, there is a state v; such that u; G* v; G v, and for any other v’ such that v; G v/,
v G* .
Proof of claim 1. Where [u G] = {v' | v G v'}, we begin by showing that [u G] is linearly ordered by
G. To this end, suppose that v' © u G v” for distinct v’,v”, even though neither v/ G v” nor v’ G v'.
Since strongly connected components are preserved accross G, scc(v’) = scc(u) = scc(v”), so using the join
semilattice structure of (scc(u), G*) we find a w € scc(u) such that v G w ©OF v”. Since —(v' G v”), there
is a body path u — w that does not pass through v”. Hence, w G* u G v” G* w, contradicting layeredness
of X*. It must have been the case that either v G v” or v G v/'.

Now let u; G* v/ G v. Since [v" G] is finite and linear, either we can take v; = v’ or there is a G-maximal
state v; of [v/ G] such that v; G v. In either case, u; G* v; G v and v; satisfies the desired condition. This
concludes the proof of the claim.

According to Claim 1, where 7 = 1,2, there is a state v; such that u; G* v; G v, and for any other v’
such that v; G v/, v G* v/. Furthermore, in choosing v to be the G*-join of u; and wuy, we assumed that
v1 # vg. Since X°* is fully specified, either — (v _’t-f vy) or —(vy —>g' vg). Without loss of generalisation,
assume —(vy = vy).

At present, our assumptions are that

L G* v1 G v vy OF uy (Vo) if v; G v, then v/ = v or v G 0 —(vy = v1)

and we claim that it follows from these assumptions that (u1,us) —* (wy,ws) for some (wy,ws) satisfying
either (C1), (C2), or (C3). We proceed, again, by induction on |uq|s.

If |ui | = 0, then uy = vy. Setting wy = u; and wy = ug, we see that v; witnesses the existential quantifier
in (C3) for the pair (wy,w2). That is, (w1, wa) satisfies (C3).

Otherwise, u; — u} for some v} € scc(u), with |u] | < |u1|wp. Since (u1,u2) € R, (u1,u2) — (u},u5) € R
for some uf. If scc(u]) # sce(uh), then we return to the very first case in the proof of this lemma to conclude
that (u),ub) —=* (wy,ws) for some (w,ws) satisfying (C1).

If sce(uy) = sce(uh), we have sce(ug) = sce(uy) = sce(u)) = sce(u)). Note that because u; G vy and
uy —p uf, we have uj G* v as well. The rest of the proof operates by breaking the statement ug G* vo into
its disjuncts.

In the first case, let ug G* vy. Since ug — uh, either uh = vy, uy —e uh, or uh G¥ vy. In any case,
uh, G* vy, so we are back in the situation

uy G*v1 G D vy OF up (Vo) if v; G v, then v/ = v or v G 0 —(vy = v1) (C.2)
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except with |u}|p < |u1|p. By the induction hypothesis, (u}, u5) —* (wq,ws) for some (wy,ws) satisfying one
of (C1), (C2), or (C3).
In the second case, let us = vy. There are four further subcases to consider.

(i) ug —e uh. In this subcase, uf G* ugz, and we are back in the situation of (C.2) with |uf|;p < |ui|p. If
uh = uf}, then vy = vq as well, contradicting G*-minimality of v. Hence, applying the induction hypothesis
completes this subcase.

(ii) ug —p uh. In this subcase, we obtain v} # u5 from the observations that there is a body path v} —F vy,
that vy = ug, and we have assumed that —(v9 —>;' v1).

To finish this final subcase, observe that there is still the possibility that v = u}. In such a case,
u) G* v1 G v = ub, so setting w; = u} and we = u), produces a pair (wq, ws) satisfying (C3).

Thus, the remaining situation to consider is the one in which v # wu}. In this case, we reconstruct
the situation (C.2), but with fresh states taking the places of vy and vy. Toward this end, observe that
uhy GT v, so that by claim 1 there exists a state v) such that v, G* vi G v and for any v' © v} we have
v G v'. Since uy = vo —p uh and uy G* vh, we see that —(vh —; v;) follows from X* being goto-free.
Hence, where v} = v, we have

Uy G*v] G D vh O uy (Vo) if v} G v, then v/ = v or v G o —(vh =7 v))

and |uj|p < |ui|p. By the induction hypothesis, (u1,us) —* (wy,wsy) for some pair (wy,ws) satisfying
one of (C1), (C2), or (C3).

This exhausting case analysis concludes the proof. |

Lemma C.9 ([8]) Let X be a well-layered prechart with layering witness X*, R be a bisimulation equivalence
on X, and (w1, w2) € R be a pair satisfying one of (C1), (C2), or (C3) in X*. Then X|[wsz/w1] is well-layered.

Proof. (Sketch) Here, we simply mention the prechart versions of the entry/body labellings that appear in
Grabmayer and Fokkink’s proof of Proposition 6.8 from [8]. Like for Lemma 4.6, a nearly identical proof is
sufficient, with only minor tweaks.

There are three cases considered in Grabmayer and Fokkink’s proof, corresponding to whether (wq,ws)
satisfies (C1), (C2), or (C3).

(C1) Let Y* be the entry/body labelling of X[ws/w;] obtained from the rerouting X*[ws/w1] by replacing
each v —¢ v such that —(v' —>* v) with a body transition v — v'.

(C2) Since we G wy, there is a wh such that we G* wh G v and for any v/ O wh we find v G v'. Let Y'* be
the entry/body labelling of X|[ws/w1] obtained from the rerouting X *[ws /w1 ] by replacing each w) —, v’
with an entry transition wj —e v/, and then replacing each v —¢ v’ such that —(v" —% v) with a body
transition v —p v'.

(C3) If v witnesses the quantifier in (C3), then v # w;. This means that v € X[wy/wi]. Let Y* be the
entry/body labelling from the (C1) case.

In each case, Y* is a layering witness for X [wy/w1]. O

C.2 Generalized reroutings

Let X be a prechart, (z1,22) be a pair of states of X, and define X[xs/21] and X[i, j] as they were described
in Section 4, where i : X\{z1} — X and j(z1) = j(x2).

Proposition C.10 The connect-x1-through-to-zs construction coincides with the rerouting of X by (i,7), ie.
Xlzo/z1] = XT3, j].

Proof. Given y # z1 in X, a € A,

(y)(a) otherwise.

PG) o 20ili)a) = PU) o )(a) = (0 (@) = {12 2 CONNED o = Juie

This is precisely the definition of d[za/x1](y)(a). O

Lemma C.11 Let R be a bisimulation equivalence on a prechart X, and (i,7) be a splitting with i : U — X
and ker(j) € R. Then Q = R (X x U) is a bisimulation.
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Proof. Let (R,dr) be the coalgebra structure on R, and define ig : Q — R and jo : R — Q to be the maps
ig(z,y) = (x,i(y)) and jo(z,2) = (x,7(2)). We need to check that jg is, indeed, a map into Q. This follows
from the observation that j(z) = j o4 o j(z), and therefore since ker(j) € R, (z,i0j(z)) € R. Because R is
transitive and (z, z), (2,40 j(2)) € R, (x,i0j(z)) € R as well. This means jo(z,2) = (z,j(2)) € Q.

Define the coalgebra structure (Q, dg[ig,jg]), where

0qlig,jql = G(jg) 0 droiq.

By definition, ig and jg satisfy nff oig = 71'?, mfoig=1io 7r§, and 78 o jo =jo 7r§. On the one hand,
7T1Q : @ — X is a coalgebra homomorphism by definition. On the other,

3li,jlons = G(j)odxciony (def. of &[i, j])

= G(j)odx omy oig (def. of ig)

= G(j) 0 G(my) 0 OR 0 (R is a bisim.)

=G(jorm ) 0d0R0iQ (G is a functor)

= G(n§ 0jg) 0 dr oig (def. of jo)

= G(r§) 0 Gljq) 0 dr 0ig (G is a functor)

= G(n3) 0 dlig, jol- (def. of d[iq, jq])

Thus, @ is a bisimulation between X and X[i, j]. O

Theorem C.12 Let G be an endofunctor that weakly preserves pullbacks, and C be a class of finite G-coalgebras
closed under isomorphism. Then the following two statements hold.

(1) If for any X € C and any nontrivial bisimulation equivalence R € X x X there is a nontrivial R-rerouting
U of X such that U € C, then C is closed under homomorphic images.

(i) If for any X € C such that X # X /< there is a nontrivial bisimulation rerouting U of X such that U € C,
then C is closed under bisimulation collapses.

Proof. As (ii) follows from (i), it suffices to show (i). Let R be a bisimulation equivalence on a finite G-
coalgebra X € C. We proceed by induction on the number n = |R — A x|, with the base case being vacuous.

Let (i,7) be a split pair, such that U = X[i,j] € C is a nontrivial rerouting of X. Then, where QQ =
Rn(UxU), |Q—Ay| < n, as j identifies some pair of distinct states in R. By Lemma 4.9, @ is a bisimulation
equivalence on U, and U € C, so the induction hypothesis tells us U/Q € C. Whence, it suffices to show that
the composition [—]g oj: X — U — U/Q has precisely R as its kernel.

Clearly, ker([—]goj) < ker(j) < R. To see the converse, let (z,y) € R. It suffices to show that (j(x),j(y)) €
R, since then (j(x),]( )) € Q and hence [j(z)]o = [j(y)]o. To this end, observe that joio j(z) = j(z), so
that (ioj(x),z) € R by assumption. Similarly, j(y) = joi0j(y), so that (y,i0j(y)) € R. Since R is transitive
and (z,y) € R, (ioj(x),i07(y)) € R. But i =iny : U — X, telling us that (j(z),j(y)) € R as desired. O

D Proofs from Section 5

Lemma D.1 Let X be locally well-layered and q : X — Y a surjective coalgebra homomorphism. Then 'Y 1is
locally well-layered as well.

Proof. Since X locally finite, and local finiteness is preserved under homomorphic images, Y is locally finite
as well. Let U be a finite subcoalgebra of Y. By Theorem 4.7, it suffices to show that U is the homomorphic
image of a well-layered prechart.

To this end, let U = {y1,...,yn} and let {x1,...,2,} S X be such that ¢(z;) = y; fori =1,...n. If V is
the smallest subcoalgebra containing {1, ..., Z,}, then ¢ restricts to a subcoalgebra homomorphism on V, and
by definition U is the smallest subcoalgebra of Y containing {y1, ..., y,}. Whence, the restriction ¢ly : V — U
is a surjective homomorphism.

Since (x;) is finite for each 7, V is finite and therefore well-layered. Hence, U the homomorphic image of a
finite well-layered prechart, and by Theorem 4.7 is well-layered. O

Let G be an endofunctor on Sets that preserves weak pullbacks. Where E is a locally finite G-coalgebra
and = is a bisimulation equivalence on E, assume that in the four steps of the local approach we have obtained
a class C of finite G-coalgebras such that
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(a) each X € C admits a unique homomorphism into E/ =,
(b) {e)eC for any e € E, and
(c) C is closed under binary coproducts and homomorphic images.

Then the class Cy,c of locally C coalgebras, locally finite coalgebras X such that every finite subcoalgebra of X
is in C, satisfies the necessary conditions for steps 2 through 4 of the global approach.

Theorem D.2 Let C be a class of finite G-coalgebras satisfying (a)-(c) above. Then Cioe is closed under
homomorphic images, and E/= is a final object of Cipc.

We prove this in three parts.
Lemma D.3 Cj,. is closed under coproducts and homomorphic images.

Proof. Let X,Y € (.. Since X 1Y is locally finite, it suffices to check that every finite subcoalgebra of X LY
is in C. To this end, let U be a finite subcoalgebra of X 1Y, and define Uy = U n X and Uy = U nY. Since G
preserves weak pullbacks, intersections of subcoalgebras of X 1Y are subcoalgebras, so Uy is a subcoalgebra
of X and Us is a subcoalgebra of Y. Since U; and Us are subsets of U, they are finite. This puts Uy, Us; € C by
assumption. Since C is closed under binary coproducts, U = U; u Us € C. U was arbitrary, so X 1Y € Cjoe.

Now suppose only X € Cj,, but that g : X — Y is a surjective coalgebra homomorphism. Since X is locally
finite, and local finiteness is preserved by surjective homomorphisms, Y is locally finite. Let V' = {y1,- -+ , ym}
be a finite subcoalgebra of Y. Choose an x; € ¢! (y;) for each i < m, and let U = | J{z;). U is a finite union of
finite sets, and subcoalgebras are preserved under unions in general, so U is a finite subcoalgebra of X. This
puts U € C. Since C is closed under homomorphic images, it suffices to show that ¢(U) = V.

We begin by observing that g({x;)) 2 {y;) for each i < m by definition, as ¢({z;)) is a subcoalgebra of
Y containing y;. Conversely, ¢~ *({y;)) 2 {x;), by definition, as ¢~ ({y;)) is a subcoalgebra of X containing
z;. Hence, (y;) = q(¢7*({y;))) 2 q({z;)), and therefore q({z;)) = {y;) for each i < m. Now, images preserve

unions, so
= q(| @) = [ Jala) = Jwy = V.
It follows that V € C, so Y € Cjpe. OJ

Lemma D.4 Every X € Cj,. admits a unique homomorphism X — E/=.

Proof. Let X € Cj,.. Since X is locally C, {x) € C for every z € X. By assumption, every finite subcoalgebra
U of X admits a unique solution sy : U — E/=. This allows us to define the relation R = {(z,sy(z)) | z €
U < X, U a finite subcoalgebra of X}. We argue that R is the graph of a homomorphism into E/=.

To see that it is the graph of a function, suppose (z,sy(x)),(x,sy(z)) € R. Then U n V is a finite
subcoalgebra of X, putting U n'V € C. Therefore, there is a unique solution sy~y : U NV — E/=toUnV.

By composing the inclusion homomorphism U NV «— U 2% /=, we see that sy|y~v is a solution to U n'V,
and similarly sy |y~v is a solution. We know that x € X, so by uniqueness of solutions we have

su(x) = suluvav(z) = suav(x) = svlvav(z) = sv(x).

Hence, R is the graph of a function, call it s : X — E/=.
Finally, to see that s is a coalgebra homomorphism, let z € U < X, where U is a finite subcoalgebra of X.
Then

dp/= 0 8(x) = 0p/= o sy(x) = G(sy) o dy(x) = G(s) o G(iny) o oy (x) = G(s) 0 6x oiny(x) = G(s) 0 dx (x).

Hence, dp/= o s(z) = G(s) o 0x, making s a solution to X. O
Lemma D.5 E/= € Cj,.

Proof. This follows from Lemma D.3, as [~]= : E — E/= is a surjective coalgebra homomorphism and E is
locally of the form {e) € C for e € C and Cis closed under finite unions. O

It follows from the three lemmas above that E/= € Cj,., and that every X € Cj. admits a unique homo-
morphism into E/=. This is what it means for F/= to be final in Cj,..
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