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Preface

This volume contains the proceedings of the Tenth Workshop on Coalgebraic
Methods in Computer Science (CMCS’10). The workshop was held in Paphos,
Cyprus from March 26 until March 28, 2010, as a satellite event to the European
Joint Conference on Theory and Practice of Software (ETAPS’10). The aim of
the CMCS workshop series is to bring together researchers with a common
interest in the theory of coalgebras and its applications.

Coalgebras have been found extremely useful for capturing state-based dy-
namical systems, such as transition systems, automata, process calculi, and
class-based systems. The theory of coalgebras has developed into a field of its
own interest, presenting a deep mathematical foundation and a growing domain
of applications and interactions with various other fields, such as reactive and
interactive systems theory, object oriented and concurrent programming, formal
system specification, modal logic, dynamical systems, control systems, category
theory, algebra, and analysis.

Previous workshops have been organised in Lisbon (1998), Amsterdam
(1999), Berlin (2000), Genoa (2001), Grenoble (2002) Warsaw (2003), Barcelona
(2004), Vienna (2006) and Budapest (2008). Starting from 2004 CMCS has be-
come biennial, alternating with CALCO (Conference on Algebra and Coalgebra
in Computer Science), which, for odd-numbered years, has been formed by the
union of CMCS with WADT (Workshop on Algebraic Development Techniques).

In 2010, the 10th edition of CMCS is celebrated. For this special occasion
all members of previous CMCS program committees have been invited to be a
member in 2010. Additionally, four specialists in the field have been invited to
present overviews of both obtained results and future challenges in important
subareas:

• Venanzio Capretta: Coalgebra in functional programming and type theory

• Bartek Klin: Operational semantics coalgebraically

• Dirk Pattinson: Logic and coalgebra

• Ana Sokolova: Probabilistic systems coalgebraically

The Programme Committee of CMCS’10 consisted of: Jǐŕı Adámek (Braun-
schweig), Alexandru Baltag (Oxford), Luis Barbosa (Braga), Marcello Bon-
sangue (Leiden), Corina Ĉırstea (Southampton), Robin Cockett (Calgary), An-
drea Corradini (Pisa), Neil Ghani (Glasgow), Peter Gumm (Marburg), Furio
Honsell (Udine), Bart Jacobs (Nijmegen, co-chair), Bartek Klin (Cambridge),
Clemens Kupke (London), Alexander Kurz (Leicester), Marina Lenisa (Udine),
Stefan Milius (Braunschweig), Ugo Montanari (Pisa), Larry Moss (Blooming-
ton), Milad Niqui (Amsterdam), Dirk Pattinson (London), Dusko Pavlovic (Ox-
ford), John Power (Edinburgh), Horst Reichel (Dresden), Grigore Rosu (Ur-
bana), Jan Rutten (Amsterdam, co-chair), Davide Sangiorgi (Bologna), Lutz
Schroeder (Bremen), Alexandra Silva (Amsterdam), Hendrik Tews (Nijmegen),

iv



Tarmo Uustalu (Tallinn), Yde Venema (Amsterdam), Hiroshi Watanabe (Os-
aka), James Worrell (Oxford).
The papers were refereed by the program committee and by several outside
referees, whose help is gratefully acknowledged.
The Organising Committee: Bart Jacobs (PC chair), Milad Niqui (co-chair),
Jan Rutten (PC chair), Alexandra Silva (co-chair).
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CMCS 2010

Recursive Program Schemes and Context-Free

Monads

Jǐŕı Adámeka Stefan Miliusa Jǐŕı Velebilb,1

a Institut für Theoretische Informatik, Technische Universität Braunschweig, Germany
b Faculty of Electrical Engineering, Czech Technical University of Prague, Czech Republic

Abstract

Solutions of recursive program schemes over a given signature Σ were characterized by Bruno
Courcelle as precisely the context-free (or algebraic) Σ-trees. These are the finite and infinite
Σ-trees yielding, via labelling of paths, context-free languages. Our aim is to generalize this to
finitary endofunctors H of general categories: we construct a monad C

H “generated” by solutions
of recursive program schemes of type H, and prove that this monad is ideal. In case of polynomial
endofunctors of Set our construction precisely yields the monad of context-free Σ-trees of Courcelle.
Our result builds on a result by N. Ghani et al on solutions of algebraic systems.

Keywords: algebraic trees, recursive program schemes, ideal theory, monads

1 Introduction

The aim of the current paper is to introduce, for a finitary endofunctor H
of a “reasonable” category, the context-free monad CH of H characterizing
solutions of recursive program schemes of type H. This is analogous to our
previous construction of the rational monad RH characterizing solutions of
first-order recursive equations of type H, see [4]. In case of a polynomial
functor H = HΣ on Set the monad RH is given by all rational Σ-trees, i. e.,
Σ-tree having (up to isomorphism) only a finite set of subtrees, see [16]. In
contrast, CH is given by the algebraic trees investigated in the pioneering
paper of Bruno Courcelle [9]. We call these trees t context-free since in [9] they

1 Supported by the grant MSM 6840770014 of the Ministry of Education of the Czech
Republic.
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Adámek, Milius and Velebil

are characterized by the property that a certain natural language associated to
the paths of t is context-free (whereas t is rational iff that language is regular).

Recall that a recursive program scheme (or rps for short) defines new oper-
ations ϕ1, . . . , ϕk of given arities n1, . . . , nk recursively, using given operations
represented by symbols from a signature Σ. Here is an example:

ϕ(x) = f(x, ϕ(gx)) (1)

is a recursive program scheme defining a unary operation f from the givens in
Σ = { f, g } with f binary and g unary. The semantics of recursive program
schemes is a topic at the heart of theoretical computer science, see [9,17].
Here we are interested in the so-called uninterpreted semantics, which treats
a recursive program scheme as a purely syntactic construct, and so its solution
is given by Σ-trees over the given variables. For example, the uninterpreted
solution for ϕ above is the Σ-tree

f

x f

gx f

ggx

��
�� //

//

��
�� //

//

��
��

(2)

(here we simply put the terms x, gx, ggx, etc. for the corresponding subtrees).

Observe that if Φ = {ϕ1, . . . , ϕk } denotes the signature of the newly
defined operations and

HΦX = Xn1 + · · ·+Xnk

is the corresponding polynomial endofunctor of Set, then algebras for HΦ are
just the classical general algebras for the signature Φ. We denote by FH

the free monad on H, thus FHΦ is the monad of finite Φ-trees. A recursive
program scheme can be formalized as a natural transformation

e : HΦ → FHΣ+HΦ .

In fact, FHΣ+HΦ is the monad of all finite (Σ+Φ)-trees. Since Xni is a functor
representable by ni, a natural transformation from Xni into FHΣ+HΦ is, by
Yoneda Lemma, precisely an element of FHΣ+HΦ(ni), i. e., a finite (Σ+Φ)-tree
on ni variables. Thus, to give a natural transformation e as above means
precisely to give k equations, one for each operation symbol ϕi from Φ,

ϕi(x0, . . . , xn−1) = ti (i = 1, . . . , k) (3)

2



Adámek, Milius and Velebil

where ti is a (Σ + Φ)-term on {x0, . . . , xn−1 }. This is the definition of a
recursive program scheme used in [9].

An uninterpreted solution of e : HΦ → FHΣ+Hϕ is a k-tuple of Σ-trees
t†1, . . . , t

†
k such that the above formal equations (3) become identities under

the simultaneous second-order substitution 2 of ti for fi, for i = 1, . . . , k. For
example, the tree t†(x) from (2) satisfies the corresponding equality of trees

t†(x) = g(x, t†(fx)).

This concept of solutions was formalized in [21] by means of the free completely
iterative monad TH on a functor H; in case H = HΣ this is the monad of all
Σ-trees. We recall this in Section 2. The uninterpreted solution is a natural
transformation e† : HΦ → THΣ and this leads us to the following reformulation
(and renaming) of the concept of an algebraic tree of Courcelle [9]:

Definition 1.1 A Σ-tree is called context-free if there exists a recursive pro-
gram scheme (3) such that t = t†1.

Example 1.2 Every rational tree is context-free, and (2) shows a context-free
tree that is not rational.

Courcelle proved that the monad CHΣ of all context-free Σ-trees as a sub-
monad of THΣ is iterative in the sense of Calvin Elgot [10]. Furthermore,
context-free trees are closed under second-order substitution. The aim of the
present paper is a construction of the context-free monad CH for all finitary
endofunctors H of locally finitely presentable categories. We prove that this
monad is always ideal, i. e., it can be seen as a coproduct of variables and non-
variables—this is a desired property that simplifies working with a monad,
see e. g. [21,6,15]. However, at this moment we leave as open problems the
proofs that CH is closed under second-order substitution and it is iterative, in
general.

Related work. Our work is based on the pioneering paper by Bruno Cour-
celle [9]. As we mentioned already, Guessarian [17] presents the classical alge-
braic semantics of recursive program schemes, for example, their uninterpreted
solution as infinite Σ-trees and their interpreted semantics in ordered algebras.
The realization that basic properties of Σ-trees stem from the fact that they
form the final HΣ-coalgebra goes back to Larry Moss [22] and also appears
independently and almost at the same time in the work of Neil Ghani et al [13]
(see also [14]) and Peter Aczel et al [2] (see also [1]). Ghani et al [11] were the
first to present a semantics of uninterpreted recursive program schemes in the
coalgebraic setting. Their paper contains a solution theorem for uninterpreted

2 Recall that in general, a simultaneous second-order substitution replaces in a tree over a
signature Γ all operation symbols by trees over another signature, Σ, say. See [9] or [21] for
a category-theoretic description.
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(generalized) recursive program schemes. Here we derive from that the result
that all “guarded” recursive program schemes have a unique solution that is
a fixed point w. r. t. second-order substitution. The ideas of [11] were taken
further in [21]; this fundamental study contains a comprehensive category-
theoretic version of algebraic semantics in the coalgebraic setting: the paper
provides an uninterpreted as well as interpreted semantics of recursive pro-
gram schemes and the relation of the two semantics (this is a fundamental
theorem in algebraic semantics).

The present paper builds on ideas in [11,21]. Our construction of the
context free monad is new. It is inpired by the construction of the rational
monad in [4], see also [12] for a more general construction.

Acknowledgements. We are grateful to the anonymous referees for their
comments which helped improving the presentation of our results.

2 Construction of the context-free monad

Throughout the paper we assume that a finitary (i. e., filtered colimit preserv-
ing) endofunctor H of a category A is given, and that H preserves monomor-
phisms. We assume that A is locally finitely presentable, coproduct injections

inl : X → X + Y and inr : Y → X + Y

are always monic, and a coproduct of two monomorphisms is also monic.
Recall that local finite presentability means that A is cocomplete and has a
set Afp of finitely presentable objects (meaning those whose hom-functor is
finitary) such that A is the closure of Afp under filtered colimits.

Example 2.1

(i) Sets, posets and graphs form locally finitely presentable categories, and
our assumptions about monomorphisms hold in these categories. Finite
presentability of objects means precisely that they are finite.

(ii) If A is locally finitely presentable, then so is Funf (A ), the category of
all finitary endofunctors and natural transformations. In case A = Set,
the polynomial endofunctor

HΣX =
∐

σ∈Σ

Xn n = arity of σ (4)

is a finitely presentable object of Funf (Set) iff Σ is a finite set. This is
easily seen using Yoneda Lemma. In fact, the finitely presentable objects
of Funf (Set) are precisely quotients HΣ/∼ of the polynomial functors
with Σ finite, where ∼ is a congruence of HΣ, see [5].

4
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Notice that our assumptions concerning monomorphisms carry over to
Funf (A ) since coproducts are formed objectwise and natural transfor-
mations are monic iff their components are monic.

Remark 2.2 We shall need to work with categories that are locally finitely
presentable but where the assumptions on monomorphisms above need not
hold:

(i) The category
Monf (A )

of all finitary monads on A and monad morphisms. This is a locally
finitely presentable category. Indeed, as observed by Steve Lack [18], the
forgetful functor

Monf (A ) → Funf (A )

is finitary and monadic, thus, the local finite presentability of Funf (A )
implies that of Monf (A ), see [7], 2.78. It follows that filtered colimits of
finitary monads are formed object-wise on the level of A .

(ii) We will also make use of the fact that for every locally finitely presentable
category B and object B the coslice category B/B of all morphisms with
domain B is a locally finitely presentable category, see [7], 2.44.

Free monad. Recall from [3] that since H is a finitary endofunctor, free
H-algebras ϕX : H(FHX) → FHX exist for all objects X of A . Denote
by η̂X : X → FHX the universal arrow. As proved by M. Barr [8] the
corresponding monad on A

FH

of free H-algebras is a free monad on H. It follows that FH is a finitary
monad, and its unit

η̂ : Id → FH

together with the natural transformation

ϕ : HFH → FH

given by the above algebra structures ϕX yield the universal arrow

κ̂ = (H
Hη̂

//HFH ϕ
//FH ).

The universal property states that for every monad S and every natural trans-
formation f : H → S there exists a unique monad morphism f : FH → S
such that the triangle below commutes:

H
κ̂ //

f
!!CC

CC
CC

CC FH

f

��

S

(5)

5
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Moreover, from [3] we have

FH = HFH + Id with injections ϕ and η̂. (6)

Remark 2.3 The category Monf (A ), being locally finitely presentable, has
coproducts. We use the notation ⊕ for this coproduct.

Given finitary endofunctor H and K, since the free monad on H + K is
the coproduct of the corresponding free monads, we have

FH+K = FH ⊕ FK . (7)

We shall use the same notation ϕ, η̂ and κ̂ for different endofunctors than
H, e. g. κ̂ : H +K → FH+K .

Free Completely Iterative Monad. For every objectX the functorH(−)+
X, being finitary, has a terminal coalgebra

THX → H
(
THX

)
+X. (8)

By Lambek’s lemma [19], this morphism is invertible, and we denote the
components of the inverse by

τX : H
(
THX

)
→ THX and ηX : X → THX.

respectively.

Notation 2.4 Since THX is only used for the given functor H throughout
the paper, we omit the upper index H, and write from now on simply

TX.

As proved in [1], T is the underlying functor of a monad with the unit η :
Id → T above and the multiplication µ : TT → T . This monad is, moreover,
the free completely iterative monad on H, see [1,20]. The above natural
transformation τ : HT → T yields the universal arrow

κ = (H
Hη

//HT
τ //T ) (9)

Moreover, in analogy to (6) above, we have

T = HT + Id with injections τ and η. (10)

Also recall from loc. cit. that the monad multiplication µ is a homomorphism
of H-algebras (here we drop objects in the square below as all arrow are

6
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natural transformations):

HTT
τT //

Hµ

��

TT
µ

��

HT τ
//T

(11)

Notation 2.5 (i) We denote by

H/Monf (A )

the category of H-pointed monads, i. e., pairs (S, σ) where S is a finitary
monad on A and σ : H → S is a natural transformation. This is a
finitely presentable category by Remark 2.2 because it is isomorphic to
the coslice category of FH :

H/Monf (A ) ∼= FH/Monf (A ).

For example, FH and T are H-pointed monads (via the universal arrows).

(ii) For every H-pointed monad (S, σ) we write

b = [µS · σS, ηS] : HS + Id → S.

Lemma 2.6 (Ghani et al [12]) For every H-pointed monad (S, σ) the end-
ofunctor HS + Id carries a canonical monad structure whose unit is the co-
product injection inr : Id → HS + Id and whose multiplication is given by

(HS + Id)(HS + Id)

HS(HS + Id) +HS + Id

HSb+HS+Id

��

HSS +HS + Id

[HµS ,HS]+Id

��

HS + Id

(12)

Remark 2.7 For HS + Id we also have an obvious H-pointing

inl ·HηS : H → HS + Id . (13)

This defines an endofunctor H : H/Monf (A ) → H/Monf (A ) on objects by

H(S, σ) = (HS + Id, inl ·HηS),

see [12] or [21], Lemma 5.2 for details.

7
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Example 2.8 For every finitary endofunctor V we consider FH+V as an H-
pointed monad via

H inl //H + V κ̂ //FH+V

And H(FH+V ) = HFH+V + Id is then an H-pointed monad via (13) which
has the form

ψ = (H
Hη̂

//HFH+V inl //HFH+V + Id ). (14)

The proof of the following theorem is similar to the proof of Lemma 2.6
in [12]. The precise statement using the category H/Monf (A ) can be found
in [21], Theorem 5.4.

Theorem 2.9 The terminal coalgebra for H is given by the H-pointed monad
T , H-pointed as in (9), and the coalgebra structure T

∼
−→ HT from (8).

Definition 2.10 A recursive program scheme (or rps for short) of type H is
a natural transformation

e : V → FH+V

from an endofunctor V which is a finitely presentable object of Funf (A ) to
the free monad on H + V . It is called guarded provided that it factorizes
through the summand HFH+V + Id of the coproduct (6):

FH+V = (H + V )FH+V + Id = HFH+V + V FH+V + Id ,

that is, we have a commutative triangle

V

e0
((QQQQQQQQ

e //FH+V

HFH+V + Id

[ϕ·inl ,η̂]

OO

(15)

Observe that e0 is unique since the vertical arrow, being a coproduct in-
jection, is monic. This implies that e0 and e are in bijective correspondence,
which is the reason for our assumptions that A has monic coproduct injec-
tions.

Example 2.11 In case of a polynomial endofunctor H = HΣ : Set → Set

every recursive program scheme (3) yields a natural transformation e : HΦ →
FHΦ+HΣ , as explained in the introduction. This is a special case of Defini-
tion 2.10: in lieu of a general finitely presentable endofunctor V which is a
quotient of HΣ (cf. Example 2.1(iv)) we just take V = HΣ.

The system (3) is guarded iff every right-hand side term is either just
a variable or it has an operation symbol from Σ at the head of the term.
Such a recursive program scheme is said to be in Greibach normal form. All
reasonable rps, e. g. (1), are guarded. The unguarded ones such as f(x) = f(x)
are to be avoided if we want to work with unique solutions.

8
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Definition 2.12 By a solution of a recursive program scheme e : V → FH+V

in an H-pointed monad (S, σ) is meant a natural transformation e† : V → S
such that the unique monad morphism extending [σ, e†] : H + V → S makes
the triangle below commutative:

V e† //

e

��

S

FH+V
[σ,e†]

==zzzzzzzzz
(16)

Remark 2.13 (1) Every guarded recursive program scheme (15) turns FH+V

into a coalgebra for H. Indeed, e0 : V → H(FH+V ) together with the pointing
ψ, see (14), yield a natural transformation [ψ, e0] : H+V → H(FH+V ) which,
by the universal property of the free monad FH+V , provides a unique monad
morphism

[ψ, e0] : F
H+V → H(FH+V ) (17)

It preserves the pointing: we have

[ψ, e0] · (κ̂ · inl ) = [ψ, e0] · inl = ψ.

Thus, FH+V is a coalgebra.

(2) Conversely, every coalgebra for H carried by FH+V , where V is a finitely
presentable endofunctor, stems from a guarded recursive program scheme:
the coalgebra structure r : FH+V → H(FH+V ) is uniquely determined by
r · κ̂ : H + V → H(FH+V ), and the left-hand component of r · κ̂ being the
pointing ψ, we see that r is determined by e0 = r · κ̂ · inr : V → H(FH+V )
defining a (unique) recursive program scheme.

(3) For the terminal coalgebra T for H, see Theorem 2.9, we thus obtain the
unique coalgebra homomorphism

e∗ : FH+V → T. (18)

Remark 2.14 Our concept of a recursive program scheme is a special case
of the algebraic systems studied by Neil Ghani et al [11]. Let us recall from
that paper that

(i) an H-pointed monad is called coalgebraic if it is isomorphic to the monad
HS + Id of Lemma 2.6 via b : HS + Id → S in Notation 2.5(ii),

(ii) examples of coalgebraic monads are FH , see (6), and T , see (10),

(iii) T is the final coalgebraic monad; we denote by uS : S → T the unique
morphism for a coalgebraic monad (S, σ),

(iv) an algebraic system is given by a finitary monad E, a coalgebraic monad

9
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(S, σ) and a monad morphism

e : E → H(S ⊕ E) + Id ,

(v) a solution of e is a monad morphism s : E → T such that the square
below commutes:

E
s //

e
��

T

[τ,η]−1

��

H(S ⊕ E) + Id
H([uS ,s])+Id

//HT + Id

Theorem 2.15 (Ghani et al [11]) Every algebraic system has a unique so-
lution.

This gives a solution theorem for recursive program schemes as follows:
due to (7) we have the morhism e0 : V → H(FH ⊕ F V ) + Id in (15) yielding
an algebraic system via (5):

e0 : F
V → H(FH ⊕ F V ) + Id . (19)

Indeed, take E = F V and S = FH . Thus, a unique solution s : F V → T
exists.

Theorem 2.16 Every guarded recursive program scheme of type H has a
unique solution e† in T . It can be computed from the unique coalgebra ho-
momorphism e∗ : FH+V → T by

e† = (V inr //H + V κ̂ //FH+V e∗ //T ). (20)

Indeed, for the unique solution s : F V → T of the algebraic system e0
in (19) above we obtain a solution e† in the sense of Definitinon (2.10) by
composing with κ̂ : V → F V :

e† = (V
κ̂ //F V s //T ).

The proof that (16) commutes is performed using some diagram chasing. A
somewhat subtle point is that for uS : S → T (see Remark 2.14(iii)) we have
the equality

[uS, s] = [κ̂, e†] : FH+V → T.

Here the square brackets on the left refer to ⊕ in H/Monf (A ) and those on
the right to + in Funf (A ). The verification uses the universal property of the
free monad on H + V and is not difficult. The fact that (20) holds follows
from the same diagram.

10
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The uniqueness is also a consequence of the fact that for any solution e†

in the sense of Definition 2.10 its extension e† : F V · T is a solution of the
corresponding algebraic system e0.

Remark 2.17 It is our goal to define a finitary submonad C of T formed by
all solutions of recursive program schemes of type H. We do this in two steps.

(i) A finitary monad C̃ together with a monad morphism c̃ : C̃ → T is
constructed by forming a colimit of coalgebras for the endofunctor H

obtained from all recursion program schemes.

(ii) The (strong epi, mono)-factorization (cf. Lemma 2.19 below) of c̃ is
formed to obtain the desired submonad:

C̃
c̃ //

k
%% %%KKKKKKKKKKKK T

C
99

c

99sssssssssss

This factorization is going to be performed in the category

Monc(A )

of all monads on A that are countably accessible, that is, the underlying
functors preserve countably filtered colimits. (Recall that a countably
filtered category is such that every subcategory with countably many
objects and morphisms has a cocone in it.) The monad C̃ lies inMonc(A )
because it is finitary by construction, and we use the following

Lemma 2.18 For every finitary endofunctor H the monad T (see Notation 2.4)
is countably accessible.

Proof. It is proved in Proposition 5.16 of [4] that TZ can be constructed
as the colimit of the diagram of all coalgebras for H(−) + Z carried by all
countably presentable objects. Thus, T coincides with the countably accessible
monad Rλ of loc. cit. for the first uncountable ordinal λ. 2

Lemma 2.19 In the categories Monf (A ) and Monc(A ) every morphism has
a (strong epi, mono)-factorization, and monomorphisms are precisely the monad
morphisms whose components are monic in A .

Proof. The first statement follows from the fact that both Monf (A ) and
Monc(A ) are locally presentable categories. See [18] for Monf (A ), the ar-
gument for Monc(A ) is analogous. Every locally presentable category has
(strong epi, mono)-factorizations by [7], 1.61.

The second statement follows, in case ofMonf (A ), from the fact that in the
category Funf (A ) ∼= [Afp ,A ] monomorphisms are precisely the morphisms
with components monic in A , and the forgetful functor Monf (A ) → Funf (A )
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has the left adjoint H 7→ FH . Analogously for the category Func(A ) of
countably accessible endofunctors: this is equivalent to [Ac,A ] where Ac is
a full subcategory representing all countably presentable objects in A (i. e.,
such that the hom-functor is countably accessible). And once again, every
countably accessible functor H generates a countably accessible free monad F ,
see [3], yielding a left adjoint of the forgetful functor Monc(A ) → Func(A ).2

Corollary 2.20 The category H/Monf (A ) has (strong epi, mono)-factorizations,
and the functor H preserves monomorphisms.

Indeed, the forgetful functor H/Monf (A ) → Monf (A ) clearly creates
(strong epi, mono)-factorizations. Given a monomorphism m : (S, σ) →
(S ′, σ′) in H/Monf (A ), then m is componentwise monic, thus, so is Hm
(since H preserves monomorphisms), and so is also Hm = Hm + id (since
coproducts of monomorphisms are monic in A ).

Construction 2.21 The H-pointed monad C̃. For every guarded recursive
program scheme (15) consider FH+V as a coalgebra for the functorH, see (17).

We denote by
EQ0 ⊆ CoalgH

the full subcategory of all these coalgebras. It is essentially small since
Funf (A ) has only a set of finitely presentable objects up to isomorphism.
We denote the colimit of this small diagram by

C̃H = colimEQ0 (in CoalgH).

Thus, we have a finitary monad C̃ with an H-pointing and a coalgebra struc-
ture denoted by

ρ : H → C̃H and r : C̃H → H(C̃H)

respectively, together with a colimit cocone

e♯ : FH+V → C̃H for all rps e : V → FH+V ,

formed by coalgebra homomorphisms for H preserving the pointing (14),
i. e. with

ρ = e♯ · (κ̂ · inl ) for every e.

We see in the next lemma that EQ0 is a connected category. Since the forgetful
functors

CoalgH → H/Monf (A ) → Monf (A )

clearly preserve connected colimits, the above cocone e♯ : FH+V → T is also
a colimit cocone in Monf (A ).

Lemma 2.22 EQ0 is closed under finite coproducts in CoalgH.

12
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Proof. Consider two objects of EQ0 determined by

e : V → HFH+V + Id and e′ : V ′ → HFH+V ′

+ Id

The coproduct injections i : H + V → H + V + V ′ and i′ : H + V ′ →
H + V + V ′ yield corresponding monad morphisms ĩ : FH+V → FH+V+V ′

and
ĩ′ : FH+V ′

→ FH+V . Denote by

k = ((HFH+V + Id) + (HFH+V ′

+ Id)
[Hĩ+Id ,Hĩ′+Id ]

//HFH+V+V ′

+ Id )

the canonical morphism. We prove that the object f : V + V ′ → FH+V+V ′

of
EQ0 determined by

f0 = k · (e0 + e′0) : V + V ′ → HFH+V+V ′

+ Id

is the coproduct of the two given objects.

We know from Remark 2.13 that morphisms from the above object into
an H-coalgebra X = ((S, s), p) are given by natural transformations

r : V + V ′ → S

such that the extension [s, r] : FH+V+V ′

→ S of the transformation [s, r] :
H + V + V ′ → S to a monad morphism fulfils

p · r = (H[s, r] + Id) · f.

We claim that this holds for r : V + V ′ → S iff

(i) the left-hand component q : V → S of r gives rise to a morphism of CoalgH
from the object determined by e0 into X

(ii) and the right-hand component q′ : V ′ → S yields a morphism from the
object determined by e′0 into X.

For that observe first that the diagram

FH+V ĩ //

[s,q]
((RRRRRRRRRRRRRRR FH+V+V ′

[s,r]
��

FH+V ′ĩ′oo

[s,q′]
uulllllllllllllll

S

commutes: indeed, all these morphisms are monad morphisms. The left-hand
triangle commutes since ĩ · κ̂H+V = κ̂H+V+V ′

· i, therefore,

([s, r] · ĩ) · κ̂ = [s, r] · i = [s, q] = [s, q] · κ̂

13
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and analogously for the right-hand triangle. Thus, the square

V + V ′ f
//

r

��

HFH+V+V ′

+ Id

H[s,r]+Id

��

V
inl

ggN N N N N N N

q

wwo
o

o
o

o
o

o e0
//_____ HFH+V + Id

Hĩ+Id

44iiiiiiiii

H[s,q]+Id **UUUUUUUUU

S p
//HS + Id

commutes iff [s, q] and [s, q′] are morphisms of CoalgH into X: in the diagram
we indicated the left-hand component (commuting iff p · q = (H[s, q]+ Id) · e0,
that is, q is a homomorphism), analogously for the right-hand one. 2

Corollary 2.23 C̃ is a filtered colimit of the closure EQ of EQ0 under co-
equalizers in CoalgH.

Indeed, since EQ0 is closed under finite coproducts, EQ is closed under
finite colimits, thus, it is filtered. And colimEQ ∼= colimEQ0.

Definition 2.24 The context-free monad C. Denote by

c̃ : C̃H → T

the unique coalgebra homomorphism and define the context-free monad of
H as the submonad CH of T obtained by the following (strong epi, mono)-
factorization of c̃ in Monc(A ):

CH

��

c

��

C̃H

k

88 88qqqqqqqqqqqq

c̃
//T

Remark 2.25 (i) Recall from Theorem 2.9 that c̃ is uniquely defined. Since

C̃H is finitary and T countably accessible, see Lemma 2.18, we have the
desired factorization by Lemma 2.19.

(ii) The context-free monad is pointed: The pointing ρ̃ : H → C̃H of C̃H

yields the pointing

ρ = k · ρ̃ : H → CH

of CH which c preserves (because c̃ is a morphism of H/Monf (A )). Anal-

ogously to T we shall write C and C̃ without the upper index H from
now on.

Observation 2.26 The functor H preserves monomorphisms by Corollary
2.20, thus, C carries a canonical structure r of an H-coalgebra derived from

14
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the structure r̃ for C̃:

C̃
k // //

r̃
��

C

c

��r

����
��

��
��

��
��

��
��

��

HC̃

Hk
��

T

≃

��

HC //
Hc

//
HT

(21)

Indeed, recall that c · k = c̃ is an H-coalgebra homomorphism; so the outside
of the above square commutes, and we can use the unique diagonalization
property of the factorization system to obtain r.

Theorem 2.27 Every guarded recursive program scheme e : V → FH+V has
a unique solution in the context-free monad of H.

Proof. We use e‡ for solutions in C and e† for solutions in T throughout
this proof. We are to prove that there exists a unique natural transformation
e‡ : V → C with e‡ = [ρ, e‡]·e. Recall that the colimit injection e♯ : FH+V → C̃
in Construction 2.21 is a coalgebra homomorphism for H, hence, so is c̃ · e♯,
which proves

e∗ = c̃ · e♯,

see Theorem 2.16 (because T is a terminal coalgebra by Theorem 2.9). There-
fore, by (20) we have

e† = c̃ · e♯ · κ̂ · inr = c · k · e♯ · κ̂ · inr .

Thus for e‡ = k · e♯ · κ̂ · inr we obtain

e† = c · e‡.

We conclude that e‡ is the desired solution in C: in the following diagram

V

e

��

e‡ //
GF ED

e†

OO

C
c //T

FH+V
[ρ,e‡]

77oooooooooooo BC
[κ,e†]

OO

the outside commutes, see (16) with σ = κ, and the right-hand part does since
κ = c ·ρ (see Definition 2.24). Consequently, the left-hand triangle commutes:
recall from Definition 2.24 that c is a monomorphism.

The uniqueness follows from the same diagram: if the left-hand triangle
commutes, so does the outside, and since e† is uniquely determined (see The-
orem 2.16), we conclude e† = c · e‡. Finally, use again that c is monic. 2
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3 The context-free monad is ideal

Under the assumptions of Section 2 we prove that C is an ideal monad in the
sense of C. Elgot [10] for every finitary endofunctor H. Elgot’s concept was
defined for monads (S, η, µ) in Set: the monad is ideal if the complement of
η : Id → S is a subfunctor σ : S ′ →֒ S of S (thus, S = S ′+ Id) and µ restricts
to a natural transformation µ′ : S ′S → S ′. For general categories “ideal” is
not a property but a structure:

Definition 3.1 ([1]) An ideal monad is a sixtuple (S, η, µ, S ′, σ, µ′) where
(S, η, µ) is a monad,

σ : S ′ → S (“the ideal”)

is a subfunctor such that S = S ′ + Id with injection σ and η, and

µ′ : S ′S → S ′

is a natural transformation restricting µ in the sense that

µ · σS = σ · µ′

Example 3.2

(i) The free monad FH is ideal: its ideal is HFH , see (6).

(ii) The free completely iterative monad T is ideal: its ideal is HT , see (10).

Remark 3.3 It is our goal to prove that the context-free monad (C, ηC , µC)
is ideal. The H-coalgebra structure r : C → HC + Id , see Observation 2.26,
is (analogously to the two examples FH and T above) invertible, as we prove
below: its inverse is the morphism

b ≡ HC + Id
ρC+Id

//CC + Id
[µC ,ηC ]

//C (22)

From that we will derive that C is an ideal monad with the ideal

b · inl : HC → C

Theorem 3.4 The context-free monad C is an ideal monad for every H.

Proof. We first prove r = b−1.

(1) The proof of b · r = id follows, since c is a monomorphism, from
the commutativity of the following diagram (here c ∗ c denotes the parallel

16
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composition of natural transformations):

C
r //

c

��

HC + Id
GF ED

b

��ρC+Id
//

Hc+Id

��

CC + Id
[µC ,ηC ]

//

c∗c+Id

��

C

c

��

T
[τ,η]−1

//HT + Id
κT+Id

//TT + Id
[µ,η]

//TBCOO@A
[τ,η]

Indeed, the right-hand square commutes since c : C → T is a monad mor-
phism, the left-hand one does because c is a coalgebra homomorphism for H
(see (21)), and the middle square follows from fact that by Remark 2.25 c
preserves the pointing, i.e., c · ρ = τ · Hη. Finally, the lower part follows
from (11):

µ · τT ·HηT = τ ·Hµ ·HηT = τ.

So the outside of the diagram commutes:

c · b · r = c,

and since c is a monomorphism, we see that b · r = id .

(2) To prove that r · b = id we show that the diagram below commutes:

HC

inl
��

HC

inl
��

HC + Id
r·b

//HC + Id

Id

inr

OO

Id

inr

OO

For the commutativity of the lower square we have since r is a monad
morphism and the unit of the monad in the codomain is, by Lemma 2.6, inr
that

r · b · inr = r · ηC = inr .

Since b · inl = µC ·ρC = µC · (kC · ρ̃C), the commutativity of the upper square

17
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boils down to showing that the outside of the following diagram commutes:

HC

(i)

HηCC

��

ρ̃C
//

HηC̃C
��

GF ED
ρC

OO

C̃C

(ii)

kC //

r̃C
��

CC

(iii)

µC
//

rC

��

C

r

��

HC̃C
(iv)

inl //

HkC

��

(HC̃ + Id)C
(Hk+Id)C

// (HC + Id)C

(HC+Id)r

��

HCC

inl

22ddddddddddddddddddddddddddddddddddddd

HCr
��

HC(HC + Id)

(v)

(vi)

inl
//

HCb

��

(HC + Id)(HC + Id)
µ̃

//HC + Id

HCC
HµC

//HC

inl

OO

Here µ̃ denotes the monad multiplication (12) of Lemma 2.6, where S = C
and σ = ρ. Indeed, all inner parts commute: the two left-hand parts commute
since k · ηC̃ = ηC and b · r = id , for part (i) recall that the coalgebra structure
ρ̃ is a morphism in H/Monf (A ), part (ii) commutes since k is a coalgebra
homomorphism for H, for (iii) use that r is a monad morphism, (iv) and
(v) are trivial, and part (vi) commutes by (12). The remaining upper part
commutes since k preserves the H-pointing. Finally, using the monad law
µC · ηCC = id , we get r · µC · ρC = inl : HC → HC + Id , and this completes
the proof. 2

4 Context-free trees

We now return to the original concept of a context-free (or algebraic) Σ-tree
on a given signature Σ, as studied by Bruno Courcelle, see the introduction.
We prove that the context-free monad CHΣ of the polynomial endofunctor HΣ

of Set is indeed precisely the submonad CHΣ →֒ THΣ of the Σ-tree monad
consisting of all context-free Σ-trees of Definition 1.1.

Observation 4.1 Polynomial endofunctors are projective in Funf (Set). That
is, for every epimorphism (which means a componentwise surjective natural
transformation) p : F → G and every natural transformation g : HΣ → G
there exists a natural transformation f : HΣ → F with g = p · f :

F
p

// //G

HΣ

∀g

>>||||||||
∃f

OO
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In case Σ consists of a single n-ary symbol, this follows from Yoneda Lemma,
since HΣ

∼= Set(n,−): the natural transformation g corresponds to an element
of Gn, and we find its inverse image (under pn) in Fn, giving us f : HΣ → F .
If Σ has more symbols, apply Yoneda Lemma to each of them separately.

Theorem 4.2 For every signature Σ we have:

CHΣ = the monad of context-free Σ-trees

Proof. Throughout the proof we write H in lieu of HΣ and C in lieu of CHΣ .

(1) We prove that every element of CX lies in the image of e‡ for some guarded
recursive program scheme

e : HΦ → FH+HΦ

where e‡ is the unique solution in C, see Theorem 2.27.

Indeed, since C̃ is the filtered colimit of EQ, see Corollary 2.23, and filtered
colimits inMonf (A ) (and thus also in H/Monf (A )) are computed on the level
of the underlying functors (in other words: filtered colimits are formed object-
wise in A ), we have for every set X a colimit cocone

r♯X : SX → C̃X

where s : (S, σ) → H(S, σ) ranges over all coalgebras in EQ and s♯ : S → C̃ is
the colimit cocone.

Since EQ is a closure of EQ0 under coequalizers, every object of EQ is a
quotient of one in EQ0. Thus, we have a guarded recursive program scheme

e : V → FH+V (23)

and an epimorphic coalgebra homomorphism for H:

(FH+V , κ̂ · inl ) //

q

��

H(FH+V , κ̂ · inl )

Hq

��

(S, σ) s //H(S, σ)

Since V is a finitely presentable functor, there exists by Example 2.1(ii) a
finite signature Φ and an epimorphic natural transformation

p : HΦ → V.

The free-monad functor takes H+p : H+HΦ → H+V to a monad morphism
p̃ : FH+HΦ → FH+V which is also an epimorphism (since the free-monad
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functor is a left adjoint). Due to the projectivity of HΦ we obtain a natural
transformation f0 making the diagram

HΦ
f0 //

p

����

HFH+HΦ + Id

Hp̃+Id

����

V
e0

))TTTTTTTTTTTTTTTTT

κ̂·inr

��

FH+V
[ψ,e0]

//HFH+V + Id

commutative (see Observation 4.1.) Here f0 is the guard of a “classical”
guarded recursive program scheme

f : HΦ → FH+HΦ

and for the corresponding H-coalgebra on FH+HΦ , see Remark 2.13, the above
monad morphism p̃ is a coalgebra homomorphism.

We conclude that the triangles for f † (see Theorem 2.16) and f ‡ (see
Theorem 2.27)

HΦ
inr //

f†

!!CC
CC

CC
CC

CC
CC

CC
CC

CC
CC

CC
CC

CC
CC

CC
CC

CC
CC

CC
CC

CC

f‡

%%J
J

J
J

J
J

J
J

J
J

J
J

J
J

J
J

J
J

J H +HΦ
κ̂ //FH+HΦ

p̃

��

FH+V

q

��

S

s♯

��

C

c

��

TH

commute: recall from (20) that the coalgebra homomorphism f ∗ fulfils

f † = f ∗ · κ̂ · inr ,

and so we only need to notice that the vertical arrow, being a coalgebra
homomorphism, is equal to f ∗. Since c is a monomorphism, the upper triangle
also commutes. Thus, every element in the image of s♯X lies in the image of
f ‡
X for the above recursive program scheme f .
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(2) We will verify that cX : CX →֒ TX consists precisely of the context-free
Σ-trees on X. Indeed, every context-free Σ-tree has the form

t = e†X(x)

for some guarded recursive program scheme e : HΦ → FH+HΦ and since
e†X = cX · e‡X , the tree t lies in CX.

Conversely every element of CX has, by item (1) above, the form e‡X(x)
for some guarded rps e : HΦ → FH+HΦ . 2

5 Conclusions and Open Problems

The aim of our paper was to construct for a finitary endofunctor H a monad
expressing solutions of recursive program schemes of type H. We hoped origi-
nally to achieve what we managed to do for the first-order recursive equations
of type H in previous work [4]: there we defined the rational monad RH based
on solutions of recursive equations, we proved that RH is iterative (and, in
particular, ideal) in the sense of Calvin Elgot, and we characterized RH as
the free iterative monad on H. From this we derived, in case of endofunc-
tors of Set, that RH is closed under second-order substitution. Moreover, the
construction worked for all locally finitely presentable base categories.

In the present paper we also exhibited a general construction: for every
finitary endofunctor H we provided a context-free monad CH based on solu-
tions of recursive program schemes of type H. The existence and uniqueness
of these solutions were derived from the corresponding more general solution
theorem of Ghani et al [11]. In case H is actually a polynomial endofunc-
tor of Set associated to a signature Σ, our monad coincides with the monad
of context-free (= algebraic) trees of Bruno Courcelle [9]. However, whereas
Courcelle proved that the context-free-tree monad is iterative, we were only
able to prove that the general context-free monad is ideal.

In fact, as soon as CH would be proved to be iterative, the intuition says
that this is not enough: the next open problem is, then, whether CH is closed
under second-order substitution in the sense of [21]. Again, this was, for
context-free Σ-trees, proved by Bruno Courcelle.

Finally, the rational monad RH and the monad TH are both character-
ized by universal properties; RH is the free iterative monad and TH the free
completely iterative one. It remains to be seen whether CH can be character-
ized by some universal property, too. Unfortunately, context-free trees cannot
serve as a guiding example in this respect as no universal property of them is
known.
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[1] P. Aczel, J. Adámek, S. Milius, and J. Velebil. Infinite trees and completely iterative theories:
A coalgebraic view. Theoret. Comput. Sci., 300:1–45, 2003.
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Abstract

The notion of arrow by Hughes is an axiomatization of the algebraic structure possessed by struc-
tured computations in general. We claim that an arrow also serves as a basic component calculus for
composing state-based systems as components—in fact, it is a categorified version of arrow that does
so. In this paper, following the second author’s previous work with Heunen, Jacobs and Sokolova,
we prove that a certain coalgebraic modeling of components—which generalizes Barbosa’s—indeed
carries such arrow structure. Our coalgebraic modeling of components is parametrized by an arrow
A that specifies computational structure exhibited by components; it turns out that it is this arrow
structure of A that is lifted and realizes the (categorified) arrow structure on components. The
lifting is described using the first author’s recent characterization of an arrow as an internal strong
monad in Prof , the bicategory of small categories and profunctors.

Keywords: algebra, arrow, coalgebra, component, computation, profunctor

1 Introduction

1.1 Arrow for Computation

In functional programming, the word computation often refers to a proce-
dure which is not necessarily purely functional, typically involving some side-
effect such as I/O, global state, non-termination and non-determinism. The
most common way to organize such computations is by means of a (strong)
monad [21], as is standard in Haskell. However side-effect—that is “struc-
tured output”—is not the only cause for the failure of pure functionality. A
comonad can be used to encapsulate “structured input” [26]; the combina-
tion of a monad and a comonad via a distributive law can be used for input
and output that are both structured. There are much more additional struc-
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ture that a functional programmer would like to think of as “computations”;
Hughes’ notion of arrow [13] is a general axiomatization of such. 1

Let C be a Cartesian category of types and pure functions, in a functional
programming sense. The notion of arrow over C is an algebraic one: it axiom-
atizes those operators which the set of computations should be equipped with,
and those equations which those operators should satisfy. More specifically,
an arrow A is

• carried by a family of sets A(J,K) for each J,K ∈ C;

• equipped with the following three families of operators arr, >>> and first:

arrf ∈ A(J,K) for each morphism f : J → K in C,

A(J,K)× A(K,L)
>>>J,K,L
−→ A(J, L) for each J,K, L ∈ C,

A(J,K)
firstJ,K,L
−→ A(J × L,K × L) for each J,K, L ∈ C;

• that are subject to several equational axioms: among them is

(a >>>J,K,L b) >>>J,L,M c = a >>>J,K,M (b >>>K,L,M c)

for each a ∈ A(J,K), b ∈ A(K,L), c ∈ A(L,M).
(>>>-Assoc)

The other axioms are presented later in Def. 3.1.

The intuitions are clear: presenting an A-computation from J to K by a box
J K , the three operators ensure that we can combine computations in the
following ways.

• (Embedding of pure functions) J
arr f

K

• (Sequential composition)
(

J a K , K b L
)

>>>J,K,L
7−→ J a K b L

• (Sideline) J a K
firstJ,K,L
7−→

[

J a K

L L

]

The (>>>-Assoc) axiom above, for example, ensures that the following com-
positions of three consecutive A-computations are identical.

J a K b L c M = J a K b L c M (1)

A strong monad T on C induces an arrow AT by: AT (J,K) = C(J, TK) =
Kℓ(T )(J,K). Here Kℓ(T ) denotes the Kleisli category (see e.g. Moggi [21]).
Prior to arrows, the notion of Freyd category is devised as another axiomati-
zation of algebraic properties that are expected from “computations” [19,23].

1 The word “arrow” is reserved for Hughes’ notion throughout the paper. An “arrow” in a
category will be called a morphism or a 1-cell.
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The latter notion of Freyd category come with a stronger categorical flavor;
in Jacobs et al. [16] it is shown to be equivalent to the notion of arrow.

Remark 1.1 The previous arguments are true as long as we think of an arrow
as carried by sets, with A(J,K) being a set. This is our setting. However this
is not an entirely satisfactory view in functional programming where one sees
A as a type constructor—A(J,K) should rather be an object of C. In this case
one can think of several variants of arrow and Freyd category. See Atkey [2].
The discussion later in the beginning of §5 is also relevant.

1.2 Arrow as Component Calculus

The current paper’s goal is to settle components as categorification of compu-
tations, via (the algebraic theory of) arrows. Let us elaborate on this slogan.

A component here is in the sense of component calculi. Components are
systems which, combined with one another by some component calculus, yield
a bigger, more complicated system. This “divide-and-conquer” strategy brings
order to design processes of large-scale systems that are otherwise messed up
due to the very scale and complexity of the systems to be designed.

We follow the coalgebraic modeling of components in Barbosa [5]—which is
also used in Hasuo et al. [11]—extending it later to an arrow-based modeling.
In [5] a component is modeled as a coalgebra of the following type:

c : X −→
(

T (X ×K)
)J

in Set. (2)

J c KHere J is the set of possible input to the component; K is that of
possible output; X is the set of (internal) states of the component
which is a state-based machine; and T is a monad on Set that models the
computational effect exhibited by the system. Overall, a coalgebraic compo-
nent is a state-based system with specified input and output ports; it can be
drawn as above on the right.

A crucial observation here is as follows. The notion of arrow in §1.1 is
to axiomatize algebraic operators on computations as boxes—such as sequen-
tial composition J a K b L . Then, by regarding such boxes as components
rather than as computations, we can employ the axiomatization of arrow as
algebraic structure on components—a component calculus—with which one
can compose components. The calculus is a basic one that allows embedding
of pure functions, sequential composition and sideline. In fact in the second
author’s previous work [11] with Heunen, Jacobs and Sokolova, such algebraic
operators on coalgebraic components (2) are defined and shown to satisfy the
equational axioms.
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1.3 Categorifying Computations into Components

Despite this similarity between computations and components, there is one
level gap between them: from sets to categories. Let A(J,K) denote the
collection of coalgebraic components like in (2), with input-type J , output-
type K and fixed effect T , but with varying state spaces X. Then it is just
natural to include morphisms between coalgebras in the overall picture, as
behavior-preserving maps (see e.g. Rutten [24]) between components. Hence

A(J,K) is now a category, specifically that of
(

T ( × K)
)J
-coalgebras. In

contrast, with respect to computations there is no general notion of morphism
between them, so the collection A(J,K) of A-computations is a set.

This step of categorification [3] is not just for fun but in fact indispensable
when we consider equational axioms. Later on we will concretely define the
sequential composition J c K d L of coalgebraic components with matching

I/O types; at this point we note that the state space of the composite is the
product X × Y of the state space X of c and Y of d. Now let us turn to the
axiom

(c >>> d)>>> e = c >>> (d >>> e) . (>>>-Assoc)

Denoting e’s state space by U , the state space of the LHS is (X×Y )×U while
that of the RHS is X × (Y × U). These are, as sets, not identical! Therefore
the axiom can be at best satisfied up-to an isomorphism between components
as coalgebras (and it is the case, see [11]). We note this phenomenon that the
notion of satisfaction of equational axioms gets relaxed—from up-to equality
to up-to an isomorphism—is typical with categorification [3].

This additional structure obtained through categorification, namely mor-
phisms between components, has been further exploited in [11]. There it is
shown that final coalgebras—the notion that only makes sense in presence of
morphisms between coalgebras—form an arrow that is internal to the “arrow”
of components, realizing an instance of the microcosm principle [4, 12]. An
application of such nested algebraic structure (namely of arrows) is a com-
positionality result : the behavior of composed components can be computed
from the behavior of each component.

We shall refer to the categorified notion of arrow—carried by components—
as categorical arrow.

1.4 Lifting of Arrow Structure via Profunctors

To summarize: computations carry algebraic structure of an arrow; compo-
nents carry a categorified version of it. The contribution of the current paper is
to make the relationship between computations and components more direct.
This is by developing the following scenario:

• given an arrow A,
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• we define the notion of (arrow-based) A-component which generalizes Bar-
bosa’s modeling (2),

• and we show that these A-components carry categorical arrow structure
that is in fact a lifting of the original arrow structure of A.

Therefore: we categorify A-computations to A-components.

A weaker version of this scenario has been already presented in [11]. How-
ever the last lifting part was obscured in details of direct calculations. What
is novel in this paper is to work in Prof , the bicategory of profunctors. In
fact, it is one theme of this paper to demonstrate use of calculations in Prof .

The starting point for this profunctor approach is [16]. There the arr, >>>-
fragment of arrow (without first) is identified with a monoid in the category
[Cop×C,Set] of bifunctors, where the latter is equipped with suitable monoidal
structure. This means—in terms of profunctors that will be described in §2—
that an arrow A (without first) is a monad in Prof , in an internal sense like
in Street [25].

What really made our profunctor approach feasible was a further obser-
vation by the first author [1]. There the remaining first operator—whose
mathematical nature was buried away in its dinaturality—is identified with a
certain 2-cell in Prof . In fact, this 2-cell is a strength in an internal sense.
Therefore an arrow (with its full set of operators, arr, >>> and first) is a strong
monad in Prof . This observation pleasantly parallels the informal view of
arrows as generalization of strong monads.

1.5 Organization of the Paper

In §2 we will introduce the necessary notions of dinatural transformation,
(co)end and profunctor, in a rather leisurely pace. The two forms of the
Yoneda lemma—the end- and coend-forms—are basic there. The materials
there are essentially extracted from Kelly [17], which is a useful reference also
in the current non-enriched (i.e. Set-enriched) setting. In §3 we follow [1, 16]
and identify an arrow with an internal strong monad in Prof , setting Prof

as our universe of discourse. In §4 we generalize Barbosa’s coalgebraic com-
ponents into arrow-based components. The main result—arrow-based com-
ponents form a categorical arrow—is stated there. Its actual proof is in the
subsequent §5 which is devoted to manipulation of 2-cells in Prof .

2 Categorical Preliminaries

2.1 End and Coend

In the sequel we shall often encounter a functor of the type F : Cop ×C → D,
where a category C occurs twice with different variance. Given two such

27



Asada, Hasuo

F,G : Cop × C → D, a dinatural transformation ϕ : F ⇒ G consists of a
family of morphisms in D

ϕX : F (X,X) −→ G(X,X) for each X ∈ C

which is dinatural : for each morphism f : X → X ′ the following diagram
commutes.

F (X,X)
ϕX G (X,X) G(X,f)

F (X ′, X)
F (f,X)

F (X′,f)

G (X,X ′)
F (X ′, X ′) ϕX′

G (X ′, X ′)G(f,X′)

(3)

Note the difference from a natural transformation ψ : F ⇒ G. The latter
consists of a greater number of morphisms in D: ψX,Y : F (X, Y ) → G(X, Y )
for each X, Y ∈ C.

Two successive dinatural transformations ϕ1 : F1 ⇒ F2 and ϕ2 : F2 ⇒ F3

do not necessarily compose: dinaturality of each does not guarantee dinatural-
ity of the obvious candidate of the composition (ϕ2 ◦ ϕ1)X = (ϕ2)X ◦ (ϕ1)X .
This makes it a tricky business to organize dinatural transformations in a cat-
egorical manner. Nevertheless, working with arrows, examples of dinaturality
abound.

Dinaturality subsumes naturality: a natural transformation ψ : F ⇒ G :
C → D can be thought of as a dinatural transformation, by presenting it as
ψ : F ◦ π2 ⇒ G ◦ π2 : C

op × C → D. Here π2 : C
op × C → C is a projection.

(Co)end is the notion that is obtained by replacing naturality (for (co)cones)
by dinaturality, in the definition of (co)limit. Precisely:

Definition 2.1 (End and coend) Let C,D be categories and F : Cop×C → D

be a functor.

• An end of F consists of an object
∫

X∈C
F (X,X) in D together with projec-

tions

πX :
(∫

X∈C
F (X,X)

)

−→ F (X,X) for each X ∈ C

such that, for each morphism f : X → X ′ in C, the following diagram
commutes.

F (X ′, X ′)F (f,X′)
∫

X
F (X,X)

πX′

πX

F (X,X ′)
F (X,X) F (X,f)

In other words: the family {πX}X∈C forms a dinatural transformation from
the constant functor ∆(

∫

X
F (X,X)) to the functor F . An end is defined

to be a universal one among such data: given an object Y ∈ D and a
dinatural transformation ϕ : ∆Y ⇒ F , there is a unique morphism f :
Y →

∫

X
F (X,X) such that πX ◦ f = ϕX for each X ∈ C.

28



Asada, Hasuo

• A coend of F is a dual notion of an end. It consists of an object
∫ X∈C

F (X,X)

in D together with injections ιX : F (X,X) →
∫ X

F (X,X) for each X ∈ C.
Its universality, together with that of an end, can be written as follows.

f : Y −→
∫

X
F (X,X)

ϕX : Y → F (X,X) , dinatural in X

f :
∫ X

F (X,X) −→ Y

ϕX : F (X,X) → Y, dinatural in X

(Co)ends need not exist; they do exist for example when C is small and D is
(co)complete. See below.

The reader is referred to Mac Lane [20, Chap. IX] for more on (co)ends.
Described there is the way to transform a functor F : Cop × C → D into
F § : C§ → D, in such a way that the (co)end of F coincides with the (co)limit
of F §. Therefore existence of (co)ends depends on the (co)completeness prop-
erty of D. In fact (co)end subsumes (co)limit, just as dinaturality subsumes
naturality. Therefore a useful notational convention is to denote (co)limits

also as (co)ends: for example ColimXFX as
∫ X

FX.

Recalling the construction of any limit by a product and an equalizer [20,
§V.2], an intuition about an end

∫

X
F (X,X) is as follows: it is the product

∏

X F (X,X) which is “cut down” so as to satisfy dinaturality. Dually, a coend
∫ X

F (X,X) is the coproduct
∐

X F (X,X) quotiented modulo dinaturality.

2.2 Two Forms of the Yoneda Lemma

A typical example of an end arises as a set of (di)natural transformations.
Given a small category C and functors F,G : Cop × C → Set, we obtain a
bifunctor

[F (+,−), G(−,+)] : C
op × C −→ Set , (X, Y ) 7−→ [F (Y,X), G(X, Y )] .

(4)
Here [S, T ] denotes the set of functions from S to T , i.e. an exponential in
Set. Note the variance: since [−,+] is contravariant in its first argument, the
variance of arguments of F is opposed in (4). Taking this functor (4) as F
in Def. 2.1, we define an end

∫

X
[F (X,X), G(X,X)]. Such an end does exist

when C is a small category, because Set has small limits (hence small ends).

Proposition 2.2 Let us denote the set of dinatural transformations from F

to G by Dinat(F,G). We have a canonical isomorphism in Set:

Dinat(F,G)
∼=

−→
∫

X
[F (X,X), G(X,X)] .
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Proof It is due to the following correspondences.

1 →
∫

X
[F (X,X) , G (X,X)]

1 → [F (X,X) , G (X,X)] dinatural in X
(†)

F (X,X) → G (X,X) dinatural in X
(‡)

Here (†) is by Def. 2.1; dinaturality is preserved along (‡) because of the
naturality of Currying. 2

The composite Dinat(F,G)
∼=
→

∫

X
[F (X,X), G(X,X)]

πX−→ [F (X,X), G(X,X)]
carries a dinatural transformation ϕ to its X-component ϕX .

Since dinaturality subsumes naturality (§2.1), we have an immediate corol-
lary:

Corollary 2.3 Let C be a small category and F,G : C → Set. By Nat(F,G)
we denote the set of natural transformations F ⇒ G. We have

Nat(F,G)
∼=

−→
∫

X
[FX,GX] . 2

The celebrated Yoneda lemma reduces the set Nat(C(X, ), F ) of natural
transformations into FX (see e.g. [6,20]). Interpreted via Cor. 2.3, it yields:

Lemma 2.4 (The Yoneda lemma, end-form) Given a small category C and
a functor F : C → Set, we have a canonical isomorphism

∫

X′∈C
[C (X,X ′) , FX ′]

∼=
−→ FX . 2

The lemma becomes useful in the calculations below: it means an end on
the LHS “cancels” with a hom-functor occurring in it.

From the end-form, we obtain the following coend-form. Its proof is
straightforward but illuminating. It allows us to “cancel” a coend with a
hom-functor inside it.

Lemma 2.5 (The Yoneda lemma, coend-form) Given a small category C and
a functor F : C → Set, we have a canonical isomorphism

∫ X′∈C
FX ′ × C(X ′, X)

∼=
−→ FX .

Proof We have the following canonical isomorphisms, for each S ∈ Set.

[ ∫ X′

FX ′ × C(X ′, X) , S
] ∼=→

∫

X′

[

FX ′ × C(X ′, X) , S
]

(†)
∼=→

∫

X′

[

C(X ′, X) , [FX ′, S]
]

Currying
∼=→ [FX, S] the Yoneda lemma, end-form.
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Here (†) is because the hom-functor [ , S] turns a colimit into a limit [20,
§V.4], hence a coend into an end. Obviously the composite isomorphism is
natural in S; therefore we have shown that

y
( ∫ X′

C(X ′, X)× FX ′
) ∼=
−→ y(FX) : C −→ Set , (5)

where y : Cop → [C,Set] is the (contravariant) Yoneda embedding. By the
Yoneda lemma the functor y is full and faithful; therefore it reflects isomor-
phisms. Hence (5) proves the claim. 2

2.3 Profunctor

Definition 2.6 Let C and D be small categories. A pro-
functor P from C to D is a functor P : Dop ×C → Set. It
is denoted by P : C−p→ D (see on the right).

C− p−→ D

Dop × C −→ Set

The notion of profunctor is also called distributor, bimodule or module. For
more detailed treatment of profunctors see e.g. Benabou [7] and Borceux [9].

There are principally two ways to understand profunctors. One is as “gen-
eralized relations”: profunctors are to functors what relations are to functions.
The differences between a profunctor P : C−p→ D and a relation R : S−p→ T are
as follows.

• A relation is two-valued: for each element s ∈ S and t ∈ T , R(s, t) is either
empty (i.e. (s, t) 6∈ R) or filled (i.e. (s, t) ∈ R). In contrast, a profunctor is
valued with arbitrary sets, that is, P (Y,X) ∈ Set.

• The functoriality of a profunctor P induces action of morphisms in C and

D. For illustration let us depict an element p ∈ P (Y,X) by a box Y p X .
Given two morphisms g : Y ′ → Y in D and f : X → X ′ in C, functoriality
of P yields an element P (g, f)(p) ∈ P (Y ′, X ′) (note the variance); the latter
element is best depicted as follows.

Y ′
g Y p X f X′

(6)

The latter point motivates a different way of looking at profunctors: as gener-
alized modules as in the theory of rings. These generalized modules are carried
by a family of sets {P (Y,X)}X∈C,Y ∈D, with left-action of C-arrows and right-
action of D-arrows. Also notice the similarity between (6) and the diagrams
in §1 for computations/components. It is indeed this similarity that allows us
to formalize arrows as certain profunctors (§3).

Definition 2.7 (Composition of profunctors) Given two successive profunc-
tors P : C −p→ D and Q : D −p→ E, their composition Q ◦ P : C −p→ E is defined
by the following coend. For U ∈ E and X ∈ C,

(Q ◦ P )(U,X) =
∫ Y ∈D

Q(U, Y )× P (Y,X) .
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For profunctors as generalized relations, this composition operation corre-
sponds to a relational composition: (S ◦ R) (x, z) if and only if ∃y.

(

R (x, y) ∧
S (y, z)

)

. For profunctors as modules, it corresponds to tensor product of
modules. In any case, recall from §2.1 that the coend in Def. 2.7 is a coprod-

uct
∐

Y Q(U, Y )×P (Y,X)—a bunch of pairs ( U q Y , Y p X ), with varying
Y—quotiented modulo a certain equivalence ≃. This equivalence ≃ (dictated
by dinaturality) intuitively says: the choice of intermediate Y ∈ D does not
matter. Specifically, the equivalence ≃ is generated by the following relation;
here f : Y → Y ′ is a morphism in D.

(

U q Y f Y ′

, Y ′
p X

)

≃
(

U q Y , Y f Y ′
p X

)

.

C

P

Q

ψ D

An appropriate notion of morphism between parallel pro-
functors P,Q : C −p→ D is provided by a natural transforma-
tion ψ : P ⇒ Q, where P and Q are thought of as functors
P,Q : Dop × C → Set. All these data can be organized in
a “2-categorical” manner as on the right. A problem now is that (horizon-
tal) composition of 1-cells (i.e. profunctors) is not strictly associative: due
to Def. 2.7 of composition by coends and products, associativity can be only
ensured up-to coherent isomorphisms. The same goes for unitality; therefore
profunctors form a bicategory (see [9]) instead of a 2-category.

Definition 2.8 (The bicategory Prof) The bicategory Prof has small cat-
egories as 0-cells, profunctors as 1-cells and natural transformations between
them as 2-cells. The identity 1-cell C −p→ C is given by the hom-functor
C(−,+) : Cop×C → Set; it is the unit for composition because of the Yoneda
lemma, coend-form (Lem. 2.5).

2.4 Some Properties of Prof

Here we describe some structural properties of Prof that will be exploited
later, namely the direct image of a functor and tensor products in Prof . For
the former, [7] is a principal reference; Fiore’s notes [10] are not specifically on
profunctors but provide useful insights into relevant mathematical concepts.

A function f : S → T induces the direct image relation f∗ : S−p→ T , defined
by: f∗(s, t) iff t = f(s). There is an analogous construction from functors to
profunctors.

Definition 2.9 Let F : C → D be a functor between small categories. It
gives rise to

the direct image profunctor F∗ : C− p−→ D by F∗(Y,X) = D(Y, FX) .
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The mapping ( )∗ also applies to natural transformations in an obvious
way; this determines a pseudo functor (see e.g. [9]) ( )∗ : Cat → Prof that
embeds Cat in Prof .

Notations 2.10 Throughout the rest of the paper, the direct image F∗ of a
functor F shall be simply denoted by F . The identity profunctor id : C−p→ C—
that is the hom-functor—will be often denoted by C : C−p→ C.

The Cartesian product operator × in Cat lifts Prof ; given profunctors
F : C−p→ C

′ and G : D−p→ D
′, we define

F ×G : C×D−p→ C
′×D

′ by (F ×G)(X ′, Y ′, X, Y ) = F (X ′, X)×G(Y ′, Y ) .
(7)

The symbol × occurring in the last denotes the Cartesian product in Set.
The lifted operator × in Prof makes it a “monoidal bicategory,” a notion
whose precise definition involves delicate handling of coherence. We shall not
do that in this paper. Nevertheless, we will need the following property.

Lemma 2.11 The operation × on Prof is bifunctorial: that is, given four

profunctors C
P

−p→ D
Q

−p→ E and C′
P ′

−p→ D′
Q′

−p→ E′ we have (Q ◦ P ) × (Q′ ◦ P ′)
∼=→

(Q×Q′) ◦ (P × P ′).

Proof This is due to the Fubini theorem for coends. See [20, §IX.8] 2

It is obvious that the operator × acts also on 2-cells (that are natural
transformations).

3 Arrows as Profunctors

We review the results in [1, 16] that identify Hughes’ notion of arrow with a
profunctor with additional algebraic structure.

First we present the precise definition of arrow. Usually it is defined over
a Cartesian category C. However, since it is rather the monoidal structure of
C that is essential, we shall work with a monoidal category.

Definition 3.1 (Arrow [13]) Given a monoidal category C = (C,⊗, I), an
arrow over C consists of carrier sets {A(J,K)}J,K∈C and operators arr, >>> and
first as described in §1.1. The operators must satisfy the following equational
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axioms.

(a >>> b)>>> c = a >>> (b >>> c) (>>>-Assoc)

arr (g ◦ f) = arr f >>> arr g (arr-Func1)

arr idJ >>>J,J,K a = a = a >>>J,K,K arr idK (arr-Func2)

firstJ,K,I a >>> arr ρK = arr ρK >>> a (ρ-Nat)

firstJ,K,L a >>> arr(idK ⊗ f) = arr(idJ ⊗ f) >>> firstJ,K,M a (arr-Centr)

(firstJ,K,L⊗M a)>>> (arrαK,L,M ) = (arrαJ,L,M )>>> first(first a) (α-Nat)

firstJ,K,L(arr f) = arr(f ⊗ idL) (arr-Premon)

firstJ,L,M (a >>> b) = (firstJ,K,M a)>>> (firstK,L,M b) (first-Func)

Here some subscripts are suppressed. The morphism ρK : K ⊗ I
∼=→ K is the

right unitor isomorphism; α denotes an associator isomorphism. The names of
the axioms hint their correspondence to the (premonoidal) structure of Freyd
categories [19, 23].

Next we introduce the corresponding construct in Prof , which we shall
tentatively call a Prof-arrow.

Definition 3.2 Let C = (C,⊗, I) be a small monoidal category. A Prof-
arrow over C is:

• a profunctor A : C−p→ C,

• equipped with natural transformations arr, >>>, first of the following types:

C

C

A

⇓ arr C ,
C

A

A

⇓>>>
C

A
C

,
C2 A×C

⊗ ⇓ first

C2

⊗

C A C

,

where all the diagrams are in Prof ,

• subject to the equalities in Table 1. Recall Notations 2.10; for example the
profunctor 〈C, I〉 in (first-ρ) is the functor 〈C, I〉 : X 7→ (X, I), embedded
in Prof by taking its direct image.

The notion of Prof -arrow is in fact a familiar one: it is an internal strong
monad in Prof . Indeed, when one draws the same 2-cells in Cat instead of in
Prof—replacing A by T , arr by ηT , >>> by µT and first by str

′—the definition
coincides with that of strong monad [18,21]. 2 More specifically, the first two
axioms in Table 1 are for the monad laws; and the remaining axioms asserts
compatibility of strength with monoidal and monad structure. For example,
the axiom (first->>>) interpreted in Cat is read as the commutativity of the

2 The corresponding strength operator str′ is of the type str′ : TX⊗Y → T (X⊗Y ), which
is slightly different from the usual strength operator that is str : X ⊗ TY → T (X ⊗ Y ).
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following diagram.

T 2X ⊗ Y
str′

µT⊗Y

T (TX ⊗ Y ) T str′ T 2(X ⊗ Y )
µT

TX ⊗ Y
str′

T (X ⊗ Y )

C

C

arr

A

A

>>>

C
A

C = C

A

A

id C = C
A

A

>>>

C

C

arr

A
C (Unit)

C
A

A

⇓>>>

C
A

A

>>>

C
A

C

=

C
A

A

⇓>>>
A

>>>

C
A

C
A

C

(Assoc)

C
3 A×C×C

⊗×C

C×⊗
⇓ first×C

C
3

⊗×C

C
2

⊗

⇐
∼=
α C

2

⊗
A×C

⇓ first

C
2

⊗

C
A

C

=

C
3 A×C×C

C×⊗

C
3

C×⊗
⊗×C

C
2

⊗
A×C

⇓ first

C
2

⊗

⇐
∼=
α C

2

⊗

C
A

C

(first-α)

C
〈C,I〉

C

ρ⇓∼=
C

2 A×C

⊗ ⇓ first

C
2

⊗

C
A

C

=
C

〈C,I〉

A

C
2 A×C

C
2

⊗

C
C

ρ⇓∼=

〈C,I〉

C

(first-ρ)

C
2

C×C

arr×C

A×C

⊗ ⇓ first

C
2

⊗

C
A

C

= C
2 ⊗

C

C

A

arr C (first-arr)

C
2 A×C

⇓ first⊗

C
2 A×C

⇓ first⊗

C
2

⊗

C
A

A

>>>

C
A

C =

C
2 A×C

A×C

>>>×C

⊗

C
2 A×C

C
2

⊗

C
A

⇓ first

C

(first->>>)

Table 1
Equational axioms for Prof -arrow

Proposition 3.3 [1] For a monoidal category C that is small, the notion of
arrow (Def. 3.1) and that of Prof-arrow (Def. 3.2) are equivalent.

Proof While the reader is referred to [1] for a detailed proof, we shall illus-
trate a few highlights in the correspondence between the two notions. We shall
write arr′, >>>′ and first

′ (with primes) for the three operators of a Prof -arrow
(Def. 3.2), to distinguish them from the corresponding operators of an arrow
(Def. 3.1).

Let us first observe that a 2-cell first′ in Prof gives rise to the first operator
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in Def. 3.1. The former is an element of the LHS below, where >>> denotes
composition of profunctors (Def. 2.7).

Nat
(

(⊗ ◦ (A× C))(−,+1,+2) , (A ◦ ⊗)(−,+1,+2)
)

∼=
∫

X,K,Y ∈C

[

(⊗ ◦ (A× C))(X,K, Y ) , (A ◦ ⊗)(X,K, Y )
]

by Cor. 2.3

∼=
∫

X,K,Y

[ ∫ J,L
C(X, J ⊗ L)× A(J,K)× C(L, Y ) ,
∫ U

A(X,U)× C(U,K ⊗ Y )
]

by Def. 2.7, Def. 2.9 and (7)

∼=
∫

X,K,Y,J,L

[

C(X, J ⊗ L)× A(J,K)× C(L, Y ) ,
∫ U

A(X,U)× C(U,K ⊗ Y )
]

since a hom-functor [−, S] turns a coend into an end
∼=

∫

X,K,Y,J,L

[

C(X, J ⊗ L),
[

A(J,K),
[

C(L, Y ) ,
∫ U

A(X,U)× C(U,K ⊗ Y )
]]]

by Currying
∼=

∫

J,K,L

[

A(J,K), A(J ⊗ L,K ⊗ L)
]

by canceling X, Y by Lem. 2.4 and U by Lem. 2.5
∼= NatJ,KDinatL

(

A(J,K), A(J ⊗ L,K ⊗ L)
)

by Prop. 2.2 and Cor. 2.3.

Therefore a 2-cell first′ in Prof gives rise to a family of functions A(J,K) →
A(J ⊗ L,K ⊗ L) that is natural in J,K and dinatural in L. This is precisely
the type of the first operator in Def. 3.1. The equational axioms of an arrow
are indeed satisfied due to those of a Prof -arrow. We note that the axiom
(arr-Centr) is satisfied not because of any specific axiom of a Prof -arrow,
but because of the dinaturality of first′ as a 2-cell in Prof .

For the reverse direction where an arrow induces a Prof -arrow, we have
to equip the carrier {A(J,K)}J,K of an arrow with action of morphisms in C,
rendering A into a functor Cop × C → Set. This is done with the help of
arrow operators. Specifically, A(g, f)(a) := arrf >>> a >>> arrg, that is:

Y ′

f
Y a X gX′

:= Y ′

arrf
Y a X arrg X′

.

Each of the arrow operators yield its corresponding Prof -arrow operator; the
latter’s (di)naturality is derived from the arrow axioms. So are the equational
axioms for a Prof -arrow. 2

Prop. 3.3 offers a novel mathematical understanding of the notion of arrow.
Its axiomatization seems to have stronger justifications than the original one
(Def. 3.1) does. It also seems simpler than the treatment of first in Freyd
categories which involves technicalities like premonoidal categories and central
morphisms. It is this simplicity that is exploited in the rest of the paper.

When the base monoidal category C is symmetric—which is our setting in
the sequel—we can obtain another sideline operator second.

Definition 3.4 Let A be an arrow over a small symmetric monoidal category
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(SMC) C. We define an extra operator second as the following 2-cell in Prof .

C2 C×A

⊗ ⇓ second

C2

⊗

C A C

:=

C2 C×A

〈π2,π1〉

⊗ ∼=
⇐

C2

〈π2,π1〉

⊗∼=
⇐C2 A×C

⊗ ⇓ first

C2

⊗

C A C

(8)

Here the profunctor 〈π2, π1〉 is the direct image of the functor 〈π2, π1〉 : C
2 →

C2, mapping (X, Y ) to (Y,X) (cf. Notations 2.10).

Notations 3.5 In the above diagrams as well as elsewhere, there appear
two different classes of iso 2-cells in Prof . One class is due to the unital-
ity/associativity/symmetry of ⊗ on a monoidal base category C; they are iso
2-cells in Cat embedded in Prof via direct image (§2.4). Such iso 2-cells shall
be filled explicitly with the ∼= sign, like the two on the RHS in (8).

The other class is due to the properties of the operation × on Prof , typi-
cally Lem. 2.11. Such iso 2-cells will be denoted by empty polygons, like the
one on the RHS in (8).

Some calculations like in the proof of Prop. 3.3 reveal that this new op-

erator realizes a class of functions A(J,K)
secondJ,K,L

−→ A(L× J, L×K), that is
graphically

J a K
secondJ,K,L

7−→

[

L L

J
a
K

]

:=

[

J a K

L L

]

.

Lemma 3.6 Between the first and second operators, the following equality
holds.

C3 C×A×C

⊗×C
C×⊗

⇓ second×C

C3

⊗×C
C×⊗

C2

⊗

∼=
⇐ C2 A×C

⊗ ⇓ first

C2

⊗

∼=
⇐ C2
⊗

C A C

=

C3 C×A×C

C×⊗ ⇓C×first

C3

C×⊗

C2 C×A

⊗ ⇓ second

C2

⊗

C A C

Proof Use the equality (first-α) and the coherence for an SMC C. 2

4 Arrow-Based Components

In this section we develop the scenario in §1.4 in technical terms. First we
introduce an arrow-based coalgebraic modeling of components.

Definition 4.1 (A-component) Let A be an arrow on Set, and J,K ∈ Set.
An (arrow-based) A-component with input-type J , output-type K and com-
putational structure A is a coalgebra for the functor A(J, ×K) : Set → Set.
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That is,

J c K as
A(J,X ×K)

X
c .

Here an arrow A is in the sense of Def. 3.1. There the base C of an arrow
need not be small; thus we choose (Set,×, 1) as C. Our modeling specializes
to Barbosa’s (2) when we take as A a monad-based arrow AT (§1.1). Our
modeling not only generalizes Barbosa’s one but also brings conceptual clarity
to the subsequent arguments.

Our goal is to lift the arrow structure of A to the categorical arrow structure
of A-components. Let us make this goal precise.

Definition 4.2 (Categorical arrow) A categorical arrow consists of

• a family {A(J,K)}J,K of carrier categories indexed by J,K ∈ Set;

• (interpretation of) arrow operators arr, >>> and first (cf. Def. 3.1), namely
functors

1
arrf
−→ A(J,K) for each function f : J → K in Set,

A(J,K)×A(K,L)
>>>J,K,L
−→ A(J, L) for each J,K,L ∈ Set,

A(J,K)
firstJ,K,L
−→ A(J × L,K × L) for each J,K,L ∈ Set.

Here the category 1 is the one-object and one-arrow (i.e. terminal) category;
and

• the operators are subject to the arrow axioms in Def. 3.1, up-to isomor-
phisms. For example, as to the axiom (>>>-Assoc), the following diagram
must commute up-to an isomorphism.

A(J,K)×A(K,L)×A(L,M)
>>>J,K,L×id

id×>>>K,L,M ⇓∼=

A(J, L)×A(L,M)
>>>J,L,M

A(J,K)×A(K,M) >>>J,K,M
A(J,M)

(9)

The graphical understanding of a categorical arrow is the same as that of
an arrow; see §1.1. In §1.3 we described why it is natural and necessary to
require the axioms be satisfied only up-to isomorphisms.

Remark 4.3 Satisfaction up-to isomorphisms raises a coherence issue. The
precise coherence condition for categorical arrows is described in [11], in a more
general form of coherence for categorical models of FP-theories. Although we
shall not further discuss the coherence issue, the calculations later in §5 provide
us a much better grip on it than the direct calculations in [11] do.

The notion of categorical arrow in Def. 4.2 could be formalized on any
monoidal category C other than Set, although we do not need such additional
generality.
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The main contribution of this paper is the following result as well as its
proof presented using the rest of the paper.

Theorem 4.4 (Main contribution) Let A be an arrow on Set. The categories
{Coalg(A(J, ×K) )}J,K of A-components carry a categorical arrow.

On top of it, we can appeal to the formalization [11, 12] of the microcosm
principle [4] to obtain the following compositionality result.

Corollary 4.5 In the setting of Thm. 4.4, assume further that for each J,K ∈
Set the functor A(J, ×K) has a final coalgebra ζJ,K : ZJ,K

∼=→ A(J, ZJ,K×K).

(i) The family {ZJ,K}J,K is canonically an arrow.

(ii) Behaviors by coinduction are compositional with respect to arrow oper-
ators. For example, with respect to the operator >>>, this means the
following. Given two A-components c : X → A(J,X ×K) and d : Y →
A(K,Y × L) with matching I/O types, the triangle (∗) below commutes.

A(J, (X × Y )× L) A(J, ZJ,L × L)

X × Y

c>>>d
behc>>>d

(∗)
behc×behd

ZJ,L

∼= final

ZJ,K × ZK,L

>>>Z

Here c >>> d is “composition of components” using the categorical arrow
structure in Thm. 4.4; >>>Z is “composition of behaviors” derived in (i);
and behc>>>d is the behavior map for the composed components induced by
coinduction (the square on the top). 2

In [11, 12] it is shown that algebraic structure carried by the categories of
coalgebras—like the one in Thm 4.4—can be obtained by:

• the same structure on the base categories, and

• the lax compatibility of the signature functors with the relevant algebraic
structure.

In this case the algebraic structure on the base categories lifts to the categories
of coalgebras. We shall follow this path. Restricting the general definitions
and results in [11, 12] to the current setting, we obtain the following.

Definition 4.6 Let {FJ,K : Set → Set}J,K be a family of endofunctors,
indexed by J,K ∈ Set. It is said to be a lax arrow functor if:

• it is equipped with the following natural transformations

Farrf : 1 −→ FJ,K1 ,

F>>>J,K,L
: FJ,KX × FK,LY −→ FJ,L(X × Y ) ,

FfirstJ,K,L
: FJ,KX −→ FJ×L,K×LX ,
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each of which is natural in X, Y , for each J,K, L ∈ Set and each f : J → K

in Set;

• that are subject to the equations in Table 2, that are parallel to those in
Def. 3.1. The diagrams there are all in Set; obvious subscripts are sup-
pressed.

FJ,KX × FK,LY × FL,MU

(>>>-Assoc)
id×F>>>

F>>>×id

FJ,KX × FK,M (Y × U)

F>>>FJ,L(X × Y )× FL,MU
F>>>

FJ,M ((X × Y )× U)
∼=

FJ,M (X × (Y × U))

1

(arr-Func1)

Farr(g◦f)
〈Farrf ,Farrg〉

FJ,K1× FK,L1
F>>>

FJ,L(1× 1)
∼= FJ,L1

FJ,KX

(arr-Func2)
〈id,Farr idK

〉

〈Farr idJ
,id〉

id

FJ,KX × FK,K1
F>>>

FJ,J1× FJ,KX
F>>>

FJ,K(X × 1)
∼=

FJ,L(1×X)
∼= FJ,KX

FJ,KX

(ρ-Nat)

〈Farr π1
,id〉

Ffirst

FJ×1,J1× FJ,KX
F>>>

FJ×1,K×1X
〈id,Farr π1

〉

FJ×1,K(1×X)

∼=FJ×1,K×1X × FK×1,K1
F>>>

FJ×1,K(X × 1)
∼= FJ×1,KX

FJ,KX

(arr-Centr)

Ffirst

Ffirst

FJ×L′,K×L′X

〈Farr(J×f),id〉

FJ×L,K×LX

〈id,Farr(K×f)〉

FJ×L,J×L′1
×FJ×L′,K×L′X

F>>>

FJ×L,K×LX

×FK×L,K×L′1
F>>>

FJ×L,K×L′(1×X)

∼=FJ×L,K×L′(X × 1)

∼=
FJ×L,K×L′X

FJ,KX

(α-Nat)

Ffirst

Ffirst

FJ×L,K×LX
Ffirst

FJ×(L×M),K×(L×M)X

〈id,Farr α〉

F(J×L)×M,(K×L)×MX

〈Farr α,id〉

FJ×(L×M),K×(L×M)X

×FK×(L×M),(K×L)×M1

F>>>

FJ×(L×M),(J×L)×M1
×F(J×L)×M,(K×L)×MX

∼=

FJ×(L×M),(K×L)×M (1×X)
∼=

FJ×(L×M),(K×L)×M (X × 1)
∼= FJ×(L×M),(K×L)×MX

1

(arr-Premon)

Farrf

Farr(f×L)

FJ,K1
Ffirst

FJ×L,K×L1

FJ,KX × FK,LY

(first-Func)

Ffirst×Ffirst

F>>>

FJ×M,K×MX × FK×M,L×MY
F>>>

FJ,L(X × Y )
Ffirst

FJ×M,L×M (X × Y )

Table 2
Equational axioms for lax arrow functors

A lax arrow functor therefore looks like an arrow (think of FJ,K(X) in place
of A(J,K)), but it carries an extra parameter (like X, Y or X × Y ) around.

Proposition 4.7 If {FJ,K}J,K is a lax arrow functor, then {Coalg(FJ,K)}J,K
is canonically a categorical arrow.

Proof This follows from a general result like [11, Thm. 4.6]. Here we shall
briefly illustrate what the categorical arrow {Coalg(FJ,K)}J,K looks like, by
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describing the sequential composition >>> : Coalg(FJ,K)×Coalg(FK,L) −→
Coalg(FJ,L). Using F>>> in Def. 4.6 it is defined as follows.

(

FJ,KX

X

c ,
FK,LY

Y

d

)

>>>
7−→

FJ,L(X × Y )

FJ,KX × FK,LY
F>>>

X × Y
c×d

The definitions are similar for the other arrow operators. The arrow axioms
are satisfied due to the corresponding equational condition on the lax arrow
functor. 2

This proposition reduces our goal (Thm. 4.4) to showing that the family
{A(J, × K)}J,K is a lax arrow functor. This is what will be shown in the
next section, through manipulation of 2-cells in Prof .

5 Calculations in Prof

There is one technical issue in front of us: the size issue. The 0-cells of Prof

are small categories; the smallness restriction is necessary for composition of
profunctors to be well-defined (Def. 2.7). However, with Set being not small,
the arrow A in Def. 4.1 cannot be a 1-cell in Prof . The arrow A needs to be
based on Set so that A(J, ×K) is an endofunctor Set → Set.

In this paper we shall get round of the problem by pretending that Set is
small. There are two possible justifications.

• We can resort to the category Ens of classes when it is needed—such as
when we take composition of profunctors via a coend. This means upgrading
all the sizes that appear in the definition of Prof : its 0-cells are locally small
categories; its 1-cells P : C−p→ D are bifunctors Dop×C → Ens. In this case,
in Def. 4.1, we would restrict the arrow A to be small, in the sense that its
image A(J,K) restricts to Set. More detailed treatment is found in [1].

Setop × Set
A

Ens

Set

• We replace Set by some small cocomplete category defined internally in
a suitable topos [14]. In other words, we develop our theory on top of a
certain type theory which is modeled by such a topos.

In any case, we would like to isolate the size issue as much as possible. There-
fore we shall first establish those technical results which hold for any small
symmetric monoidal category (C,⊗, I). These results are proved by manip-
ulating 2-cells in Prof . After that we instantiate (C,⊗, I) by (Set,×, 1)—
pretending that Set is small.

41



Asada, Hasuo

Definition 5.1 Let (C,⊗, I) be a small SMC, and A be an arrow on it. There
arise three 2-cells in Prof—which we denote by FA

arr
, FA

>>> and FA
first

—of the
following types.

C
C(I⊗ )

C A

⇓FA
arr

C

C3 C×⊗

⊗×C

C2 C×A

⇓FA
>>>

C2

⊗

C2
⊗ C

A

C A C

C3 ⊗×C

C×⊗

C2 A×C

⇓FA
first

C2

⊗

C2
⊗ C A C

Explicitly, these 2-cells are given by the following composites.

C
CI⊗

C
C

⇓ arr

A

⇓∼=

C

C3 C×⊗

⊗×C ⇓∼=

C2 C×A

⊗ ⇓ second

C2

⊗

C2
⊗ C A

A

⇓>>>

C A C

C3 ⊗×C

C×⊗ ⇓∼=

C2 A×C

⊗ ⇓ first

C2

⊗

C2
⊗ C A C

Here the 1-cell I ⊗ on the left is the direct image of the functor X 7→
I ⊗ X (Notations 2.10); recall that I denotes the monoidal unit. Also recall
Notations 3.5. The 2-cells arr, >>>, first, second are due to the arrow structure
of A (Def. 3.2, 3.4).

The motivation for this definition is clear from the names of the 2-cells.
Indeed, through some calculations in Prof and application of the Yoneda
lemma, one easily sees that the three 2-cells FA

arr
, FA

>>>, F
A
first

are the same thing
as (di)natural transformations

FA
arr

: C(J,K) −→ A(J, I ⊗K) , natural in J,K;

FA
>>>J,K,L

: A(J,X ⊗K)× A(K,Y ⊗ L) −→ A(J, (X ⊗ Y )⊗ L) ,

natural in J, L,X, Y , dinatural in K,

FA
firstJ,K,L

: A(J,X ⊗K) −→ A(J ⊗ L,X ⊗ (K ⊗ L)) ,

natural in J,K,X, dinatural in L,

respectively. These (di)natural transformations bear clear similarity to the
ones in Def. 4.6 when FJ,K is instantiated with A(J, ⊗K).

Let us now turn to equations.

Lemma 5.2 Let A be an arrow over a small SMC C. The three 2-cells
FA
arr
, FA

>>> and FA
first

in Def. 5.1 satisfy the equalities in Table 3; they are parallel
to the equalities in Def. 3.2.

Proof First expand the definitions of FA
arr
, FA

>>> and FA
first

, and then use the
equational axioms in Def. 3.2. One also needs Lem. 3.6. 2
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C
2

(Unit)

〈π1,I,π2〉
C×(I⊗ )

C×CC×C

∼=
⇐ C

3 C×⊗

⊗×C

C
2

C×A

⇓C×FA
arr

⇓FA
>>>

C
2

⊗

C
2

⊗ C

A

C
A

C

= C

A◦⊗

A◦⊗

id C =

C
2

〈I,π1,π2〉

⊗C×C

∼=
⇐

C

〈I,C〉

A
C

〈I,C〉

I⊗
C

C
3 C×⊗

⊗×C

C
2

C×A
⇓FA

>>>

C
2

⊗

C
2

⊗ C

A

C
A

⇓FA
arr

C

C
4

(Assoc)

C
2×⊗

⊗×C
2

C
3 C

2×A

⊗×C

C
3 C×⊗

⊗×C

C
2 C×A

C
2

⊗

C
3

⊗×C

C×⊗ C
2

C×A C
2

⊗

⇓FA
>>>

C

A

⇓FA
>>>

C
A

C

C
2

⊗ C
A

=

C
4 C

2×⊗

C×⊗×C⊗×C
2

C
3 C

2×A
C

3

C×⊗

C
3

⊗×C

∼=
⇐ C

3
C×⊗

⊗×C

C
2

C×A

⇓FA
>>>

⇓C×FA
>>>

C
2 C×A

C
2

⊗

C
2

⊗ C

A

C
A

C

(first-α)

C
4 ⊗×C

2

C×⊗×C

C
2×⊗

⇓FA
first

×C

C
3 A×C

2

C
3

⊗×C

C
3

C×⊗

∼=
⇐ C

3

C×⊗
⊗×C

⇓FA
first

C
2

A×C
C

2

⊗

C
2

⊗ C
A

C

=

C
4 ⊗×C

2

C
2×⊗

C
3 A×C

2

C×⊗

C
3

C×⊗
⊗×C

C
3

⊗×C

C×⊗ ⇓FA
first

C
2

A×C
C

2

⊗

∼=
⇐ C

2

⊗

C
2

⊗ C
A

C

C
2

(first-ρ)

〈C2,I〉

C
2

⇓∼=
C

3 ⊗×C

C×⊗ ⇓FA
first

C
2 A×C

C
2

⊗

C
2

⊗ C
A

C

=
C

2
〈C2,I〉

⊗

C
3 ⊗×C

C
2 A×C

C
2

⊗

C
A

C

〈C,I〉

C

⇓∼=
C

(first-arr)

C
2

〈I,C2〉

(I⊗ )×C

C
2

C
3

⊗×C

C×⊗ ⇓FA
first

C
2

A×C

⇓FA
arr

×C

C
2

⊗

C
2

⊗ C
A

C

=

C
2

〈I,C2〉 ⊗

C
3

C×⊗

C
〈I,C〉

I⊗
C

C
2

⊗ C
A

⇓FA
arr

C

C
4

(first->>>)

C×⊗×C

⇓C×FA
firstC

2×⊗

C
3C×A×C

C
3 ⊗×C

⇓FA
first

C×⊗

C
2 A×C

C
2

⊗

C
3

C×⊗
⊗×C

C
2

C×A C
2

⊗
⇓FA

>>>

C
A

C

C
2

⊗ C

A

=

C
4C×⊗×C

⇓FA
>>>×C⊗×C

2
C
2×⊗

C
3C×A×C

C
3 ⊗×C

C
2 A×C

C
2

⊗C
3

⊗×C

C
3

⊗×C

C×⊗

C
2

A×C

⇓FA
first

C
2

⊗ C
A

C

Table 3
Equalities that hold for FA

arr, F
A
>>>, F

A
first

The equalities in Table 3 might look complicated. However, coming up
with them is rather routine work looking at Def. 5.1 and Def. 3.2.

We now instantiate (C,⊗, I) with (Set,×, 1), pretending Set to be small.

Lemma 5.3 Let A be an arrow Setop × Set → Set. The family {A(J, ×
K)}J,K of endofunctors is a lax arrow functor.
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Proof The three 2-cells in Def. 5.1 provide the three natural transformations
required in Def. 4.6. The equations asserted in Def. 4.6 follow from those in
Lem. 5.2. Checking all this is (laborious) routine work. 2

Combining Prop. 4.7 and Lem. 5.3, our main result Thm. 4.4 is proved.

Remark 5.4 A characterization of categorical arrows in the spirit of Prop. 3.3
can possibly yield a even more direct proof of Thm. 4.4. Unfortunately until
now we lack necessary infrastructure such as a lifting result like Prop. 4.7. We
are currently investigating possible formalization using fibered spans (see e.g.
Jacobs [15]).

In Prof the trace operator for an arrow (loop in Paterson [22], see also
Benton and Hyland [8]) can be formalized in a similar way to other operators
like >>>. Its description as well as possible application to components will
presented in another venue.
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Abstract

We extend Barr’s well-known characterization of the final coalgebra of a Set-endofunctor as the
completion of its initial algebra to the Eilenberg-Moore category of algebras for a Set-monad M

for functors arising as liftings. As an application we introduce the notion of commuting pair of
endofunctors with respect to the monad M and show that under reasonable assumptions, the final
coalgebra of one of the endofunctors involved can be obtained as the free algebra generated by the
initial algebra of the second endofunctor.

Keywords: Coalgebra, algebras over a monad

1 Introduction

Although most research on coalgebras is focused on Set-coalgebras, coal-
gebras whose carrier has additional structure have been widely considered.
Here we are interested in coalgebras the carriers of which are algebras, see eg
[6], [19]. Our own interest arises from the following two developments.

First, streams or weighted automata as pioneered by Rutten [15], [16], [17]
are mathematically highly interesting examples of coalgebras, despite the fact
that the type functor is very simple, eg just

HX = A×X
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in the case of streams. The interesting structure arises from A and in typical
examples it will carry the structure of a semi-ring. In this paper, we will
bring this structure to the fore by lifting H to the category of modules for a
semi-ring, or more generally, to the category of algebras for suitable monads.

Second, in recent work of Kissig and the second author, it turned out that
it is of interest to move the trace-semantics of Hasuo et al [7] from the Kleisli-
category of a commutative monad to the category of algebras for the monad
(for example, this allows to consider wider classes of monads). Again, for trace
semantics, semi-ring monads are of special interest.

In Section 2, we show that Barr’s theorem [5]—roughly saying that the
ω-limit of the final H-sequence is the Cauchy completion of the ω-colimit of
the initial H-sequence—extends from Set-coalgebras to Alg(M)-algebras for
a monad M on Set. Note that Barr’s theorem needs the assumption H0 6= 0,
which is not the case for the functor H of stream coalgebras (see above).

We consider the situation of an endofunctor H on Set such that there is
a lifting of H to Alg(M). Under some reasonable assumptions we are able to
prove that the final H-coalgebra can be obtained as the Cauchy completion
of the image of the initial algebra for the lifted functor, under the usual ul-
trametric inherited from the final sequence. For this, we need to understand
better the initial algebra of the lifted functor. This is the purpose of Section 3.
For two endofunctors H, T and a monad M on Set, we call (T,H) an M-
commuting pair if there is a natural isomorphism HM ∼= MT . It follows that
if one endofunctor admits an algebra lift H̃, the other endofunctor has a Kleisli
lift and the left Kan extension T̄ of the Kleisli lift to Alg(M) is isomorphic
with the algebra lift H̃, then this provides an example of such a commuting
pair. Conversely, one may wonder when two such liftings (when they exist)
are isomorphic (in the sense above) for a commuting pair of endofunctors.
The result is affirmative in case all functors involved are finitary, with the
additional condition that the natural isomorphism HM ∼= MT be one of alge-
bras, where the algebra structure on HMX is provided by a distributive law
ensuring the lift existence. If this is the case, then one can recover the initial
algebra for the lifted endofunctor as the free M-algebra built on the initial
T -algebra. Some special cases are considered as examples. A deeper analysis
of these will be considered in a forthcoming paper.
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2 Final coalgebra for endofunctors lifted to categories

of algebras

2.1 Final sequence for Set-endofunctors

Consider an endofunctor H : Set −→ Set. From the unique arrow t :
H1 −→ 1 we may form the sequence

1 H1
too . . .oo Hn1oo Hn+11

Hntoo . . .oo (2.1)

Denote by L its limit, with pn : L −→ Hn1 the corresponding cone. As we
work in Set, recall that the limit L can be identified with a subset of the
cartesian product

∏
n≥0

Hn1, namely

L = {(xn)n≥0 | H
nt(xn+1) = xn}

By applying H to the sequence and to the limit, we get a cone

1 H1
too . . .oo Hn1oo Hn+11

Hntoo . . .oo

HL

OO

Hpn−1

88

Hpn

88

with HL → 1 the unique map to the singleton set. The limit property leads
to a map τ : HL→ L such that pn ◦ τ = Hpn−1.

For each H-coalgebra (C, ξC : C −→ HC) it exists a cone αn : C −→ Hn1
over the sequence (2.1), built inductively as follows: α0 : C −→ 1 is the
unique map, then if αn : C −→ Hn1 is already obtained, construct αn+1 as
the composite

C
ξC−→ HC

Hαn−→ Hn+11 (2.2)

Then the unique map αC : C −→ L such that

pn ◦ αC = αn

satisfies the following algebra-coalgebra diagram [14]:

C
αC //

ξC
��

L

HC HαC

//HL

τ

OO

On the sequence (2.1), endow each set Hn1 with the discrete topology
(so all maps Hnt will be continuous). Then put the initial topology [18]
coming from this sequence on L and HL. It follows that τ is continuous. In
particular, the topology on L is given by an ultrametric: the distance between
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any two points in L is 2−n, where n is the smallest natural number such
that pn(x) 6= pn(y). The cone αn : C −→ Hn1 yields on any coalgebra a
pseudo-ultrametric (hence a topology), and the unique map αC : C −→ L is
continuous with respect to it.

If H is ωop-continuous, it preserves the limit L, hence the isomorphism
ξ = τ−1 : L ≃ HL makes L the final H-coalgebra. Moreover, using the above
topology, the map ξ is a homeomorphism and verifies

Hpn−1 ◦ ξ = pn (2.3)

2.2 Lifting to Eilenberg-Moore category of algebras for a monad

Let M = (M,m : M2 −→M,u : Id −→M) be a a monad on Set. Denote
by Alg(M) the Eilenberg-Moore category of M-algebras and by FM ⊣ UM :
Alg(M) −→ Set the adjunction between the free and the forgetful functor.
Then Alg(M) has an initial object, namely (FM0,m0 : M20 −→ M0), the
free algebra on the empty set, and a terminal object 1, the singleton, with
algebra structure given by the unique map M1 −→ 1.

For a Set-endofunctor H, it is well known [9] that liftings of H to Alg(M),

i.e. endofunctors H̃ on Alg(M) such that the diagram

Alg(M) H̃ //

UM

��

Alg(M)

UM

��
Set

H //Set

(2.4)

commutes, are in one-to-one correspondence with natural transformations λ :
MH −→ HM satisfying

H
uH //

Hu ""EE
EE

EE
EE

MH

λ
��

HM

M2H
Mλ //

mH

��

MHM
λM //HM2

Hm

��
MH

λ //HM

(2.5)

Remark 2.1 It is worth noting that the lifting is not unique (as there may
be more than one distributive law λ : MH −→ HM). For example, take G a
group and HX = MX = G ×X; consider H as an endofunctor and M as a
monad with natural transformations u,m obtained from the group structure.
The algebras for this monad are the G-sets. Then it is easy to see that a map
f : G×G −→ G×G induces a distributive law λ : MH −→ HM if it satisfies
f(e, x) = (x, e) for all x ∈ G, where e stands for the unit of the group, and
f(µ × G) = (G × µ)(f × G)(G × f), where we have denoted by µ the group
multiplication. Take now f1(x, y) = (xy, x) and f2(x, y) = (xyx−1, x); these

49



Balan, Kurz

maps produce two distributive laws λ1, λ2 : MH −→ HM which do not give
same lifting H̃, as the G-action on HX would be (x, y, z) −→ (xy, x ⇀ z)
for λ1, respectively (x, y, z) −→ (xyx−1, x ⇀ z) for λ2. Here x, y ∈ G, z ∈ X

and ⇀ stands for the left G-action on X. If the liftings were isomorphic,
then the associated categories of coalgebras would also be isomorphic. In
particular, notice that H is a comonad (as any set, in particular G, carries
a natural comonoid structure) and both maps f1, f2 are actually inducing
monad-comonad distributive laws λ1, respectively λ2. Hence each lifting car-
ries a comonad structure such that the associated categories of coalgebras
for the lifted functors are Eilenberg-Moore categories of coalgebras and they
should also be isomorphic. But for f1, a corresponding coalgebra structure
is the same as a G-set (X,⇀) endowed with a map θ : X −→ G such that
θ(g ⇀ x) = gθ(x), while for the second structure, the compatibility relation
yields a crossed G-set, i.e. θ(g ⇀ x) = gθ(x)g−1.

In particular, for any M-algebra (X, x), HX becomes an algebra with

MHX
λX //HMX

Hx //HX

and for all algebra maps (X, x) −→ (Y, y), the corresponding map HX −→

HY respects the algebra structure. Also, for any H-coalgebra C
ξC−→ HC,

MC inherits an H-coalgebra structure by

ξ : MC
MξC //MHC

λC //HMC

In particular, if the final coalgebra (L,L
ξ
−→ HL) exists, then there is a unique

coalgebra map γ : ML −→ L, given by:

ML
γ //

Mξ

��

L

ξ

��

MHL

λL

��
HML

Hγ //HL

(2.6)

Then (L, γ) and (HL,HγλL) are M-algebras and ξ : (L, γ) −→ (HL,HγλL)

becomes an M-algebra map. By the lifting property, H̃(L, γ) = (HL,HγλL)

and as any H̃-coalgebra (its underlying set) is the carrier of an H-coalgebra,

it follows that ((L, γ), ξ) is the final H̃-coalgebra. Hence despite the fact that
the lifting might not be unique, the underlying set of the final H-coalgebra is
preserved (but with possibly different algebra structure, depending on λ).

Coming back to the final sequence (2.1), note that any term Hn1 has an
M-algebra structure, given by:
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• the obvious unique M-algebra structure on 1, a0 : M1 −→ 1

• given an : MHn1 −→ Hn1, define an+1 as the composite

MHn+11
λHn1−→ HMHn1

Han−→ Hn+11 (2.7)

Moreover, all maps in the sequence (2.1) are M-algebra maps by (2.5). Ap-
plying M to the sequence produces a cone from ML to the final sequence. If
we assume H is ωop-continuous (hence ξ : L ≃ HL is an isomorphism), we
can understand better this cone-construction:

Lemma 2.2 The cone ML
Mpn
−→ MHn1

an−→ Hn1 coincides with the cone
αn : ML −→ Hn1 induced by the H-coalgebra structure of ML from (2.6).

Proof. Inductively. For n = 0, there is nothing to show as 1 is the terminal
object in Set. Assume αn = anMpn, then in the following diagram

ML
Mpn+1

&&MMMMMMMMMM

Mξ

��
MHL

MHpn//

λL

��

MHn+11

λHn1

��
HML

HMpn//

Hαn &&MMMMMMMMMM HMHn1

Han
��

Hn+1

the upper triangle commutes by (2.3), the middle square by naturality of λ
and the lower triangle by applying H to the inductive hypothesis. It follows
that αn+1 = an+1Mpn+1. 2

In consequence, the unique coalgebra map γ : ML −→ L constructed in
(2.6) is also the unique map αML : ML −→ L for the coalgebra ML.

Lemma 2.3 The projections pn : L −→ Hn1 are M-algebra morphisms, with
(2.6) and (2.7) giving the algebra structures of L, respectively Hn1.

Proof. Again by induction. The first step is trivial. Assume that pn is an
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algebra map: πn ◦ γ = an ◦Mpn; then we have the following diagram

ML

γ

��

Mpn+1 //

Mξ $$IIIIIIIII

(2)

(1)

MHn+11

λHn1

��

MHL

MHpn

88qqqqqqqqqq

λL

��
(4)

HML

Hγ

��

HMpn//HMHn1

Han

��

HL

(5)

Hpn

&&NNNNNNNNNN

L

(3)
ξ

::tttttttttt

pn+1

//Hn1

where: (1) commutes by applying M to (2.3); (2) commutes by (2.6); (3)
commutes by (2.3); (4) commutes by the naturality of λ and (5) commutes by
applying H to the inductive hypothesis. 2

Resuming all above, we have the following diagram of M-algebras and
M-algebra morphisms, in which the lower sequence is limiting:

M1

a0

��

MH1
Mtoo

a1

��

. . .oo MHn1oo

an

��

MHn+11
MHntoo

an+1

��

. . .oo ML

Mpn

tt

γ

��
1 H1t

oo . . .oo Hn1oo Hn+11Hnt
oo . . .oo L

pn

ii

2.3 Topology on the final coalgebra

From now on, we shall assume that H is an ωop-continuous endofunctor
which admits a lifting to Alg(M). Remember that all Hn1 were considered
with the discrete topology. Endow also all MHn1 with the discrete topology
(intuitively, this corresponds to the fact that operations between algebras
with discrete topology are automatically continuous) and ML with the initial
topology coming from the cone Mpn : ML −→ MHn1 (which is the same

as the initial topology from the cone ML
Mpn
−→ MHn1

an−→ Hn1, as an are
continuous maps bet5ween discrete spaces).

Proposition 2.4 Under the above assumptions, the final H-coalgebra inherits
a structure of a topological M-algebra 2 , i.e. L has a M-algebra structure

2 Usually the notion of a topological algebra refers to algebra for some finitary, algebraic
theory equipped with topologies on the underlying set, so that the algebra operations are
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γ : ML −→ L such that γ is continuous with respect to the topologies on L

and ML.

Proof. By definition of the initial topology, γ is continuous if and only if all
compositions γ ◦ pn are continuous. But γ ◦ pn = an ◦Mpn, an are continuous
as maps between discrete sets and Mpn are continuous by the initial topology
on ML. 2

Notice that this result relies heavily on the construction of the final coal-
gebra as the limit of the sequence (2.1). Without it, we could not obtain this
just by assuming that H has a final coalgebra and H has a lifting to Alg(M),
as there is no obvious choice for the topology on ML. Also it can be inter-
preted as saying that all operations on L are continuous (as they are obtained
as limits of operations on discrete algebras).

Remark 2.5 Instead of an ωop-continuous endofunctor, we could use a fini-
tary one. It is known [20] that the final coalgebra exists, but the previous limit
yields only a weakly final coalgebra. From this, a supplementary construction
gives the final coalgebra. Obviously, the final coalgebra has an M-algebra
structure as in (2.6). Following Worrell’s construction [20], the terminal se-
quence would still induce a topology on L, and the easiest way would be to
take on ML the initial topology with respect to γ, but this is not the same as
the construction pursued here (the topology on ML comes from the terminal
sequence).

2.4 Initial H̃-algebra and final H̃-coalgebra in Alg(M)

If H̃ preserves colimits of ω-sequences, then its initial algebra is easy to
build: recall that Alg(M) has an initial object, namely the free algebra on
the empty set, M0. In order to simplify the notation, we shall identify all
algebras H̃nFM0 with their underlying sets HnM0. Then it is well-known
that the initial H̃-algebra is the colimit in Alg(M) of the chain

M0
!
−→ HM0

H!
−→ ... −→ HnM0

Hn!
−→ ...

where ! : M0 −→ HM0 is the unique algebra map. Denote by in : HnM0 −→
I the colimiting cocone. We do not detail anymore this construction as we
did for coalgebras as it will not be used in the sequel. However, we shall need
the following (which does not require H̃ to be continuous, just the existence
in Alg(M) of limit limHn1 and colimHnM0): it exists a unique M-algebra

continuous [10]. As Eilenberg-Moore algebras for a Set-monad are the same as algebras for
(not necessarily) finitary algebraic theories [1], we find that the term topological algebra
characterizes the best the present situation.
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morphism f : I −→ L such that

HnM0
in−→ I

Hns ↓ ↓f

Hn1
tn←− L

(2.8)

commutes for all n (see for example [3], Lemma II.5 for a proof), where s :
M0 −→ 1 is the unique algebra map from the initial to the final M-algebra.
Assume M0 not empty, then I will also be not empty, as it comes with a
cocone of algebra maps with not empty domains.

We shall generalize in this section the result of Barr [5] from Set to
Alg(M), for the special case of Alg(M)-endofunctors arising as liftings of
Set-endofunctors. The proofs use similar ideas to the ones in [5] and [3].

We shall assume that there is an algebra map

j : 1 −→M0 (2.9)

As M0 is initial, j ◦ s = Id. By finality of 1 in Alg(M), s ◦ j = Id, hence we
may identify M0 and 1 as the zero object in the category of algebras.

Remark 2.6 There is a large class of monads satisfying this condition: the
list monad (and the commutative monoid-group-semi-ring monad), the (finite)
power-set monad, the maybe monad, the k-modules monad for a semi-ring k.
For all these, the free algebra with empty generators is built on the singleton.
But there are also monads for which the free algebra on the empty set has
more than one element, as the exception monad or the families monad, or it
is empty, as is the case for the monad MX = X ×M, for M a monoid. It
is still under work whether the results of the present paper hold under this
weakened assumption.

We have ! : 1 = M0 −→ HM0 = H1 and t◦! = Id in Alg(M). Hence in
the final sequence (2.1) all morphisms are split algebra maps, the colimit is

the initial H̃-algebra and the limit is the final H (and H̃)-coalgebra:

1
t

⇆
!
H1 ⇆ ... ⇆ Hn1

Hnt

⇆
Hn!

Hn+11 ⇆ ... (2.10)

Theorem 2.7 Let H a Set-endofunctor ωop-continuous, M a monad on Set

such that:

(i) H admits a lifting H̃ to Alg(M) which is ω-cocontinuous;

(ii) M0 = 1 in Alg(M);

then the final H-coalgebra is the completion of the initial H̃- algebra under a
suitable (ultra)metric.
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Proof. Consider the following diagram (in Alg(M)), where all algebras in-
volved have structure map defined via the distributive law λ.

1
! //

H1
t

oo // . . .oo //
Hn1

in
||xx

xx
xx

xx
x

oo
H! // . . .
Ht

oo

I f
//L

pn

bbFFFFFFFFF

Put on I the smallest topology such that f is continuous, where L has the
structure of a topological algebra from Proposition 2.4. This coincides with

the initial topology given by the cone I
f
−→ L

pn
−→ Hn1. Moreover, I becomes

a topological algebra and all in are continuous algebra maps, if on MI we
take the topology induced by the map Mf : MI −→ ML. In particular,

Mf is continuous. Denote by MI
ζ
−→ I the algebra structure map of I.

Then f ◦ ζ = γ ◦ Mf (remember that f is an algebra map). As L is a
topological M-algebra, it follows that f ◦ζ is continuous, hence ζ is continuous
by construction. About in: these are by construction algebra maps (as the
components of the colimiting cocone in Alg(M)) and also continuous, as Hn1
are discrete. The only remaining thing we need to prove is the density of
I (more precisely, of Imf) in L. We start by applying Barr’s argument to
show that L is complete under this ultrametric. First, use that limits in
Alg(M) are computed as in Set to conclude that L is Cauchy complete: take
a Cauchy sequence x(n) in L in the initial topology (ultrametric) and assume
d(x(n), x(m)) < 2−min(m,n) for all m, n. This implies pnf(x

(n)) = pnf(x
(m)) for

all n < m. Thus y = (pnf(x
(n)))n≥0 defines an element of L and lim x(n) = y

with respect to the ultrametric on L. Next, a similar construction to the
one in [4] will show us that the image of I under the algebra morphism f is
dense in L. For this purpose, consider the additional M-algebra sequence of
morphisms (hn)n≥0, given by

hn : L
pn
−→ Hn1 = HnM0

Hn!
−→ Hn+1M0

in+1

−→ I
f
−→ L

We have pn+1 ◦ hn = Hn! ◦ pn. Consider now an element x ∈ L. Then
by construction (y(n) = hn(x))n≥0 form a sequence of elements lying in the
image of f and we shall see that this sequence is convergent to x. Indeed,
from pn+1(y

(n)) = Hn! ◦ pn(x) it follows that

pn(y
(n)) = Hn ◦ t ◦ pn+1(y

(n)) = Hn ◦ t ◦Hn! ◦ pn(x) = pn(x)

the n-th projection of the n-th term of the sequence (yn))n≥0 coinciding with
the n-th projection of the element x; hence d(y(n), x) < 2−n which obviously
implies convergence, lim y(n) = x in L. Therefore the image of I through the
canonical colimit−→limit arrow is dense in L. 2
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Remark 2.8 (i) If we consider on the initial algebra I the final topology
coming from the ω-chain, this is exactly the discrete topology (and met-
ric), since all Hn1 are discrete, hence I would be Cauchy complete and
f : I → L automatically continuous. No interesting information between
I and L can be obtained in this situation.

(ii) From (2.9) and (2.8) we have pn ◦ f ◦ in = Id, hence f ◦ in is a monomor-
phism. But all morphism in the above sequence are split algebra maps by
(2.10), hence all Hn! are mono’s. Recall now from [3] that in any locally
finitely presentable category,
• the cocone to the colimit of an ω-chain formed by monomorphisms is a
monomorphism and

• for every cocone to the chain formed by monomorphisms, the unique
map from the colimit is again a monomorphism.

If we assume M finitary, its Eilenberg-Moore category of algebras would
be locally finitely presentable. Hence the algebra map f would be mono.
But M is a monad on Set, hence it is regular. It follows that we can
identify I with a subalgebra of L. The algebra isomorphism g : I ≃ Imf

would also be a homeomorphism, if we take on Imf the induced topology
from L ⊇ Imf .

(iii) The ω-cocontinuity of H̃ is automatically satisfied if we assume M,H

to be finitary. For, the monad being finitary, the forgetful functor UM

would preserve and reflect sifted colimits. But UMH̃ = HUM, hence H̃

commutes with sifted colimits, in particular with colimits of ω-chains.

Example 2.9 Consider k a semi-ring and M the monad that it induces (as
in [12], Section VI.4, Ex. 2, where the ring R is replaced by the semi-ring k),
then Alg(M) is the category of k-modules and M0 is the zero module. Take
the Set-endofunctor HX = k×XA, where A is a finite set. Then it is easy to
see that a lifting of H exists and it is given by the same formula, where this
time the product and the power are computed in the category of modules. The
final H-coalgebra is the power kA∗

(the formal power series in noncommuting
A variables), while the initial H̃-algebra is the direct sum of A∗ copies of
k (the polynomial algebra in same variables) (recall that in this case, finite
products and coproducts coincide in Alg(M). The approximants of order
n in the corresponding ω-sequence are Hn1 = k

1+A+...+An

, the polynomials
in (non-commuting) A-variables of degree at most n). We shall detail this
for the easiest case, where A is the singleton {t}; the distance between two
elements of the final coalgebra k[[t]], i.e. between two power series f(t), g(t)
in variable t, is given precisely by 2−ord(f(t)−g(t)), where ord(f(t)− g(t)) is the
order of the difference f(t)− g(t) (the smallest power of t which occurs with a
nonzero coefficient in the difference). Take a Cauchy sequence of polynomials
fn(t) = an0 + an1 t + . . ., where only finitely many anj are nonzero, for each
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n, j ∈ N. For every r ≥ 0, there exists an nr such that for every n ≥ nr, we
have ord(fn(t) − fnr

(t)) = r; this implies anj = anr

j for all j ≤ r and n ≥ nr.
Let f(t) = an0

0 + an1

1 t + . . .. One immediately verifies that the power series
f(t) is the limit of of the sequence (fn(t))n≥0. Hence the final coalgebra k[[t]]
is indeed the completion of the initial H̃-algebra k[t].

3 An application: M-commuting pairs of endofunctors

Consider an endofunctor H and a monad M, both on Set. There are two
ways of relating the endofunctor to the monad by a natural transformation,
as follows:

• λ : MH −→ HM satisfying (2.5), which is the same as an algebra lift (see
2.4) H̃ : Alg(M) −→ Alg(M), UMH̃ = HUM);

• or ς : HM −→MH satisfying

H
Hu //

uH
""EE

EE
EE

EE
HM

ς

��
MH

HM2 ςM //

Hm

��

MHM
Mς //M2H

mH

��
HM

ς //MH

(3.1)

It is well known that this is equivalent to the existence of a Kleisli lift, i.e. an
endofunctor Ĥ : Kl(M) −→ KL(M) such that ĤFM = FMH, where FM :
Set −→ Kl(M) is the canonical functor to the Kleisli category of the monad.
In this case, we can perform the following additional construction: denote
by I : Kl(M) −→ Alg(M) the comparison functor. Take the Alg(M)-
endofunctor given by the left Kan extension along I (which exists since
every algebra in Alg(M) arises as a coequaliser of free algebras in a canonical
way):

H̄ = LanI(IĤ) (3.2)

As the Kleisli category Kl(M) is isomorphic to a full subcategory of
Alg(M), this would yield a natural isomorphism IĤ ∼= H̄I. Composing
this with the functor FM, we obtain H̄FM ∼= FMH, as in the diagram
below:

Alg(M) H̄ //Alg(M)

Kl(M)

I

OO

Ĥ //Kl(M)

I

OO

Set

FM

@@

FM

OO

H //Set

FM

^^

FM

OO

(3.3)
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With the above notations, consider now two Set-functors T , H such that
exist both a lifting of H and a Kleisli lift of T , and H̃ ∼= T̄ . Then we have

MT = UMFMT = UMT̄FM

∼= UMH̃FM = HUMFM = HM

i.e. M acts like a switch (up to isomorphism) between the endofunctors T and
H.

Definition 3.1 Let (M,m, u) be a monad on Set. A pair of Set-endofunctors
(T,H) such that HM ∼= TM is called an M-commuting pair.

Notice also that H̃ ∼= T̄ implies

H̃FM ∼= T̄FM ∼= FMT

hence HM ∼= MT is an isomorphism of M-algebras:

MHMX

∼=MiX
��

λMX //HM2X
HmX //HMX

∼=iX

��
M2TX mTX

//MTX

(3.4)

Here we have used the distributivity law λ : MH −→ HM to obtain the
algebra structure on HMX, for any set X.

Conversely, if (T,H) is an M-commuting pair, one may wonder about their
relation with the category of M-algebras. Suppose H has an algebra lifting
H̃, T has a Kleisli lift and (3.4) holds; then from HM ∼= MT and

HM = HUMFM = UMH̃FM

MT = UMFMT ∼= UMT̄FM

it follows that UMH̃FM ∼= UMT̄FM, that is, the images of H̃ and T̄ on free
algebras share (up to bijection) same underlying sets. Taking into account that
HM ∼= MT is an isomorphism of M-algebras (3.4), we obtain that H̃ ∼= T̄

on free algebras. Assume now that M , T and H are finitary. Then, by
construction, T̄ is determined by its action on finitely generated free algebras,
and so is H̃ (because it preserves sifted colimits by Remark 2.8(iii)). It follows
H̃ ∼= T̄ .

We have obtained thus

Proposition 3.2 Let H, T two endofunctors on Set and M a monad on Set.
Assume that H has an algebra lift H̃ and T has a Kleisli lift with respect to
the monad M. Denote by T̄ the corresponding left Kan extension, as in (3.2).
Then:
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(i) If H̃ ∼= T̄ , then (T,H) form an M-commuting pair and HM ∼= MT is
an algebra isomorphism.

(ii) Conversely, if M,H, T are finitary and MT ∼= HM as algebras, then
H̃ ∼= T̄ .

Example 3.3 Take TX = 1+A×X, with A finite andM any monad. Then a

Kleisli lifting of T exists, namely for each mapX−→fMY , take TX
f
−→MTY

to be the composite

TX = 1 + A×X
1+A×f
−→ 1 + A×MY −→

1 +M(A× Y ) −→M1 +M(A× Y ) −→M(1 + A× Y )

where the map 1+A×MY −→ 1+M(A×Y ) is obtained from the canonical
strength of the monad, while 1 + M(A × Y ) −→ M1 + M(A × Y ) uses the
unit of the monad and M1 + M(A × Y ) −→ M(1 + A × Y ) comes from
the coproduct property. Also, it is easy to see that the extension of T to
M-algebras is T̄X = FM1 + A · X, for each algebra X, where this time the
coproduct (respectively the copower) is computed in Alg(M). If the category
of M-algebras has finite biproducts (as in the case of the monad induced by
a semi-ring as in Example 2.9), then T̄ is the lifting to Alg(M) of the Set-
endofunctor HX = M1×XA. Hence (T,H) form a commuting pair.

Corollary 3.4 Assume the assumptions of Proposition 3.2(ii) hold. If H is
ωop-continuous and M0 = 1 as M-algebras, then the final H-coalgebra is the
completion of the free M-algebra built on the initial T -algebra under a suitable
metric.

Proof. Follows from Theorem 2.7, by noticing that the M -image of the initial
T -algebra (which exists as T is finitary, hence ω-cocontinuous) is the initial
T̄ -algebra (by construction, T̄ is finitary, so ω-cocontinuous), while H and H̃

share same final coalgebra. 2

Example 3.5 We come back to the case where the monad is induced by a
semi-ring k, as in Example 2.9. Then the initial T -algebra is A∗, the monoid
of all words (including the empty one) built from the alphabet A, i.e. all finite
sets of inputs. The free M-algebra built on A∗ is the direct sum of A∗ copies
of k, that is, the polynomial k-algebra in uncommuting variables k[A] (in the
category of k-semimodules), while the final H-coalgebra is the power kA∗

, the
noncommutative power series k-algebra.

However, the situation described until now in this Section has some deficits:

• For two endofunctors T andH, find the appropriate monad such that (T,H)
form a commuting pair. As there is a special bond between algebras of T
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and coalgebras of H, it is expected that the general case of any two finitary
endofunctors would have no solution.

• If (T,H) is an M-commuting pair, find both distributive laws between H

and M, respectively between M and T . For the second one, there is the
following suitable situation: for all commutative monads M and all ana-
lytic functors T , a distributive law TM −→ MT can be constructed [13].
However, lifting to Eilenberg-Moore category seems to be more problematic,
even for simplest cases of polynomial functors, as follows:
· if H is a constant functor, then the image of H (the set) must be the
carrier of an M-algebra;
· if HX = A×X, and A is the carrier of an algebra, a lift is easily seen to
exist, as the forgetful functor UM preserve products. Conversely, if H̃ is
a lifting of H, then there is an algebra structure on A, namely H̃(1).
· if HX = Xn, a power functor, then the lifting exists as the forgetful
functor UM preserves limits;
· if HX = A + X or HX = X + X, there is no obvious distributive law
λ : MH −→ HM .

• Assume thatM is a commutative monad, then a tensor product⊗ can be de-
fined on Alg(M) such that the free functor FM : (Set,+) −→ (Alg(M),⊗)
is strong monoidal [8]. If T contains binary products, as T1X = A ×X or
T2X = X×X, an obvious choice of Kleisli lift would give T̄1X = FMA⊗X,
respectively T̄2X = X ⊗ X, where this time X ∈ Alg(M). Now recall
that the tensor product on Alg(M) is obtained as a reflexive coequal-
izer, hence if we assume the monad not only commutative but also fini-
tary (as all results in this section rely on the finitariness of M), it follows
that the forgetful functor would transform the tensor of any two algebras
(X, x : MX −→ X), (Y, y : MY −→ Y ) into the reflexive coequalizer
(computed this time in Set) of the maps

M(MX ×MY )
M(x×y)

⇉
mX×Y ◦Mϕ2

M(X × Y )

where ϕ2 : MX × MY −→ M(X × Y ) is the monoidal structure of the
monad. In particular, for either one of the endofunctors T = T1, T = T2, a
corresponding commuting pair (T,H) exists and can be constructed by the
above argument. Moreover such an H is finitary by construction. If H is
also ωop-continuous and M0 = 1 as algebras, then by Corollary 3.4 the final
H-coalgebra is the singleton (as the initial algebras for both T1, T2 are the
empty set).
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4 Conclusions

The general picture behind Barr’s theorem is conceptually simpler: if one
starts with an arbitrary category C (with initial object, final object and ω-
(co)limits) and a C-endofunctor, then the theorem roughly says that the ω-
limit of the terminal sequence is a completion of the ωop-colimit of the initial
sequence. Of course an appropriate notion of completion is required; it could
be of topological nature (as in [5]), or about ordered structures [3].

Currently we restrict to monads for which the free algebra on the empty
set is the singleton. However, dropping this assumption would add more
requirements on the endofunctor. Another aspect that we intend to consider is
working with accessible Set-endofunctors. About the second part of the paper,
the notion of a commuting pair of endofunctors with respect to a monad seems
to be new, but a more detailed analysis and examples are necessary in order
to better understand this structure. We plan to do this in a future paper.
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1 Introduction

Full abstraction and nominal calculi. One of the greatest concerns in
programming language semantics is to find fully abstract models, where all the
semantically equivalent programs are identified. A difficult question is how to
do this for the so-called interactive systems, where the focus is not the final
result of the computation, but rather on the interactions with the environment
along the possibly non-terminating behaviour of a system. For languages such
as the CCS [35] or the π-calculus [36], the operational semantics is expressed
in terms of labelled transition systems (LTS), and the fully abstract model is
the quotient of all the possbile systems with respect to bisimilarity.

Calculi with resource allocation mechanisms (the so called nominal cal-
culi) typically have a notion of bisimulation that does not coincide with the
standard one over LTS. Thus, standard definitions and algorithms can not
be reused. This is solved by resorting to presheaf categories, that is, cate-
gories of functors from a small category C to Set (see [23,10,9,24,34,33], and
the foundational work by Moggi [37]), or to nominal sets [25] as done in [38].
Presheaves handle names, and in general resources, as having a global meaning
across all possible processes. Thus, each freshly generated name must be dif-
ferent from all the previous ones, giving rise to infinite states in the presence of
loops. Therefore, the operational semantics of a calculus typically has infinite
states even for very simple processes, making it difficult to compute the ab-
stract semantics, or to implement finite state methods, such as minimisation,
equivalence checking or model checking.

Named sets. In the parallel research line of named sets [40,41], these dif-
ficulties were overcome using local names; in this case, establishing a binding
between names of elements is necessary whenever two elements are related.
This machinery allows one to reuse previously generated names that have been
discarded. In [41], many formalisms (e.g. Petri nets and process calculi) have
been mapped into named sets in a fully abstract way. The most important
finding here is that modelling the symmetry group of each agent is necessary
to have a unique abstract model of the π-calculus, leading to [20,43,21], where
a coalgebraic minimsation (partition refinement) algorithm for the π-calculus
has been implemented, based on history-dependent automata, that is, coalge-
bras in the category of named sets. The importance of modelling symmetries
is recognised both in the theory of programming language semantics [45] and
in practical applications such as model checking [18]. Due to well known re-
sults of group theory (in particular Lagrange’s theorem, see e.g. [17], §3.3),
finite groups have an efficient representation in terms of generators, which is
logarithmic with respect to the size of the group. Moreover, many operations
on groups can be computed on the compressed representation [32].

The categorical equivalence between nominal sets, named sets and the
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pullback-preserving full subcategory 4 of SetI, called the Schanuel topos, has
been established in [27,22]. In [12,13], a number of ad-hoc constructions on
named sets used for the π-calculus are turned into categorical notions such as
products, coproducts, the power set and name abstraction, thus allowing one
to reuse the same machinery to represent the semantics of other calculi with
names.

Our contribution. An advantage of presheaf categories is the flexibility
that can be obtained by varying the index category C, giving rise more complex
structures than pure names (see e.g. [28], or [3]). This flexibility is lost when
using named sets, since the index category is fixed to be I. First, in §2 we
introduce families as concrete representation of free coproduct completions.
Our contribution starts in §3 observing that named sets with symmetries are
generalised by the categorical model of families over a category of groups
of automorphisms and related morphisms, that we call Sym(C). This model
is equivalent in the categorical sense to a full subcategory of SetC, namely
coproducts of symmetrised representables, that is, representables quotiented
by composition with groups of automorphisms. Presheaves are represented by
families as sets of elements that have an attached symmetry on their available
local interfaces.

In a sense, this already generalises the equivalence results of [27,22]. How-
ever, the exact characterisation of which presheaves are (isomorphic to) co-
products of symmetrised representables is a difficult problem. Perhaps the
most important topic in [25] is the notion of finite support, which generalises
the notion of free variables in terms. The support is in turn the key ingredient
to define named sets and the categorical equivalence between the two. In §4
we introduce a general notion of support in presheaf categories. Exploiting
this definition, we show that the equivalence result of [27,22] can be extended
to presheaves indexed by small categories, respecting three conditions: the
index category has wide pullbacks, and the presheaves preserve them; the in-
dex category is made up of monos; all the arrows of the index category from
an object to itself are isomorphisms. A non-trivial example respecting these
conditions is the category E of finite equivalence relations and injective maps
between their underlying sets, used in [3,4] to represent explicit fusions of
names in process calculi.

Presheaves and families have a very different nature. We refer to this
as locality of interfaces. In §5 we give a mathematical explanation of this
property, which is reflected in the product construction. The product is just
computed point-wise in presheaves, while it involves a mapping of the local
interfaces of each involved element into a greater one, in the case of families.
This corresponds to two radically different, though equivalent, views on how

4 Here I is the category of finite subsets of the natural numbers and injections between
them.
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systems with interfaces may be related: either assuming a naming authority
giving a global meaning to each available resource, or relying on locally scoped
links that connect the different systems.

In §6, we show how to compute the behavioural symmetry of an element of
a coalgebra, that is, the greatest group of isomorphisms that leave an element
bisimilar to itself. We remark that §5 and §6 do not depend on the conditions
of §4, but rather they are in the general framework of §3.

Related work. To the best of our knowledge, the study of families for an
efficient representation of the semantics of programming languages, and the
interpretation of their properties as a theory of locality of interfaces, are new
and have never been investigated before. Coproducts of symmetrised repre-
sentables are also interesting as a generalisation of the analytic functors of
Joyal [30]. This is shown by Adámek and Velebil [2] for the case of locally
presentable index categories. That research line is different in scope and aim
from this work: there, a characterisation of the morphisms between analytic
functors (the regular natural transformations of [30]) would be desirable, but
it is still an open problem. Instead, in §4 we develop an equivalence of cate-
gories, characterising all the natural trasformations of the subcategory by the
means of morphisms of families. Moreover, the conditions of [2] to characterise
coproducts of symmetrised representables and ours do not imply each other,
and there are examples of categories, relevant for our purposes, that only fall
under our conditions (see §4).

2 Background

Here we introduce the basic notions related to the family construction Fam(C),
which is a representation of the free coproduct completion of C.

Remark 2.1 (notational conventions). For C a category, we denote with |C|
its objects, with C(n,m) the set of arrows from n to m. We extend some
categorical notations to sets of arrows. Let F ⊆ C(n,m) be a set; we define
dom(F ) = n and cod(F ) = m. When F and G are two such sets, with
dom(F ) = cod(G), f : cod(G) → m′, and g : m′′ → dom(F ), we define
f ◦ G = {f ◦ g | g ∈ G}, F ◦ g = {f ◦ g | f ∈ F}, and F ◦ G = {f ◦ g | f ∈
F, g ∈ G}. As a notation for the elements of the coproduct

∐
x∈S Px in Set,

we use the set of pairs {〈x, p〉 | x ∈ S, p ∈ Px}. The copairing of a tuple of
arrows fi∈I is denoted with

∐
i∈I fi. We often omit the parenthesis in function

and functor application, e.g. we write Ffx to denote the action of the functor
F : C → Set on the arrow f , applied to the element x. With pullbacks we
actually refer to wide, but small, pullbacks, that is, limits of small diagrams
made up of an arbitrary number of arrows into the same object.

A direct description of the free coproduct completion of a category C is
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obtained by the family construction, defined as follows.

Definition 2.2 Given a small category C, objects of the category Fam(C) are
families of objects of C, that is, coproducts

∐
i∈I{ni} of singletons in Set,

where I is a set, and, for each i ∈ I, ni ∈ |C|. An arrow from
∐

i∈I{ni} to∐
j∈J{mj} is a tuple 〈f,

∐
i∈I{H

f
i }〉, where f : I → J and, for each i ∈ I,

Hf
i : ni → mf(i).

A family is a set I, where each i ∈ I has an associated C-object ni. The
set I may represent, for example, the set of states of a system. The object
ni represents the interface of the state i. For example, ni can be a set of
names, a network topology, or any other possible feature associated to the
states of a process calculus. Each arrow is a function f between two sets
I and J , and for each i ∈ I there is a map Hf

i from the interface of i to
that of f(i). This reflects the idea that interfaces are local to each element,
therefore to properly define a function between such elements, one also has
to specify how the interfaces of destination and source elements are related.
When we use families to represent presheaves these maps go in the other
direction, that is, from the destination to the source. Looking at the above
definition, this does not make a big difference, as one can just consider the
category Fam(Cop) to get these “backwards” arrows, as we shall do in the
following. A real-world example of local interfaces which can help the intuition
is the injective relabelling of memory locations that may happen after an
invocation of the garbage collector in a garbage-collected language. System
states in this case have an associated memory layout (its “interface” in our
terminology), that may change at each step of the execution. The relabelling
is the “backward” arrow that we mention, mapping the memory layout of the
destination into that of the source, thus tracking the history of variables and
their memory locations along the computation. The coproducts in Fam(C) are
freely generated, and described as follows.

Definition 2.3 The coproduct in Fam(C) of two objects
∐

i∈I{ni} and
∐

j∈J{mj}
is defined as

∐
k∈I+J{ok}, where ok = ni if k = 〈I, i〉, and ok = mj if k = 〈J, j〉.

3 Families of symmetries

In this section we introduce a condition on presheaves in SetC, namely being
coproducts of symmetrised representables. The terminology is borrowed from
[2]. In the rest of the paper we will discuss the good computational prop-
erties of such a representation, and introduce a representability criterion for
presheaves over index categories of monos.
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3.1 The category Sym(C)

First, given a small category C, we define a category of groups of automor-
phisms, and morphisms between them, that we call Sym(C).

Definition 3.1 We define the (small) category Sym(C) of symmetries over C:

|Sym(C)| =
∐

n∈|C|

{Φ ⊆ C(n, n) | Φ is a group w.r.t. composition}

Sym(C)(Φ1,Φ2) = {h ◦ Φ1 | h ∈ C(dom(Φ1), dom(Φ2)) ∧ Φ2 ◦ h ⊆ h ◦ Φ1}

The identity of each object is idΦ = iddom(Φ) ◦ Φ = Φ; the composition of
f1 = h1 ◦ Φ1 and f2 = h2 ◦ Φ2 is defined as f2 ◦ f1 = h2 ◦ h1 ◦ Φ1.

An object of Sym(C) is just denoted by the group Φ, omitting the index
n of the coproduct that is recovered as dom(Φ), the common domain of all
the automorphisms in Φ. Arrows of the category are sets of arrows from
C, obtained by composition of a group of isomorphisms with a single arrow.
Notice that the composition symbol on the left hand side of the last equation
is the composition in Sym(C) which is being defined, while the composition on
the right is composition of sets of arrows, as from Remark 2.1. However the
following lemma ensures that the two possible interpretations coincide. This
is a consequence of the condition Φ2 ◦ h ⊆ h ◦ Φ1.

Lemma 3.2 Consider two Sym(C) arrows h2 ◦ Φ2 : Φ2 → Φ3 and h1 ◦ Φ1 :
Φ1 → Φ2. It holds that (h2 ◦h1) ◦Φ1 = {h2 ◦ϕ2 ◦h1 ◦ϕ1 | ϕ2 ∈ Φ2 ∧ϕ1 ∈ Φ1}.

Finally we note that C has a full embedding into Sym(C).

Definition 3.3 The embedding J : C→ Sym(C) is defined on objects as J(n) =
{idn} and on arrows as J(f) = {f}.

3.2 Coproducts of symmetrised representables as families

Throughout the paper, we let C denote a small category. We recall that the
(covariant) hom functor C(n,−) : C→ Set, for n an object of C, acts on each
object m as C(n,m), and on each arrow f : m1 → m2 as C(n, f)(g : n →
m1) = f ◦ g : n→ m2. A representable presheaf in SetC is a functor which is
isomorphic to C(n,−), for n an object of C.

Definition 3.4 Let Φ be an object of Sym(C) with domain n. We call a
symmetrised representable C(n,−)/Φ a representable quotiented by the indexed
relation g1 ≡m g2 ⇐⇒ ∃ρ ∈ Φ.g1 = g2 ◦ ρ, for g1, g2 : n→ m.

The equivalence classes of such a quotient at each index m are conve-
niently described as the composition of each possible arrow with Φ, that is
(C(n,−)/Φ)m = {h ◦ Φ | h : n → m}. Hereafter we assume that symmetrised
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representables are in this form. Notice that any f ◦ Φ is an arrow of Sym(C),
which gives rise to the representation we propose. For convenience we also
state what is the action of symmetrised representables on arrows of C, namely
(C(n,−)/Φ)f(h ◦ Φ) = f ◦ h ◦ Φ.

Among the presheaves in SetC, some of them are isomorphic to a coprod-
uct of symmetrised representables, giving rise to a full subcategory of SetC.
This subcategory is equivalent to Fam(Sym(C)op). In the rest of the paper we
shall advocate that a representation using families is appealing for computer
science applications. First of all, even though the proof of equivalence is eas-
ily understood, we make it precise by the means of the following well-known
proposition (see [8], Lemma 42), also used in [42], to prove the equivalence
between named sets and the Schanuel topos.

Proposition 3.5 Let D′ be a locally small category having small coproducts,
and D a small category. A functor F : D→ D′ can be extended to an equivalence
from Fam(D) to D′ if it satisfies the following conditions: F is an embedding (it
is injective on objects and morphisms); objects in the image of F are indecom-
posable (for each n in |D|, the hom functor D′(Fn,−) preserves coproducts);
every object of D′ is a coproduct of objects in the image of F.

Here we instantiate the theorem with D = Sym(C) and D′ the subcategory
of coproducts of symmetrised representables in SetC. First, recall that if C is
small, the functor category SetC is locally small and has coproducts (defined
pointwise), hence Prop. 3.5 is applicable. We now exhibit a functor F :
Sym(C)op → SetC.

Definition 3.6 The functor F acts on objects as FΦ = C(dom(Φ),−)/Φ. F acts
on each arrow h◦Φ1 : Φ2 → Φ1 of Sym(C)

op returning a natural transformation,
defined at each index n as (F(h ◦ Φ1))n(h

′ ◦ Φ2) = h′ ◦ h ◦ Φ1.

Next, we show that F respects the first and second conditions of Prop. 3.5.
The third condition is satisfied by construction, when restricting the codomain
of F to symmetrised representables.

Proposition 3.7 F is a functor, and in particular an embedding, i.e. injec-
tive on objects and morphisms. For each object Φ : Sym(C), FΦ is indecompos-
able, that is, the homset functor SetC(FΦ,−) preserves coproducts.

As SetC has coproducts, F extends to a functor from Fam(Sym(C)op) to SetC.

Definition 3.8 The functor Presh : Fam(Sym(C)op) → SetC maps an object∐
i∈I{Φi} into

∐
i∈I FΦi and an arrow 〈f,

∐
i∈I{H

f
i }〉 :

∐
i∈I{Φi} →

∐
j∈J{Φ

′
j}

into the natural transformation
∐

i∈I(ιf(i)◦FH
f
i ), where ιf(i) denotes the f(i)

th

injection of the coproduct
∐

j∈J FΦ
′
j.

By definition, each presheaf in the image of Presh is a coproduct of sym-
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metrised representables. The functor is full and faitful, and becomes one
direction of a categorical equivalence when its codomain is restricted to its
image.

The other direction is given by the functor K mapping coproducts of
symmetrised representables into Fam(Sym(C)op). The action on objects is
rather trivial. Given P =

∐
i∈I C(dom(Φi),−)/Φi

, we have KP =
∐

i∈I{Φi}.
The action on arrows is more interesting: let Q =

∐
j∈J C(dom(Φj),−)/Φj

,
and g : P → Q be a natural transformation. We define the morphism
between families K(g : P → P ′) = 〈f,

∐
i∈I{H

f
i }〉. For each i ∈ I, let

gn(〈i, iddom(Φi) ◦ Φi〉) = 〈j, h
′ ◦ Φj〉. Then we let f(i) = j and Hf

i = h′ ◦ Φj .
The function f is well defined by indecomposability of objects in the image of
F (Prop. 3.7), in turn coming from naturality of g.

The action of K on arrows may be roughly explained by the idea of local
interfaces in families. This is better understood after having introduced the
notion of orbit and representative, which is done in §4.

4 Pullback-preservation, monos and minimal support

In this section we illustrate a characterisation of the coproducts of symmetrised
representables in categories indexed by monos, as functors that preserve all
pullbacks. We consider the finite support condition in the work by Gabbay and
Pitts on nominal syntax [26]: each system has a unique minimal “interface”.
Preservation of pullbacks means preservation of “intersection of interfaces” in
a very general sense, and makes it possible to recover a notion of support of an
element x ∈ Pn of a presheaf P over an arbitrary category C as the minimal
index n′ where an element x′ ∈ Pn′ exists, such that Pfx′ = x for some arrow
f .

The results presented here are similar in spirit to the representation of
analytic functors as species given by Joyal [30], and therefore to [2], where
conditions similar to ours are sketched to identify the coproducts of sym-
metrised representables. We emphasize that the latter research line aims to
characterise and extend Joyal’s analytic functors and regular natural trans-
formations (the latter is still an open problem), whereas we are interested
in all natural transformations between two coproducts of symmetrised repre-
sentables. For this reason, we are able to provide an equivalence of categories.
Moreover, the index category in [2] should be locally presentable (or at least
should have an initial object, see §3 therein), thus ruling out discrete cat-
egories and coproducts of categories (hence our results and [2] are logically
independent).

The connection between representability of presheaves as families and pull-
back preservation has been studied in various works. A well known one is [7].
There, the connection between existence of connected limits, wide pullback
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preservation and familial representability is explained. But there the index
category of the familial representation is still the same index category C, of
the presheaf category, and not a category of symmetries over it. Indeed the
latter provides one a bit more structure, which we then use for the symmetry
reduction procedure of §6.

The idea of representing pullback-preserving presheaves by families of sym-
metries comes from Staton [42], where it appears as a proof technique to show
that named sets and the Schanuel topos are equivalent. The technical results
that we present in this section are a direct generalisation of that work, even
though the purposes are different, since we aim to explain the computational
properties of the families model, which is done in the rest of the paper.

A wide pullback is the limit of a cocone of arbitrary cardinality (whereas
an ordinary pullback is the limit of a cocone of just two arrows). Notice that
in the special case of the Schanuel topos of [42], these diagrams are necessarily
finite, and thus wide pullbacks are determined by the binary ones. From now
on, we let SetC♦ denote the wide-pullback-preserving full subcategory of SetC.
Our theory can be instantiated under the following conditions.

Criterion 4.1 We assume that all the arrows of C are monic, C has (small,
wide) pullbacks, and for every object n of C, each f ∈ C(n, n) is an isomor-
phism.

Notice that we do not require strong properties on C e.g. completeness or
cocompleteness. Some examples may clarify the applicability of the charac-
terisation.

Discrete categories: the one-object and one-arrow category 1 can be used
as an index, resulting in a degenerate instantiation of the framework that
actuall just contains sets and functions. This is correct, as Set1 is Set. More
generally, discrete categories can be used, in this case the representation that
we will define is just the set of elements of each presheaf, that is, pairs 〈n, x〉
where n is the index where x lives. This is a very natural representation of
multi-sorted sets. These two examples show that the definition works also
in these degenerate cases, giving the expected representation.

Coproducts of categories The coproducts of two non-empty categories cer-
tainly does not have an initial object and it is not complete. However, from
the programming language semantics perspective, these index categories
can be used represent calculi that feature several distinct kinds of agents,
each one having a different notion of associated interface.

Finite sets and injections: in this case, the obtained equivalence is that
between the Schanuel topos and named sets of [22,27]. The associated
categories have been used in a wide range of applications as we already
emphasized. The correspondence between families and named sets is made
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clear by the categorical definitions given in [44,13]; the category Symset

defined therein is Sym(I).

Finite graphs and injections: this category can be used to model calculi
whose network structure is made explicit in the semantics (as opposed to
the π-calculus, where the network structure is left implicit in the knowl-
edge of channels by agents) and whose semantics is closed with respect to
adding links to the network. The network coordination policies calculus
(NCP) [11], has been developed by the first author et al. in the context
of formal methods for service-oriented computing. In the calculus, states
are pairs consisting of the network topology, represented as a graph, and a
policy, which is a program. Entire fresh sub-topologies can be dynamically
allocated along the transitions of the operational semantics. Even though
category theory is not used in that work, it seems clear that the semantics
can be represented using the standard presheaf approach, with finite graphs
and injections as the index category. In NCP, bisimulation is used for the
definition of conformance of the specification and the implementation, thus
the implementation of an efficient bisimulation checker (taking into account
the dynamic allocation capabilities of the framework) is of high relevance.
Therefore, the calculus will be an appealing case study for the symmetry
reduction algorithm that we sketch in this work.

Fusions: Fusions may be described by an indexing category E of equivalence
relations with monic arrows [3]. This category has pullbacks, falls into the
conditions of our framework, and it has a rich structure of objects that is
used for fusions (see also [28,34]).

4.1 The symmetric decomposition of a presheaf

We now show that under Crit. 4.1, functors in SetC♦ are isomorphic to co-
products of symmetrised representables, that is objects in the image of the
functor Presh. Therefore the full category SetC♦ coincides exactly with the
subcategory of coproducts of symmetrised representables.

We pursue our goal emplying Prop. 3.5 again. F being an embedding, and
indecomposability of objects in its image are not affected by the additional
hypothesis. However, we must prove that each presheaf in the image of F is
pullback-preserving.

Theorem 4.2 For each Φ, assuming Crit. 4.1, FΦ preserves wide pullbacks.

The rest of the section is devoted to prove the last required condition
of Prop. 3.5, that is, each pullback-preserving presheaf is a coproduct of
symmetrised representables. We recall the notion of element of a presheaf.
Hereafter, we let G denote an arbitrary functor in SetC♦.

Definition 4.3 The set of elements of G is defined as El(G) =
∐

n∈|C| Gn.
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For readability, but without loss of generality, in the following we assume
that all the Gn are disjoint, so that we are able to denote with just x the
element 〈n, x〉 ∈ El(G). When necessary, we denote the stage n of x as st(x ).

Roughly, we aim to represent presheaves by quotienting all the elements
that are “reachable” from some common element by the action of arrows. To
make this formal, we introduce the notion of orbit.

Definition 4.4 Given x ∈ El(G), its orbit Ox is the set of elements y ∈ El(G)

such that there exist a span st(x )
fx
← s

fy
→ st(y) and an element z ∈ Gs, with

Gfxz = x and Gfyz = y.

In other words, an orbit is a connected component in the category of ele-
ments. In the following, for x ∈ El(G), we letDx be the diagram in C consisting
of the morphisms {d : n→ st(x ) | ∃y ∈ G(n).Gdy = x}, for n ranging over |C|.
Notice that, for each d, y is uniquely determined: Gd is injective because G is
pullback-preserving, hence mono-preserving.

The following lemma forms the grounds of our representation. It is perhaps
the most important property of orbits, due to pullback preservation of SetC♦.

Lemma 4.5 Let x and y belong to the same orbit. Let n be the pullback
object of Dx and m be the pullback object of Dy. There exists an isomorphism
between n amd m making n a pullback of Dy.

We now define the support of an element x, which is, roughly speaking,
the smallest index where an element having the same properties of x can be
found.

Definition 4.6 Let xO denote a choice of an element in Ox. We define the
support of x, denoted with Sx, as the pullback object of D(xO), and the nor-
malising arrow Nx : Sx → st(x ) as the diagonal of the pullback diagram of
Dx, where we choose Sx as the pullback object by Lemma 4.5.

With diagonal here we mean the composition of any arrow in Dx with the
corresponding arrow making the pullback commute.

We are going to see that an object of SetC♦ is determined (up-to isomor-
phism) just by a set of representatives x̂ of elements, called proper elements,
and by the set of isomorphisms over the stage of each x̂ whose action leaves x̂
unchanged. Preservation of pullbacks plays a fundamental role here, allowing
us to prove the following lemma and to define the representative of an element.

Lemma 4.7 There exists a unique element x̂ ∈ GSx such that GNxx̂ = x.

Definition 4.8 Let x ∈ El(G). We denote with x̂ the representative of x,
that is, the element of GSx such that GNx(x̂) = x. The set of proper elements
of G is defined as Pel(G) = {x̂ | x ∈ El(G)}.
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In this construction, Nx plays the role of a canonical arrow whose action
recovers x from its representative x̂. The symmetry associates to each proper
element an object of Sym(C).

Definition 4.9 The symmetry of x̂ ∈ Pel(G) is the group of isomorphisms
Gx̂ = {ρ : Sx → Sx | Gρx̂ = x̂}.

Now we can define a functor from SetC♦ to Fam(Sym(C)op) which, together
with the functor Presh of Def. 3.8, completes the categorical equivalence.

Definition 4.10 The symmetric decomposition SymDec : SetC♦ → Fam(Sym(C)op)
is defined on each presheaf G and natural transformation f : G1 → G2 as

SymDec(G) =
∐

x̂∈Pel(G)

{Gx̂} SymDec(f) = 〈λx̂.f̂Sx
(x̂),

∐

x̂∈Pel(G1)

{Nf(x̂)◦Gf̂Sx (x̂)
}〉

The action of the functor on objects just records the proper elements of G,
and their symmetry. The action on arrows is an arrow of Fam(Sym(C)op), thus
a function between the two index sets, and a family of arrows in Sym(C)op .
The former returns, for each representative x̂, the representative of fSx

(x̂).
The mappings associated to the arrow are the normalising arrows of every
obtained element, composed with the corresponding symmetry. Using it, one
can reconstruct fSx

(x̂) from its representative. A bit more intuition may be
obtained by considering the support and symmetry of an element as a local
interface of that element. The arrow Nf(x̂) ◦ Gf̂Sx (x̂)

embeds the interface of

f̂Sx
(x̂) into the interface of fSx

(x̂), which is the same of x̂ because f is defined
pointwise. The normalising arrow is the so-called history of names along
morphisms 5 used in the literature on named functions, and in coalgebras it
plays a similar role to the injective relabelling of memory locations done by
garbage collectors in the implementation of programming languages.

Lemma 4.11 We have Ĝhx̂ = x̂, and NGhx̂ ∈ h ◦ Gx̂.

Theorem 4.12 Every presheaf G in SetC♦ is isomorphic to Presh(SymDec(G)),
therefore SetC♦ is equivalent to Fam(Sym(C)op).

Remark 4.13 A great advantage of the proposed representation of presheaves
using families is to reduce the size (the number of elements) of the represented
presheaf, even getting a finite set out of an infinite one, while preserving the
categorical properties. For example, the “inclusion” presheaf Gn = n,Gf = f

in SetI, that is, the object of names in SetI, is represented by a family having
a single element 6 in Fam(Sym(I)op), namely

∐
i∈1{id1}. The intuitive mean-

ing of this assertion is that each natural number is not distinguishable from

5 In our case, we should call it the history of interfaces along morphisms.
6 G is different from the final object

∐
i∈1
{id0}, having a single element with trivial interface
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any other, and has a single “name” (and trivial symmetry) as its interface.
This “finitistic” representation is the main reason why named sets and history-
dependent automata have been considered appealing for the static analysis of
nominal calculi (model checking [29], and bisimulation checking [21]).

5 Locality of interfaces: the product construction

In [44], one of the authors extended the equivalence of [27,22] to the cate-
gories of coalgebras of equivalent endofunctors, in order to give a categorical
characterisation of the various constructions that had been used in the past
for named sets (including minimisation of the π -calculus). Here we generalise
the results on the product of named sets presented therein.

Multi-(co)products are a specialisation of the notion of multi-(co)limit,
studied in detail by Diers [16]. It is well known (see e.g. [14], remark 5) that
Fam(C) has products whenever C has multi-products, and dually, Fam(Cop) has
products if C has multi-coproducts. Here we provide a concrete characteriza-
tion of the functor, that emphasizes the difference between global and local
interfaces. The results presented here do not rely on arrows of C being mono.

Definition 5.1 Given a diagramD consisting of a tuple of objects 〈n1, . . . , nk〉,
the multi-coproduct of D is a set mcp(D) of cocones over D such that for all
cocones L′ = 〈f1 : n1 → m′, . . . , fk : nk → m′〉 over D there exists a unique
cocone L = 〈ι1 : n1 → m, . . . , ιk : nk → m〉 ∈ mcp(D), and a unique arrow
uL′ : m→ m′ making the diagram L ∪ L′ ∪ uL′ commute. The unique cocone
L will be denoted, with a bit of overloading, with mcp(L′).

In words, the multi-coproduct of two objects P and Q is a set of canonical
cospans between them, in the sense that they are quotiented by isomorphisms
of cospans, and they are minimal.

We note that Sym(C) has multi-coproducts.

Theorem 5.2 If C has wide pullbacks, then Sym(C) has multi-coproducts.

In the following definitions, we assume that C has multi-coproducts, that
P =

∐
i∈I{ni}, Q =

∐
i∈J{mj}, R =

∐
k∈K{ok} are three arbitrary objects of

Fam(Cop), and we denote with S the set {〈i, j, 〈ι1, ι2〉〉 | i ∈ I∧j ∈ J ∧〈ι1, ι2〉 ∈
mcp(〈ni,mj〉)}.

Definition 5.3 The product of P and Q in Fam(Cop) is defined as the object
P ×Q =

∐
〈i,j,〈ι1,ι2〉〉∈S

{cod(ι1)}.

Elements of the product P ×Q are triples, formed by an element of P , an
element of Q, and a (canonical) cospan relating their symmetry.

Definition 5.4 Let π′
1 and π′

2 denote the first two projections of the ternary
product S. The projections π1 : P ×Q→ P and π2 : P ×Q→ Q are defined
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as π1 = 〈π
′
1,
∐

〈i,j,〈ι1,ι2〉〉∈S
{ι1}〉, π2 = 〈π

′
2,
∐

〈i,j,〈ι1,ι2〉〉∈S
{ι2}〉.

Definition 5.5 The pairing of 〈f,
∐

k∈K{H
f
k}〉 : R→ P and 〈g,

∐
k∈K{H

g
k}〉 :

R→ Q is the arrow 〈h,
∐

k∈K{H
h
k}〉, where h(k) = 〈f(k), g(k),mcp(〈Hf

k ,H
g
k〉)〉,

and Hh
k = u〈Hf

k
,Hg

k
〉.

Theorem 5.6 The product, projections and pairing given above identify up
to isomorphism the binary product in Fam(Cop).

In the above definition, mcp(〈Hf
k ,H

g
k〉) and u〈Hf

k
,Hg

k
〉 come from Def. 5.1.

We keep on with the intuition that the index category C in SetC should be
perceived as a set of possible types, or interfaces of elements of the presheaf.
In this light, the definition of the product above gives a notion of locality of
interfaces in families, as opposed to a notion of global interfaces in presheaf
categories.

In SetC the product is defined pointwise, and two elements may be related
by just pairing them if they are in an appropriate (common) context. That
is, any two interfaces have a natural choice of an embedding into a common,
greater interface, thus their relative meaning is established once and for all.
In the case of names (that is, where the index category is I), this is the
vision adopted by the π-calculus, where the names of all the non-restricted
channels of an agent have a global, unique meaning across all participating
parallel components of a system, as if there was a naming authority assigning
a meaning to any name.

In Fam(Cop), whenever we put two elements in a relation, we have to explic-
itly establish a link between their interfaces by exhibiting them as subobjects
of a common object, acting as the interface of the obtained tuple. In the case
of names, this corresponds to having to “pull wires” among all parallel com-
ponents of a system to make explicit how they can interact. This may be the
most natural choice whenever one wants to model systems that do not have a
naming authority, such as peer-to-peer systems.

As an example, bisimilarity in Fam(Cop) is made up of triples, because it
is a subobject of the product: in order to compare two systems, we need to
establish a correspondence between their local interfaces.

6 Symmetry reduction by final semantics

The presheaf approach to operational semantics roughly consists in defining
a presheaf P of terms, that is, the initial algebra of some endofunctor over
a presheaf category, and a coalgebra from P to TP for some endofunctor T,
providing the semantics of the calculus. The unique morphism into the final
coalgebra of T then gives the coinductive definition of the abstract semantics.
Here we link the symmetry of elements in Fam(Sym(C)op) with behavioural
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equivalence, defined as the pullback object of a coalgebra morphism. We
note that coalgebraic bisimilarity and behavioural equivalence coincide if the
behavioural functor T preserves weak pullbacks (see [31] or [1] for details).
Given a coalgebra in Fam(Sym(C)op), and an element i, having symmetry Φ
with dom(Φ) = n, we explain how computing the image of i along the unique
morphism into the final coalgebra corresponds to identify the subobject of n
that is active in the semantics of i, and the greatest possible symmetry over
this object that preserves behavioural equivalence.

The interest of this result is in providing a clean framework (namely, the
equivalence between presheaves and families) for symmetry reduction of the
semantics of programming languages. Symmetry reduction is an actively re-
searched topic in computer science that consists in finding compressed repre-
sentations of systems that have a symmetry (see [15] and subsequent works,
or the more recent [19]). This is typically done exploiting equations on the
syntax of calculi, or by adding symmetry information “by hand” to models.
Our approach is very different: it allows one to compute the behavioural sym-
metry, that is, the best symmetry up-to bisimulation. This is certainly wanted
in all the cases where bisimulation is the equivalence relation of choice (e.g.
static analysis in service oriented computing and model checking of Hennessy-
Milner-like logics). Model checking can be performed efficiently in the presence
of symmetry [18].

6.1 Symmetry reduction

Remark 6.1 Equivalences extend to categories of coalgebras of suitable “equiv-
alent” endofunctors. In particular, each endofunctor T′ over the full subcat-
egory of coproducts of symmetrised representables in SetC that has a final
coalgebra has an equivalent endofunctor over Fam(Sym(C)op) admitting a final
coalgebra, obtained (up to isomorphism) as T = SymDec ◦ T′ ◦ Presh.

We assume in the following such a pair of equivalent endofunctors T′ and
T. Even if for the scope of this work the given definition of T is sufficent, it
may be necessary to have a compositional definition of T so that the elements
of T(P ) are derived from those of P . In the case of the product, for example,
the definition of §5 is isomorphic to the one that we just mentioned, but not
the same. This topic has been studied in detail in [44].

We now observe that each natural transformation between coproducts of
symmetrised representables induces a symmetry on elements of its source, ex-
plicitly represented in the corresponding arrow of Fam(Sym(C)op). Consider a
presheaf G =

∐
i∈I FΦi, a natural transformation f : G → G′, and the corre-

sponding arrow 〈g,
∐

i∈I{H
g
i }〉 :

∐
i∈I{Φi} →

∐
j∈J{Φ

′
j}.

Definition 6.2 Let Rf
n denote the relation coming from the kernel pair of
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the component fn of f at n. Let x ∈ Gn. We call the set Ghx = {ρ : n → n |
GρxRf

nx} the symmetry on x induced by f .

Proposition 6.3 For each i ∈ I, n ∈ |C|, h ◦ Φi ∈ FΦin, and ρ : n → n, we
have (FΦiρ(h ◦ Φi))R

f
n(h ◦ Φi) if and only if ρ ◦ h ◦ Hg

i = h ◦ Hg
i .

Observe that ρ ◦ h ◦ Hg
i = h ◦ Hg

i implies that, for each h′ in h ◦ Hg
i , there

is an isomorphism ρ′ ∈ Φ′
g(i) such that ρ ◦ h′ = h′ ◦ ρ′, that is, the symmetry

induced by f is reflected in Φ′
g(i).

It is now obvious to observe that the symmetry induced by coalgebra mor-
phisms respects bisimulation. When f is the unique morphism into the final
coalgebra, the induced symmetry is the greatest possible such subset. We call
it the behavioural symmetry. In this case, the arrows in h ◦ Hg

i identify a
subobject of n that intuitively is the active “sub-interface” of an element, i.e.
operations that do not touch it may not affect the semantics. To make this
more precise, observe that, for each h′ ∈ h ◦ Hg

i , we either have ρ ◦ h′ 6= h′

or ρ ◦ h′ = h′. The first case is the one where the symmetry Φ′
g(i) actually

plays a role. In the second case, as all the arrows in h ◦ Hg
i are obtained by

composition of h′ with an arrow in Φ′
g(i), composition with ρ leaves all of them

unchanged. Then ρ is acting in some sense outside of the subobject identified
by h ◦ Hg

i . For example, when the index category is I, the image of h is the
set of active names of a system, that is, names that are observable in the final
semantics.

6.2 Partition refinement as a generic symmetry reduction algorithm

Here and in the next section we explain how to compute bisimilarity on a
subset of the terms of a calculus, if certain finiteness conditions hold.

Consider a calculus equipped with a semantics in SetC, s : P → T′P for P
representing the syntax. As we know (see Rem. 6.1), if P is a coproduct of
symmetrised representables, there is a corresponding coalgebra t : P ′ → TP ′

in Fam(Sym(C)op) of a suitable endofunctor T corresponding to T′.

The partition refinement in Fam(Sym(C)op) can be computed on an object∐
q∈Q{Gq} (intended to be a subobject of P ′ above) as follows. First, we give

an abstract description of the general algorithm, then we explain in detail
the single steps and discuss some finiteness conditions to compute them in
Fam(Sym(C)op).

Definition 6.4 Coalgebraic partition refinement in Fam(Sym(C)op) is an itera-
tive algorithm using three variables, f , h and z, denoting arrows in Fam(Sym(C)op).

Initialization: Let f = t, let h :
∐

q∈Q{Gq} → 1 be the unique morphism
into the final object of Fam(Sym(C)op), and z the unique morphism from T1
to 1.
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Iteration step(f, h, z): If z restricted to Im(Th ◦ f) is an isomorphism in
Fam(Sym(C)op) then return Th ◦ f . Otherwise let f ′ = Tf ◦ f , h′ = Th,
z′ = Tz, and compute Iteration step(f ′, z′, w′).

Correctness of the algorithm is well known by the theory of coalgebras (see
e.g. [46]). An intuition can be given as follows. At the nth iteration of the
algorithm, the kernel of Th ◦ f :

∐
q∈Q{Gq} → Tn1 is a partition of Q, which

quotients elements that have the same observations in n steps. At each step,
this partition is refined, that is, possibly split, according to the observations
made in the nth iteration of the system. When z is an isomorphism, a fixed
point is reached, and it is guaranteed that in all successives steps, the partition
will remain unchanged. Therefore, the elements of Q that are equalised by
Th ◦ f are bisimilar. The isomorphism z is a subobject of the final coalgebra
that represents the behaviour of the elements of Q.

Convergence of the algorithm is equivalent to deciding the semantics of a
program, therefore it can not be guaranteed a priori for all calculi. For Turing-
equivalent languages, the algorithm converges on an undecidable subset of all
the possible programs. In labelled transition systems, one gets convergence
if the set of states reachable from a given set of initial states is finite. When
using coalgebras over presheaves, even trivial programs have infinite states, but
finiteness of the elements of the corresponding family is enough to guarantee
convergence. This leads to a more refined notion of finiteness for presheaves.

Static constraints may be used (e.g. the finite-control π-calculus agents of
[21]) to identify a subset of the convergent instantiations of the algorithm.

The pairs of bisimilar systems in Q are described by the kernel pair of the
final value of the arrow Th ◦ f , and the behavioural symmetry of each element
q ∈ Q is reflected in the symmetry of its image along the same arrow. When C

is the free category over one object and T = Pfin(L×−), then Fam(Sym(C)op) is
Set, L is a set of labels, and the algorithm is the classical partition refinement
for labelled transition systems. When C is I, there is a suitable endofunctor
[13] such that the algorithm above is the partition refinement procedure for
the π-calculus of [39,21].

Computing the semantics

Two basic assumptions are needed. First, objects and arrows of C should
be “finite”, in the sense that they can be represented as data structures.
Then, f should be computable in each step of the algorithm. Without these
assumptions, the algorithm can not be implemented. Indeed, the cases studied
in the literature on presheaves for process calculi fall under these hypotheses.

To be able to compute partition refinement, we first need to describe the
final object in Fam(Sym(Cop)). In a similar fashion to Thm. 5.6, the final object
in Fam(C) is a family of multi-initial objects, that is, a set MI of C-objects such
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that for each object c of C there is a unique element i ∈ MI and a unique arrow
u : i→ c. Similarly to Thm. 5.2, it is possible to show that if C has pullbacks,
then Sym(C)op has a set of multi-initial objects.

Proposition 6.5 Given a set MI of multi-initial objects in Sym(C), the object
P =

∐
Φ∈MI{Φ} is a final object in Fam(Sym(C)op). The unique arrow from∐

j∈J{Φj} to P is 〈λj.iΦj
,
∐

Φ∈Φj
{uΦj
}〉, where iΦj

and uΦj
denote respectively

the unique element of MI and the unique arrow corresponding to Φj in MI .

It holds that if a category has an initial object i, then the singleton {i}
is a family of multi-initial objects. Getting back to partition refinement, to
compute h, z and f one needs that Q is finite and that from each object of q
the corresponding element of the final object is computable.

One also needs that the image of f is finite on all the elements of Q, in
order to be able to enumerate the elements on which z has to be an isomor-
phism. This requirement is certainly satisfied if T sends finite families into
finite families. This happens in many interesting cases, including polynomial
functors, name allocation, and certain non finite subfunctors of the power set.
Remarkably, in [44] such a “finitistic” representation is given for the early se-
mantics of the π-calculus, which is defined as an infinitary transition system,
due to the input transitions.

Under the above restrictions, one has to check if z = 〈fz,
∐

i∈Im(Th◦f){H
fz
i }〉

is an isomorphism. The criterion in Fam(Sym(C)op) is that fz is an isomorphism
in Set and each Hfz

i is an isomorphism in Sym(C). To check the latter, it is
necessary to determine the symmetry of elements of Tn1 for each n. Having an
effective procedure to compute this symmetry depends on the chosen functor.
In [44] it is shown how to do this for polynomials, name abstraction and
subfunctors of the power set. We conjecture that these results generalise to
other categories of finite structures.

6.3 Garbage collection

We consider the representation using families appealing because it may al-
low one to implement iteration along the terminal sequence, starting from a
coalgebra defining the operational semantics, in the presence of fresh resouce
allocation. We emphasize that fresh resources are perhaps the most important
reason to employ presheaves for the semantics of programming languages.

In presheaf models, whenever behavioural functors that may allocate new
resources, such as the functor δ for name abstraction of [24], are used to build
coalgebras, the operational semantics obtained by rules typically becomes infi-
nite even in very simple cases. Again, this comes from the fact that interfaces
have a global meaning in presheaves, whereas in the family representation the
symmetry of each element is local. This is reflected in the definition of arrows:

80



Ciancia, Kurz and Montanari

in presheaves, one does not need to provide information on how the interface
of the destination is mapped in the interface of the source, while this is exactly
the role of the family of arrows in Sym(C) (one for each element) that are the
second component of an arrow of Fam(Sym(C)op). Thus, elements that have
the same behaviour up-to an operation on their interface are not identified
using presheaves. This is particularly problematic for recursive processes that
allocate some resources while discarding older ones, keeping a finite quantity
of resources allocated in each state (as explained in [12]). Using families, on
the other hand, all these equivalent elements are identified. It is the purpose
of the family of maps associated to each arrow of the category to identify
a “sub-interface” of each source state, which is preserved in the destination
state, thus discarding unused resources.

7 Concluding remarks

We have introduced a framework to represent the semantics of programming
languages that deal with resources or interfaces attached to system states:
coalgebras over presheaf categories obeying to certain constraints, that give
rise to a “finitistic” representation using families. This representation removes
the redundant information coming from the notion of interfaces being global
rather than local.

First of all, a complete example of application should be developed. The
field of presheaf semantics for process calculi is still a relatively new research
field, and there is not so much literature on calculi different from the π-
calculus. However, by providing a representation theory, we prepare the
grounds on which to build up new applications. An interesting case study
is [4], since the presheaf category employed there respects the conditions of
§4.

Applications are of great interest in the area of service-oriented comput-
ing, where resource allocation in the presence of network topologies [11], or
constraints [6] is an active field of research, and finite representations are of
vital importance for the implementation of analysis algorithms. An efficient
implementation of the generic symmetry reduction algorithm that we have
presented should be studied. For that, one may take advantage of algorithms
on permutation groups exploiting the generators [32]. Finally, similar con-
sideration apply to model checking. The study of a Stone-type duality for
coalgebras over families in a similar fashion to [5], and a corresponding model
checking algorithm exploiting the cases where the representation is finite, are
one of our most important long-term goals.

It is expected that the categorical equivalence that we presented, combining
the ease of specifying the semantics using presheaves with the implementative
advantages of named sets, will enable the development of a general framework
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to specify (using presheaves) and analyse (using families) the semantics of cal-
culi that have richer interfaces than pure names, thus advancing the research
line of presheaves, named sets and history dependent automata.
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Abstract

This paper gives a general coalgebraic account of the notions of possibly infinite trace and possibly
infinite execution in state-based, dynamical systems, by extending the generic theory of finite traces
and executions developed by Hasuo and coauthors [8]. The systems we consider are modelled as
coalgebras of endofunctors obtained as the composition of a computational type (e.g. nondetermin-
istic or stochastic) with a general transition type. This generalises existing work by Jacobs [10] that
only accounts for a nondeterministic computational type. We subsequently introduce path-based
temporal (including fixpoint) logics for coalgebras of such endofunctors, whose semantics is based
upon the notion of possibly infinite execution. Our approach instantiates to both nondeterministic
and stochastic computations, yielding, in particular, path-based fixpoint logics in the style of CTL*
for nondeterministic systems, as well as generalisations of the logic PCTL for probabilistic systems.

Keywords: coalgebra, trace semantics, temporal logic, nondeterminism, probability

1 Introduction

Path-based temporal logics are commonly used as specification logics, partic-
ularly in the context of automatic verification. Instances of such logics include
the logic CTL* with its fragments CTL and LTL for transition systems [3],
and the logic PCTL for probabilistic transition systems [7]. In spite of the
similarities shared by these logics, no general, unified account of path-based
temporal logics exists.

Coalgebras are by now recognised as a truly general model of dynamical
systems, instances of which subsume transition systems, their probabilistic
counterparts, and many other interesting state-based models [14]. Moreover,
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the modal logics associated with coalgebraic models [13,1,2] are natural logics
for specifying system behaviour, that also instantiate to familiar logics in par-
ticular cases. These logics can be classified into one-step modal logics, wherein
the semantics of modal operators depends solely on the one-step behaviour of
system states (as considered e.g. in [13,1]), and extensions of such logics with
(e.g. fixpoint) operators whose interpretation depends on the long-term, pos-
sibly infinite behaviour of system states [2]. While (some of) the logics in the
second category are able to express application-relevant temporal properties
of states, their syntax does not directly refer to the computation paths from
particular states, as is the case for logics such as CTL* and PCTL. Indeed,
there is still no general, coalgebraic account of the notion of (infinite) com-
putation path, as used in the semantics of CTL* and PCTL. Worse still, in
the case of probabilistic transition systems, adding standard fixpoints to the
corresponding one-step modal language (as considered in [12,1]) is not very
useful, as it does not appear to allow the specification of properties such as:
“the likelihood of some state property p holding eventually is greater than
some q ∈ [0, 1]”.

In what follows, we give a general account of the notion of computation
path, and of path-based temporal logics such as CTL* and PCTL. Following
[10,8], we model systems as coalgebras of a signature functor obtained as the
composition of a computational type T (called branching type in [8]) with a
transition type F , and require that T distributes over F in a suitable way.
As examples, we consider nondeterministic and probabilistic systems, with
the non-empty powerset functor P+ : Set → Set on the category of sets and
respectively the probability measure functor G1 : Meas → Meas on the category
of measurable spaces describing the computational types needed to recover the
usual notions of computation path for such systems. While the transition type
describes the type of individual transitions (typically linear) and determines
the notion of computation path, the computational type describes how the
transitions from particular states are structured (e.g. using sets, or probability
distributions). The distributivity of T over F then allows computation paths
from individual states to be similarly structured.

Our approach to defining infinite computation paths builds on earlier work
by Jacobs [10] where infinite trace maps were defined for coalgebras of type
P ◦ F , with P : Set → Set the powerset functor and F : Set → Set a polyno-
mial functor. We generalise this to arbitrary computational types T (subject
to some additional constraints), thereby obtaining notions of possibly infinite
trace and possibly infinite execution of a state in a T ◦ F -coalgebra, that are
parametric in T and F . We subsequently introduce path-based temporal (in-
cluding fixpoint) logics for coalgebras of endofunctors of type T ◦ F , whose
semantics is defined in terms of the possibly infinite executions from a partic-
ular state. By instantiating our approach, we recover known temporal logics
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and obtain new variants of known logics. Specifically, taking T to be the non-
empty powerset monad P+ and F = Id sheds new light on the logic CTL*
[3], which we recover as a fragment of a path-based fixpoint logic for P+ ◦ Id.
Varying F to A × Id with A a set of labels yields an interesting variant of
CTL* interpreted over labelled transition systems. On the other hand, taking
T = G1 and F = Id allows us to recover the logic PCTL [7] as an instance of
a generic temporal logic with Until operators.

The paper is structured as follows. The remainder of this section gives a
brief overview of the logics CTL* and PCTL, our main examples. Section 2
recalls some basic definitions and results required later and some details of
the generic theory of finite traces [8]. Section 3 defines infinite traces and
executions and studies their properties. Section 4 uses infinite executions
to define general path-based coalgebraic logics, including fixpoint logics and
temporal logics with Until operators. A summary of the results and an outline
of future work are given in Section 5.

Transition systems and the logic CTL*

The semantics of CTL* [5] is based on the notion of computation path.
Given a transition system with set of states S and accessibility relation
R ⊆ S × S, a computation path from a state s0 is an infinite sequence of
states s0s1 . . . such that siRsi+1 for i ∈ ω. The syntax of CTL* consists
of path formulas, formalising properties of computation paths and employing
operators such as X (in the next state along the path), F (at some future
state along the path), G (globally along the path) and U (until operator),
and state formulas, formalising properties of states and employing operators
(A and E) that quantify (universally, respectively existentially) over the com-
putation paths from a particular state. Every state formula is also a path
formula, with the latter requiring that the first state of a path satisfies the
given state formula. For example, the property “along every path, the system
will eventually reach a success state” is formalised as AF success, or equiva-
lently as A(ttU success), where success denotes an atomic proposition. The
assumption one typically makes of the transition system of interest is that
each state s has at least one outgoing transition. (For states where this is not
the case, self-loops are added to the original transition system.) This allows
one to focus only on the infinite computation paths.

Probabilistic transition systems and the logic PCTL

In the probabilistic transition system model, the state transitions are gov-
erned by a probability distribution on the target states – this assigns a proba-
bility value to each outgoing transition from a particular state, with the values
for transitions from the same state summing up to 1. The logic PCTL [7] for
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probabilistic transition systems is similar in spirit to CTL*: its syntax con-
sists of path and state formulas, with similar operators (X and U) for the
path formulas, and its semantics is based on the same notion of computation
path; the main difference is that, instead of stating that a path formula holds
in all/some of the paths from a particular state, the basic state formulas of
PCTL, of the form [ϕ]∼p with ϕ a path formula and ∼∈ {<,≤, >,≥}, refer to
the likelihood of ϕ holding along the paths from a particular state. For exam-
ple, [ttU success]≥1 states that the likelihood of eventually reaching a success
state is 1. To interpret state formulas, one computes probability measures
over the computation paths from each state of a given model.

The previous examples suggest that a general account of computation
paths (to be referred to as infinite executions in what follows) should first
define the shape of a potential infinite execution (in the above cases, any in-
finite sequence of states), and then provide a suitable structure on the actual
infinite executions from each state of a particular model (e.g. a set of compu-
tation paths, or a probability measure over computation paths). The former
should be sufficient to allow an interpretation of path formulas (of a generic
path-based logic still to be defined), whereas the latter should support an
interpretation of state formulas (of the same logic).
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2 Preliminaries

We recall that a measurable space is given by a pair (X,ΣX) with X a set
and ΣX a σ-algebra of (measurable) subsets of X, whereas a measurable map
between (X,ΣX) and (Y,ΣY ) is given by a function f : X → Y with the
property that f−1(V ) ∈ ΣX for each V ∈ ΣY . We write Meas for the category
of measurable spaces and measurable maps. A measurable space (X,ΣX)
is called discrete if ΣX = PX. A subprobability measure on a measurable
space (X,ΣX) is then a function µ : ΣX → [0, 1] such that µ(∅) = 0 and
µ(
⋃

i∈ωXi) =
∑

i µ(Xi) for countable families (Xi)i∈ω of pairwise disjoint
measurable subsets of X. Thus, µ(X) ≤ 1 for any subprobability measure
µ on (X,ΣX). If µ(X) = 1, then µ is called a probability measure. Given
a measurable space (X,ΣX) and x ∈ X, the Dirac probability measure δx is
defined by δx(U) = 1 iff x ∈ U and δx(U) = 0 otherwise.
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We write G : Meas → Meas for the subprobability measure functor [6],
sending a measurable space (X,ΣX) to the set M(X,ΣX) of subprobability
measures on (X,ΣX), equipped with the σ-algebra generated by the sets {µ |
µ(U) ≥ q} with U ∈ ΣX and q ∈ [0, 1]. A related functor, considered in [8], is
the subprobability distribution functor S : Set → Set, sending a set X to the
set of subprobability distributions over X, i.e. functions µ : X → [0, 1] with∑

x∈X µ(x) ≤ 1 2 .

Given a functor F : C → C, an F -coalgebra is given by a pair (X, γ) with
X a C-object and γ : X → FX a C-arrow. As previously mentioned, we
work in the setting of coalgebras of endofunctors obtained as the composition
of a computational type with a transition type. The computational type
is specified by a monad T on a category C, whereas the transition type is
captured by an endofunctor F on C. As in [8], a crucial assumption is the
existence of a distributive law λ : F ◦ T ⇒ T ◦ F of T over F . Such a
distributive law must be compatible with the monad structure, i.e. λ◦Fη = ηF
and λ ◦ Fµ = µF ◦ Tλ ◦ λT , where η : Id ⇒ T and µ : T 2 ⇒ T denote the unit
and multiplication of the monad T .

As examples of computational types, we consider (variants of):

• the powerset monad P : Set → Set, modelling nondeterministic computa-
tions, with unit given by singletons and multiplication given by unions,

• the subprobability measure monad G : Meas → Meas, modelling probabilis-
tic computations, with unit given by the Dirac measures and multiplication
given by integration (see [6] for details).

Both of the above monads are strong and commutative, i.e. they come equipped
with a strength map stX,Y : X × TY → T (X × Y ) as well as a double strength
map dstX,Y : TX × TY → T (X × Y ), for each choice of C-objects X, Y 3 :

• the powerset monad has strength given by stX,Y (x, V ) = {x}×V and double
strength given by dstX,Y (U, V ) = U ×V , for x ∈ X, U ∈ PX and V ∈ PY ,

• the subprobability measure monad has strength given by
st(X,ΣX),(Y,ΣY )(x, ν)(U, V ) = ν(V ) iff x ∈ U and st(X,ΣX),(Y,ΣY )(x, ν)(U, V ) =
0 otherwise, and double strength given by dst(X,ΣX),(Y,ΣY )(µ, ν)(U, V ) =
µ(U) · ν(V ), for x ∈ X, µ ∈ M(X,ΣX), ν ∈ M(Y,ΣY ), U ∈ ΣX , V ∈ ΣY .

It is shown in [8] that any commutative monad on Set has a canonical
distributive law over any shapely polynomial functor (i.e. a functor built from
identity and constant functors using finite products and arbitrary coprod-
ucts). This provides examples of distributive laws of the powerset monad over
shapely polynomial functors. Moreover, the construction of the canonical dis-

2 Thus, a subprobability distribution can take non-zero values on at most countably-many
elements of X.
3 Moreover, these are natural in X and Y .
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tributive law (by induction on the structure of the shapely functor) generalises
straightforwardly to any category with products and coproducts, thereby also
providing examples of distributive laws of the subprobability measure monad
over shapely polynomial functors on Meas.

As in [8], the Kleisli category of a monad (T, η, µ) on a category C will
play an important rôle when defining the notions of infinite trace and infinite
execution for systems whose computational type is given by T . This category,
denoted Kl(T ), has the same objects as C, and C-arrows f : X → TY as
arrows from X to Y . The composition of two Kl(T )-arrows f : X → Y and
g : Y → Z is given by the C-arrow µZ ◦ Tg ◦ f . We let K : Kl(T ) → C denote
the functor defined by:

• K(X) = TX,

• K(f) = µY ◦ Tf for f : X → Y in Kl(T ),

and write J : C → Kl(T ) for its left adjoint, defined by:

• J(X) = X,

• J(f) = Tf ◦ ηX = ηY ◦ f for f : X → Y in C.

Later we will make use of the following property of the functor J :

Lemma 2.1 If the functor T : C → C (weakly) preserves the limit (Z, (πi)i∈ω)
of an ω

op

-chain (fi)i∈ω, then so does J : C → Kl(T ).

Proof. Assume first that T weakly preserves the limit (Z, (πi : Z → Zi)i∈ω)
of (fi : Zi+1 → Zi)i∈ω. To show that (JZ, (Jπi : JZ → JZi)i∈ω) is a weakly
limiting cone for (Jfi : JZi+1 → JZi)i∈ω in Kl(T ), let (X, (δi : X → JZi)i∈ω)
denote an arbitrary cone for (Jfi)i∈ω in Kl(T ). Hence, in C, µZi

◦ TηZi
◦ Tfi ◦

δi+1 = δi, that is, Tfi ◦ δi+1 = δi for all i ∈ ω. This makes (δi)i∈ω a cone
over (Tfi)i∈ω in C, and the weak limiting property of (TZ, (Tπi)i∈ω) in C now
yields a mediating map m : X → TZ such that Tπi ◦ m = δi in C for all
i ∈ ω. This is equivalent to µZi

◦ TηZi
◦ Tπi ◦m = δi in C for i ∈ ω, that is,

Jπi ◦m = δi in Kl(T ) for i ∈ ω. The proof of the stronger statement, in the
case when T preserves the limit of (fi)i∈ω, is similar.

As mentioned above, we assume the existence of a distributive law λ of
the monad T over the endofunctor F . It is known (see e.g. [8]) that such
distributive laws λ : F ◦ T ⇒ T ◦ F are in one-to-one correspondence with
liftings of the functor F : C → C to Kl(T ). In particular, the lifting F :
Kl(T ) → Kl(T ) induced by a distributive law λ : F ◦ T ⇒ T ◦ F is defined by:

• FA = FA,

• Ff = λB ◦ Ff for f : A→ B in Kl(T ).

The following property of this lifting will be used later:
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Lemma 2.2 The lifting F satisfies F ◦ J = J ◦ F .

Proof. For f : X → Y in C, the C-arrows that define the Kleisli maps FJf
and JFf are λY ◦ FηY ◦ Ff and respectively ηFY ◦ Ff . By the compatibility
of the distributive law λ with the monad structure, these coincide.

In what follows we also assume that Kl(T ) is DCpo-enriched, that is, each
homset Kl(T )(X, Y ) is a partial order, with directed collections of maps (fi :
X → Y )i∈I admitting a join

⊔
i∈I fi : X → Y , and with composition of arrows

preserving directed joins: g ◦ (
⊔

i∈I fi) =
⊔

i∈I(g ◦ fi) and (
⊔

i∈I fi) ◦ h =⊔
i∈I(fi ◦ h). We note that the Kleisli categories of the monads P and G

are DCpo-enriched, with the order on Kl(P)(X, Y ) being defined pointwise
via the inclusion order on P(Y ), and the order on Kl(G)((X,ΣX), (Y,ΣY ))
being defined pointwise from the dcpo ≤Y on G(Y,ΣY ) given by µ ≤Y ν iff
µ(U) ≤ ν(U) for all U ∈ ΣY .

Finite traces and executions

In [8], the authors consider coalgebras (X, γ) of endofunctors of the form
T ◦F with the monad T : Set → Set and the endofunctor F : Set → Set being
related by a distributive law λ : F ◦ T ⇒ T ◦ F , and with the Kleisli category
of T being DCpo⊥-enriched ; that is, in addition to DCpo-enrichedness, the
orders on Kl(T )(X, Y ) are required to have a bottom element. In this setting,
the elements of the carrier IF of the initial F -algebra provide the potential
finite traces of states of T ◦ F -coalgebras, and a finite trace map ftrγ : X →
T (IF ) is defined via finality in Kl(T ). The crucial observation is that the
initial F -algebra in Set lifts to a final F -coalgebra in Kl(T ) (where, as before,
F : Kl(T ) → Kl(T ) is the lifting of F to Kl(T ) induced by λ). Thus, the finite
trace map arises as the unique coalgebra morphism from the F -coalgebra in
Kl(T ) induced by a T ◦ F -coalgebra in Set to the final F -coalgebra. The
resulting notion of trace of a state of a T ◦ F -coalgebra is referred to as fat
trace in [11], as it retains the structure specified by the transition type F and
therefore may involve branching.

A finite execution map for a T ◦ F -coalgebra (X, γ) is also defined in [11],
as the finite trace map obtained by regarding (X, γ) as a T ◦ F ◦ (X × Id)-
coalgebra. Here we propose a variant of this notion obtained by replacing the
functor F ◦ (X × Id) with the functor X × F . The reason for this variation is
that we expect finite executions starting in a state of a coalgebra to incorporate
the state itself.

Definition 2.3 Let T : C → C be a strong monad, F : C → C be an end-
ofunctor, and λ : F ◦ T ⇒ T ◦ F be a distributive law of T over F . Also,
for a T ◦ F -coalgebra (X, γ), let (IX , ιX) denote an initial (X × F )-algebra,
and let λX : (X × F ) ◦ T ⇒ T ◦ (X × F ) denote the natural transfor-
mation given by (λX)Y = stX,FY ◦ (idX × λY ). The finite execution map
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fexecγ : X → TIX is the C-map underlying the unique X × F -coalgebra mor-
phism from (X, stX,FX ◦ 〈idX , γ〉) to the final X × F -coalgebra.

Modal logics for coalgebras

Our path-based coalgebraic temporal logics will be based on the notion of
predicate lifting, as introduced by Pattinson [13]. However, the semantics of
these logics will differ somewhat from the standard semantics of coalgebraic
modal logics induced by predicate liftings, as defined e.g. in loc. cit. Also, the
notion of predicate lifting used here is more general than the original one of
[13], and applies to endofunctors on both Set and Meas.

We begin by fixing a category C with forgetful functor U : C → Set, and
a contravariant functor P : C → Set

op

such that P is a subfunctor of P̂ ◦ U ,
with P̂ : Set → Set

op

the contravariant powerset functor. Thus, for each state
space X, PX specifies a set of admissible predicates. As instances of P we
will consider the contravariant powerset functor P̂ : Set → Set

op

(in the case
of coalgebras of endofunctors on Set), and the functor taking a measurable
space to the carrier of its underlying σ-algebra (in the case of coalgebras of
endofunctors on Meas).

Now given an endofunctor F : C → C and n ∈ ω, an n-ary predicate lifting
for F is a natural transformation λ : P n ⇒ P ◦ F . For ease of notation, we
assume all predicate liftings to be unary, however, all our results generalise
straightforwardly to predicate liftings with arbitrary finite arities. We briefly
recall the syntax and semantics of coalgebraic modal logics induced by predi-
cate liftings. Given a set Λ of predicate liftings for F , the modal language LΛ

has formulas given by:

LΛ ∋ ϕ ::= tt | ¬ϕ | ϕ ∧ ϕ | [λ]ϕ (λ ∈ Λ)

A coalgebraic semantics for this language is obtained by defining JϕKγ ⊆ PC

for each F -coalgebra (C, γ), by structural induction on ϕ ∈ LΛ. The inter-
esting case is J[λ]ϕKγ = (Pγ)(λC(JϕKγ)) for ϕ ∈ LΛ and λ ∈ Λ. In Section 4,
we will see a novel use of modalities arising from predicate liftings, namely
to interpret state formulas in path-based temporal logics. There, we will typ-
ically require our predicate liftings to be monotone, in that A ⊆ B implies
λX(A) ⊆ λX(B) for all X and all A,B ∈ PX.

3 Possibly Infinite Traces and Executions

Our aim is to define a notion of possibly infinite execution of a state in a
coalgebra, to be used in the semantics of path-based coalgebraic temporal
logics. Some initial steps in this direction were made in [10], where a notion
of infinite trace was defined for coalgebras of type P ◦ F , with F : Set → Set
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a polynomial functor equipped with a distributive law λ : F ◦ P ⇒ P ◦
F . Specifically, it was observed in loc. cit. that the final F -coalgebra in
Set (whose elements represent potential infinite traces) gives rise to a weakly
final F -coalgebra in Kl(P). Then, for a P ◦ F -coalgebra, an infinite trace
map was obtained using weak finality, by regarding this coalgebra as an F -
coalgebra in Kl(P). The order-enrichedness of Kl(P) guaranteed the existence
of a canonical choice for the infinite trace map.

Here we propose a notion of infinite trace that applies to coalgebraic signa-
tures of the form T ◦F , with T a monad and F an endofunctor on a category C,
related through a distributive law of T over F and subject to some additional
constraints. Throughout this section, C denotes a category with countable
limits, F : C → C is an endofunctor, T : C → C is a strong monad whose
Kleisli category is DCpo-enriched, and λ : F ◦T ⇒ T ◦F is a distributive law
of T over F .

3.1 Possibly infinite traces

As in [10], the final F -coalgebra provides the potential infinite traces of ele-
ments of T ◦ F -coalgebras. We work under the assumption that F preserves
the limit of the following ω

op

-chain

1 F1
!oo F 21

F !oo . . .F 2!oo

with 1 a final object in C and ! : F1 → 1 the unique such map 4 . Assuming
the above, the carrier of the final F -coalgebra is obtained as the limit in C

of the above ω
op

-chain. We let (Z, ζ : Z → FZ) denote a final F -coalgebra,
and write πi : Z → F i1 with i ∈ ω for the corresponding projections. We
begin by showing that, under some additional constraints on the monad T , a
T ◦ F -coalgebra γ : X → TFX induces a cone over the ω

op

-chain:

T1 TF1
T !oo TF 21

TF !oo . . .TF 2!oo

We define an ω-indexed family of maps (γi : X → TF i1)i∈ω by:

• γ0 = η1◦!X : X → T1, where !X : X → 1 is the unique such map,

• γi+1 = µF i+11 ◦ TλF i1 ◦ TFγi ◦ γ : X → TF i+11 for i ∈ ω.

That is, the maps γi arise by unfolding the coalgebra structure i times, and
using the distributive law λ of T over F and the monad multiplication to
discard inner occurrences of T from the codomain of the maps γi. As the
elements of F i1 define finite approximations of potential infinite traces, the
maps γi can be regarded as providing finite approximations of the infinite

4 This assumption is weaker than requiring F to preserve the limits of all ω
op

-chains, a
condition that will not hold for certain instances of F considered later in the paper.
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trace map for the T ◦ F -coalgebra γ. It is also worth noting that one can
alternatively define the γis as maps in Kl(T ):

• γ0 = J !X ,

• γi+1 = Fγi ◦ γ for i ∈ ω.

Lemma 3.1 Let !TF1 : TF1 → 1 be the only such map. If η1◦!TF1 = T !, then
the above γis define a cone over the ω

op

-chain (JF i!)i∈ω in Kl(T ).

Proof. The hypothesis ensures that γ0 = J ! ◦ γ1. Now assuming γi = JF i! ◦
γi+1, we immediately obtain Fγi = FJF i! ◦ Fγi+1 = JF i+1! ◦ Fγi+1, where
the last equality follows by Lemma 2.2. Precomposition with γ finally gives
γi+1 = JF i+1! ◦ γi+2.

We immediately observe that the hypothesis of the above result is not
satisfied by either of the two monads identified earlier:

• for T = P , (η1◦!TF1)(∅) = 1 6= ∅ = (P !)(∅);

• for T = G, (η1◦!TF1)(ν0) = µ1 6= µ0 = (G!)(ν0), where ν0 is the subproba-
bility measure on F (1,P1) 5 which assigns the value 0 to each measurable
set, whereas µ0 and µ1 are the subprobability measures on (1,P1) given by
µ0(1) = 0 and respectively µ1(1) = 1.

To remedy the situation, we will work with submonads of these two monads
for which the hypothesis of Lemma 3.1 is true. To this end, we first note that
if the monad T is such that η1 : 1 → T1 is an isomorphism, then the equality
required by Lemma 3.1 is obtained immediately by finality. Strong monads
with the above property are called affine, see e.g. [9] for an overview. Moreover,
[9] shows how to construct, for any strong monad T , its affine submonad Ta,
which is itself commutative whenever T is. This construction yields:

• the non-empty powerset monad P+ : Set → Set as the affine part of P ,

• the probability measure monad G1 : Meas → Meas (with G1(X,ΣX) con-
taining only the probability measures on (X,ΣX)) as the affine part of G.

Thus, for T = P+ and T = G1, Lemma 3.1 applies. We also note that the
canonical distributive laws of the original monads (P , respectively G) restrict
to distributive laws of their affine submonads, and that the Kleisli categories
of the affine submonads inherit an order-enriched structure from the Kleisli
categories of the original monads. For the latter statement, one must verify
that joins (taken in Kl(T )(X, Y )) of directed sets in Kl(Ta)(X, Y ) are them-
selves elements of Kl(Ta)(X, Y ) and are preserved by arrow composition; this
is straightforward in both cases. In fact, for T = G1, the inherited order on
Kl(G1)(X, Y ) is the equality. The former statement follows from a general re-
sult stating that any distributive law of a strong monad T over an endofunctor

5 Note that (1,P1) is a final object in Meas.
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F restricts to a distributive law of Ta over F .

Proposition 3.2 Let λ : F ◦ T ⇒ T ◦ F be a distributive law of T over F .
Then, λ restricts to a distributive law λ : F ◦ Ta ⇒ Ta ◦ F .

Proof. As shown in [9], the action of the monad Ta on a C-object X is given
by the following pullback diagram:

TaX
ιX //__

!TaX
��
�

�

TX
T !X
��

1
η1 //T1

Thus, using that !F1 ◦ F !X =!FX (by finality of 1), the pullback diagram
defining TaFX can be written as

TaFX
ιFX //__

��
�

�

�

�

�

TFX
TF !X
��

TF1
T !F1
��

1
η1 //T1

Next, note that the maps λX◦FιX : FTaX → TFX and !F1◦F !TaX : FTaX →
1 define a cone over the diagram given by T !F1 ◦ TF !X and η1:

T !F1 ◦ TF !X ◦ λX ◦ FιX = (naturality of λ)

T !F1 ◦ λ1 ◦ FT !X ◦ FιX = (definition of TaX)

T !F1 ◦ λ1 ◦ Fη1 ◦ F !TaX = (compatibility of λ with monad structure)

T !F1 ◦ ηF1 ◦ F !TaX = (naturality of η)

η1◦!F1 ◦ F !TaX

The definition of TaFX now yields a map (λa)X : FTaX → TaFX. The natu-
rality of the resulting maps and their compatibility with the monad structure
follow easily by diagram chasing.

For our two examples (T = P+ and T = G1), assuming that F is a shapely
polynomial functor, one can simply work with the canonical distributive laws.
An easy induction proof (not given here) shows that these coincide with the
distributive laws given by the previous result. However, Proposition 3.2 shows
how to obtain a distributive law of the affine submonad over an arbitrary
endofunctor.

To motivate our definition of the infinite trace map of a T ◦ F -coalgebra
(X, γ), let us examine the case T = P+. Since the map γi takes a state of the
coalgebra to a set of i-depth approximations of its possibly infinite traces, it
seems natural to define the infinite trace map as a function trγ : X → P+Z
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sending a state s of the coalgebra to the set of possibly infinite traces whose
i-depth approximation belongs to γi(s). Such a trace map can be defined
by exploiting the weak preservation of limits of ω

op

-chains by J (which, in
turn, follows from the weak preservation of such limits by P+). However, this
property only guarantees the existence of a mediating map trγ : X → JZ

in Kl(T ). As shown in [10] for the case T = P , a canonical choice for the
infinite trace map is provided by the largest mediating map. Its existence is
here guaranteed by the DCpo-structure of Kl(P+)(X,Z), together with the
observation that in this particular case the mediating maps form a directed
set. This justifies the following general definition of the infinite trace map.

Definition 3.3 Assume that the monad T is affine and that the functor
J weakly preserves the limit (Z, (πi)i∈ω) of the ω

op

-chain (F i!)i∈ω. For a
T ◦ F -coalgebra (X, γ), let (X, (γi : X → JF i1)i∈ω) be the induced cone
over (JF i!)i∈ω, and assume further that the corresponding mediating maps
form a directed set. The possibly infinite trace map is the largest 6 mediating
map trγ : X → JZ arising from the weak limiting property of (JZ, (Jπi)i∈ω)
(regarded as a map in C).

In particular, Definition 3.3 can be applied to the non-empty power-
set monad P+ : Set → Set, as well as to the probability measure monad
G1 : Meas → Meas. The resulting notions of infinite trace are discussed in
Sections 3.3 and 3.4. We also note that the affine submonad of the lift monad
1 + Id on Set (as considered in [8]) is the identity monad, to which Defini-
tion 3.3 applies trivially. A treatment of monads that are not affine is outside
the scope of this paper.

We conclude this section by proving some properties of the infinite trace
map, similar to the defining properties of the infinite trace map in [10].

Proposition 3.4 Under the assumptions of Definition 3.3, the trace map
trγ : X → JZ defines an op-lax F -coalgebra morphism from (X, γ) to
(JZ, Jζ), that is, Ftrγ ◦ γ ⊑ Jζ ◦ trγ. Under the additional assumptions that
(JZ, (Jπi)i∈ω) is a limit of (JF i!)i∈ω, trγ defines an F -coalgebra morphism,
that is, Ftrγ ◦ γ = Jζ ◦ trγ.

Proof. We begin by noting that the final F -coalgebra ζ : Z → FZ satisfies
Fπi ◦ ζ = πi+1 for all i ∈ ω, and hence, in Kl(T ) we have JFπi ◦ Jζ =
Jπi+1 for all i ∈ ω. Now recall that (JFZ, (JFπi)i∈ω) is a weak limit of
(JF i+1!)i∈ω. Moreover, since Jζ is an isomorphism in Kl(T ) (and hence admits
an inverse), and since arrow composition in Kl(T ) preserves directed joins, it
follows that the map Jζ ◦ trγ : X → JFZ is the largest mediating map for
the cone (X, (γi+1)i∈ω) over the ω

op

-chain (JF i+1!)i∈ω. On the other hand,
we have: JFπi ◦ Ftrγ ◦ γ = FJπi ◦ Ftrγ ◦ γ = Fγi ◦ γ = γi+1. Hence, since

6 w.r.t. the order on Kl(T )(X,Z)
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Jζ ◦ trγ : X → JFZ is the largest mediating map for (X, (γi+1)i∈ω), we obtain
Ftrγ ◦ γ ⊑ Jζ ◦ trγ. That is, trγ defines an op-lax F -coalgebra morphism
from (X, γ) to (JZ, Jζ). Under the stronger assumption that (JZ, (Jπi)i∈ω)
is a limit of (JF i!)i∈ω, uniqueness of a mediating arrow induced by the cone
(X, (γi+1)i∈ω) over (JFπi)i∈ω yields Ftrγ ◦ γ = Jζ ◦ trγ, that is, trγ defines an
F -coalgebra morphism.

In the case of the non-empty powerset monad, the above result only implies
that the infinite trace map is an op-lax coalgebra morphism. This is weaker
than the defining property of the infinite trace map in [10], which asks for a
proper coalgebra morphism. The study of sufficient conditions for the infinite
trace map to define a proper coalgebra morphism for an arbitrary (affine)
monad T remains an open question, but we conjecture that the local continuity
of the functor F 7 will be at least a necessary condition.

On the other hand, we will see later that the additional assumption of
Proposition 3.4 which ensures that the trace map is a coalgebra morphism
holds for the probability measure functor G1 on Meas, when taking certain
shapely polynomial functors on Meas as instances of F .

3.2 Possibly infinite executions

To obtain a notion of possibly infinite execution of a state in a T ◦F -coalgebra,
we use the approach in the previous section with a different choice of functor
F . Similarly to Definition 2.3, given a T ◦F -coalgebra (X, γ), we consider the
endofunctor FX : C → C given by FX(Y ) = X × FY and the distributive law
λX : FX ◦ T ⇒ T ◦ FX given by (λX)Y = stX,FY ◦ (idX × λY ). We call an
element of the carrier of the final FX-coalgebra (ZX , ζX) a potential infinite
execution, or computation path.

Definition 3.5 Assume that T is affine and that J weakly preserves the
limit (ZX , (πi)i∈ω) of the ω

op

-chain (FX
i!)i∈ω. For a T ◦ F -coalgebra (X, γ),

let (X, (γi : X → JFX
i1)i∈ω) be the cone over (JFX

i!)i∈ω induced by the
T ◦ FX-coalgebra (X, stX,FX ◦ 〈idX , γ〉), and assume that the correspond-
ing mediating maps form a directed set. The possibly infinite execution map
execγ : X → JZX of (X, γ) is the possibly infinite trace map of the T ◦ FX-
coalgebra (X, stX,FX ◦ 〈idX , γ〉).

3.3 (Labelled) transition systems

These are modelled as P+◦F -coalgebras, with F = Id (respectively F = A×Id

for a fixed set A of labels). Our use of the non-empty powerset monad agrees

7 A functor F : C → D between DCpo-enriched categories is locally continuous if it pre-
serves suprema of directed joins in C(X,Y ) for each X,Y . In enriched categorical terms, F
is a DCpo-enriched functor.
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with the standard constraint put on transition systems when defining compu-
tation paths. The next result ensures that the hypotheses of Definitions 3.3
and 3.5 are satisfied.

Lemma 3.6 The (non-empty) powerset functor weakly preserves limits of
ω

op

-chains; hence, by Lemma 2.1, so does J . Moreover, the resulting me-
diating maps, regarded as arrows in Kl(P) (resp. Kl(P+)) form a directed set.

Proof. Let (Z, (πi)i∈ω) denote the limit of an ω
op

-chain (fi : Zi+1 → Zi)i∈ω.
For a cone (γi : X → PZi)i∈ω over (Pfi : PZi+1 → PZi)i∈ω, the map m :
X → PZ given by m(x) = {z ∈ Z | πi(z) ∈ γi(x) for i ∈ ω} for x ∈ X is
a mediating map. (If X = ∅, the existence of a mediating map is trivial.)
The same applies when replacing P by P+. This time, one also has to show
that the set defining m(x) is non-empty. Using the axiom of choice one can
construct, for each x ∈ X, a sequence (zi)i∈ω with zi ∈ γi(x) and fi(zi+1) = zi
for i ∈ ω; this, in turn, yields z ∈ Z with πi(z) ∈ γi(x) for i ∈ ω.

For the second statement, note that the mediating map m defined previ-
ously is above any other mediating map (under the inclusion order), and thus
the set of mediating maps is directed.

Remark 3.7 To see that neither P nor P+ preserve limits of ω
op

-chains,
consider the final sequence (fi : Zi+1 → Zi)i∈ω of the endofunctor 1 + A× Id,
with Zi =

⋃
0≤j≤iA

i, and with limit object Z = A∗ ∪ Aω. Now define a cone
(γi : 1 → PZi)i∈ω by letting γi(∗) consist only of the i-long sequence of a’s, for
some fixed a ∈ A. Then, both m(∗) = {a}∗ and m′(∗) = {a}∗ ∪ {a}ω define
mediating maps. (A similar example is discussed in [8, Section 4.2].)

As a result of Lemma 3.6, Definition 3.5 yields, for each state in a transition
system, a set of infinite executions. As expected, this coincides with the
set of computation paths from that state, as considered in the semantics of
CTL*. For F = A × Id, the infinite execution map gives, for each state
s, the set of labelled computation paths from s, as infinite sequences of the
form s = s0a1s1a2s2 . . . with si

ai // si+1 for i ∈ ω, whereas the infinite trace
map yields the sequences of labels that occur along such labelled computation
paths.

One can also vary the functor F in order to model explicit termination.
This is achieved by taking F = 1 + Id or F = 1 + A × Id, as in [8]. In these
cases, the resulting possibly infinite trace (execution) maps capture both finite
and infinite traces (respectively computation paths).

3.4 Probabilistic models

A large variety of discrete probabilistic models have been studied, see e.g. [17]
for a coalgebraic account of such models. Among these, probabilistic transition
systems (also called Markov chains) appear as coalgebras of the endofunctor
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D = D ◦ Id and are used to interpret the logic PCTL [7], while generative
probabilistic systems coincide with D◦(A×Id)-coalgebras. Here, D : Set → Set

denotes the probability distribution monad, a submonad of the subprobability
distribution monad defined on objects by DX = {µ ∈ SX |

∑
x∈X µ(x) = 1}.

Unfortunately, although affine, the monad D does not satisfy the require-
ment of Definition 3.3 concerning the weak preservation of limits by the in-
duced functor J . To see this, let F : Set → Set be given by FX = {a, b}×X,
and µi ∈ DF i1 be given by µi(x) =

1
2i
for x ∈ {a, b}i, with i ∈ ω. Thus, each µi

defines a finite probability distribution over F i1, and we have (Di!)(µi+1) = µi

for i ∈ ω. However, there is no probability distribution µ on the final F -
coalgebra (whose carrier, {a, b}ω, is uncountable) such that (Dπi)(µ) = µi

for i ∈ ω – any such µ could only take non-zero values on countably-many
elements of Z. Indeed, a state of a D ◦ F -coalgebra will in general have un-
countably many infinite traces, and the emphasis when defining an infinite
trace map should be on measuring sets of traces rather than individual traces.

A satisfactory treatment of infinite traces for discrete probabilistic models
turns out to be possible by regarding such models as coalgebras of the prob-
ability measure monad G1. For technical reasons that will soon become clear,
we will work in a subcategory of Meas, namely the full subcategory SB of
Meas whose objects are standard Borel spaces (spaces whose measurable sets
arise as the Borel sets induced by a complete, separable metric, see e.g. [4]).
A notable property of this category is that it is closed under countable co-
products and countable limits in Meas (see e.g. [16, Fact 1]). We also note
that a discrete measurable space (X,PX) is standard Borel if and only if X
is countable. As a result, we will only be able to define notions of infinite
trace and infinite execution for D ◦ F -coalgebras with countable carrier. We
will do so by lifting the functor F to a functor F̂ : SB → SB, and regarding a
D ◦ F -coalgebra on Set as a G1 ◦ F̂ -coalgebra on SB.

We now proceed to define a restricted version of shapely polynomial func-
tors on Meas. The restriction is driven by the need to work in the subcategory
SB of Meas. Specifically, we call an endofunctor on Meas a restricted shapely
polynomial functor if it is built from identity and constant functors C(X,ΣX)

with (X,ΣX) a standard Borel space, using finite products and countable co-
products. Then, given a restricted shapely polynomial functor F on Set, that
is, a functor built from identity and countable constant functors using finite
products and countable coproducts, we write F̂ : Meas → Meas for its coun-
terpart on measurable spaces, defined by structural induction on F :

• Îd is the identity functor on Meas,

• ĈX is the constant functor C(X,PX), for each countable set X,

• F̂1 × F2 = F̂1 × F̂1,
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•
∐̂

i∈ω Fi =
∐

i∈ω F̂i.

Lemma 3.8 If F : Set → Set is a restricted shapely polynomial functor, then
so is F̂ : Meas → Meas. Moreover, F̂ preserves (discrete) SB-spaces.

Proof. The first statement is immediate. Preservation of SB-spaces by F̂

follows from results in [16], whereas preservation of discrete spaces follows by
induction on the structure of F :

• For F = CX with X countable, F̂ (Y,PY ) = (X,PX) = (FX,PFX) for all
Y .

• For F = Id, Îd(X,PX) = (X,PX) = (FX,PFX) for all X.

• For F = F1 ×F2, F̂ (X,PX) = F̂1(X,PX)× F̂2(X,PX) = (F1X,PF1X)×
(F2X,PF2X) = (F1X × F2X,P(F1X × F2X)), where the last equality fol-
lows from finite products of discrete SB-spaces being themselves discrete
SB-spaces.

• The case F =
∐

i∈ω Fi is treated similarly.

As a result, we immediately obtain

Proposition 3.9 A D ◦ F -coalgebra (X, γ) with countable carrier yields a

G1 ◦ F̂ -coalgebra ((X,PX), γ̂), such that the cone (γi)i∈ω in Kl(D):

X
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��
γ1 ##F

F

F

F

F

F

F
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))T

T

T

T

T

T

T

T

T

T

T

T

T

T

J1 JF1J !
oo JF 21JF !

oo . . .
JF 2!
oo

with the γis being as in Section 3.1, defines a cone in Kl(G1):

(X,PX)

γ0
��

γ1 ''O

O

O

O

O

O

O

O

O

γ2
++X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

J ′(1,P1) J ′F̂ (1,P1)
J ′!

oo J ′F̂ 2(1,P1)
J ′F̂ !
oo . . .

J ′F̂ 2!
oo

where J : Set → Kl(D) and J ′ : Meas → Kl(G1) are as in Section 2.

The coalgebra map γ̂ : (X,PX) → G1F̂ (X,PX) = G1(FX,PFX) yields,
for each state x ∈ X, the probability measure on (FX,PFX) induced by the
probability distribution γ(x) on FX. Since (1,P1) is final in Meas, the latter

of the above cones is over the image under J ′ of the final sequence of F̂ . As
a result, we can use the existence of trace maps of G1 ◦ F̂ -coalgebras to define
trace maps for D ◦ F -coalgebras.

The next lemma ensures that F̂ and F̂X preserve the limit of the initial
ω

op

-segment of their respective final sequences, as required by Definitions 3.3
and 3.5.
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Lemma 3.10 ([16]) Restricted shapely polynomial functors on Meas preserve
surjective SB-morphisms and limits of ω

op

-chains of surjective SB-morphisms.

Proof. It was proved in [16, Proposition 3] that the class of endofunctors
on Meas that preserve surjective SB-morphisms and limits of ω

op

-chains of
surjective SB-morphisms is closed under countable coproducts and countable
limits. The conclusion then follows after noting that the identity functor and
constant functors C(X,ΣX) with (X,ΣX) a standard Borel space belong to this
class.

The required property of F̂ now follows, since ! : F̂ (1,P1) → (1,P1) is
a surjective SB-morphism (assuming that F is non-trivial, i.e. F1 6= ∅). As
a result, for every restricted shapely polynomial functor F on Set, the final
sequence of F̂ belongs to SB, stabilises at ω, and its limit is the carrier of a
final F̂ -coalgebra, itself in SB. Moreover, if X is a countable set, the above
also applies to the functor FX : Set → Set defined by FXY = X × FY .
The restriction to countable carriers is necessary to ensure applicability of
Definition 3.5. This is the reason for working with the category SB.

Recall from Section 2 that commutative monads on any category with
products and coproducts admit canonical distributive laws over shapely poly-
nomial functors. This applies in particular to the monad G1 and any restricted
shapely polynomial functor on Meas. Then, to be able to apply Definition 3.1
to the functors F̂ and F̂X , with F : Set → Set a restricted shapely polynomial
functor and X a countable set, all that remains to verify is that the functor
G1 weakly preserves the limits of the final sequences of F̂ and F̂X . In fact, a
stronger result holds:

Lemma 3.11 ([16]) The functor G1 : Meas → Meas preserves limits of ω
op

-
chains of surjective SB-morphisms.

We note that the result in [16] refers to the subprobability measure functor
G, but a similar proof can be given for the probability measure functor.

As a consequence, we obtain probabilistic trace and execution maps for
D ◦ F -coalgebras with countable carrier, with F : Set → Set as above.

Definition 3.12 Let F : Set → Set be a restricted shapely polynomial
functor, let (X, γ) be a D ◦ F -coalgebra with countable carrier, and let

(γi : (X,PX) → J ′F̂ i(1,P1))i∈ω denote the cone over (J ′F̂ i!)i∈ω induced

by the G1 ◦ F̂ -coalgebra γ̂ : (X,PX) → G1F̂ (X,PX). The probabilistic trace
map trγ : X → JZ is defined as the underlying function of the unique mea-
surable map arising from the limiting property of J ′(Z,ΣZ), where (Z,ΣZ) is

the carrier of a final F̂ -coalgebra.

Since limits in Meas are constructed from the underlying limits in Set (see

e.g. [15]), the state space Z of the final F̂ -coalgebra is the carrier of a final
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F -coalgebra, and thus the probabilistic trace map yields, as expected, for each
state of a D ◦ F -coalgebra, a probability measure over (Z,ΣZ).

Returning to the example of Markov chains (F = Id), the resulting notion
of probabilistic execution gives, for each state in a Markov chain, a probability
measure over its computation paths. Similarly, in the case of generative prob-
abilistic systems (F = A× Id), the notion of probabilistic execution gives, for
each state, a probability measure over its labelled computation paths. Finally,
explicit termination can be modelled by taking F = 1+ Id or F = 1+A× Id, as
in [8], and the resulting notions of possibly infinite execution also incorporate
finite (labelled) computation paths.

4 Path-Based Coalgebraic Temporal Logics

We now introduce CTL*-like coalgebraic temporal logics whose semantics is
defined in terms of possibly infinite executions. Throughout this section, we
fix a monad T : C → C, a functor F : C → C, and a T ◦ F -coalgebra
(X, γ) together with a map execγ : X → TZX obtained using the approach
in Section 3, where (ZX , ζX) is a final FX-coalgebra. We note in passing that
the temporal languages defined in this section can also be interpreted by using
the finite execution map fexecγ : X → TIX with (IX , ιX) an initial (X × F )-
algebra, as given by Definition 2.3, instead of the infinite execution map – the
forthcoming definitions do not rely on the finality of (ZX , ζX). However, this is
only useful when F0 6= 0, with 0 an initial object in C, as otherwise the initial
FX-algebra has empty carrier. In particular, modelling explicit termination
via functors such as F = 1 + Id or F = 1 + A × Id yields non-trivial finite
execution maps to which the definitions in this section can be applied.

The temporal logics that we define are parameterised by sets ΛF and Λ
of monotone predicate liftings for the functors F and respectively T . The
category C will be instantiated to Set and Meas.

We recall that the definition of predicate liftings requires functors U : C →
Set and P : C → Set

op

such that P is a subfunctor of P̂ ◦ U . In addition,
defining the semantics of path-based temporal logics will at least require that
PX is closed under countable (including finite) unions and intersections, for
each C-object X.

4.1 Path-based fixpoint logics

We first consider the case when PX is a complete lattice for each X. Under
this assumption, which holds e.g. when C = Set and P = P̂ , we are able to
define path-based coalgebraic fixpoint logics. These logics are two-sorted, with
path formulas denoted by ϕF , ψF , . . . expressing properties of possibly infinite
executions, and state formulas denoted by ϕ, ψ, . . . expressing properties of
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states of T ◦ F -coalgebras.

The language µL ::= µLΛF

Λ (VF ,V) over a 2-sorted set (VF ,V) of proposi-
tional variables (with sorts for paths and respectively states) is defined by the
grammar

µLF ∋ ϕF ::= tt | ff | pF | ϕ | ϕF ∧ ϕF | ϕF ∨ ϕF | [λF ]ϕ
F | ηpF .ϕF

µL ∋ ϕ ::= tt | ff | p | [λ]ϕF | ϕ ∧ ϕ | ϕ ∨ ϕ

where pF ∈ VF , p ∈ V , η ∈ {µ, ν}, λF ∈ ΛF and λ ∈ Λ. Thus, path formulas
are constructed from propositional variables and state formulas using positive
boolean operators, modal operators [λF ] and fixpoint operators, whereas state
formulas are constructed from atomic propositions and modal formulas [λ]ϕF

with ϕF a path formula, using positive boolean operators. The modal oper-
ators [λF ] and [λ] with λF ∈ ΛF and λ ∈ Λ are thus both applied to path
formulas, to obtain new path formulas and respectively state formulas. They
are, however, of very different natures: while the operators [λF ] quantify over
the one-step behaviour of computation paths, the operators [λ] quantify over
the (suitably structured) long-term computation paths from particular states.
This is made precise in the formal semantics of µLΛF

Λ (VF ,V), as defined below.

Given a T ◦ F -coalgebra (X, γ) and a 2-sorted valuation V : (VF ,V) →
(PZX , PX) (interpreting path and state variables as sets of computation paths
and respectively of states), the semantics LϕF Mγ,V ∈ PZX of path formulas

ϕF ∈ µLF and JϕKγ,V ∈ PX of state formulas ϕ ∈ µL is defined inductively

on the structure of ϕF and ϕ by:

LpF Mγ,V = V (pF )

LϕMγ,V = P (π1 ◦ ζX)(JϕKγ,V )

L[λF ]ϕ
F Mγ,V = (P (π2 ◦ ζX) ◦ (λF )ZX

)(LϕF Mγ,V )

LµpF .ϕF Mγ,V = lfp((ϕF )γ,V
pF

)

LνpF .ϕF Mγ,V = gfp((ϕF )γ,V
pF

)

JpKγ,V = V (p)

J[λ]ϕF Kγ,V = (P execγ ◦ λZX
)(LϕF Mγ,V )

and the usual clauses for the boolean operators, where, for pF ∈ VF , (ϕ
F )γ,V

pF
:

PX → PX denotes the monotone map defined by (ϕF )γ,V
pF

(Y ) = LϕF Mγ,V ′ with

V ′(pF ) = Y and V ′(q) = V (q) for q 6= pF , whereas lfp( ) and gfp( ) construct
least and respectively greatest fixpoints. We note that the monotonicity of
the predicate liftings in ΛF and Λ together with the absence of negation in
either path or state formulas ensure that the maps (ϕF )γ,V

pF
: PX → PX are

monotone, and hence, by the Knaster-Tarski theorem, admit least and greatest
fixpoints. Let us now examine the definition of the semantics of µLΛF

Λ (VF ,V)
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in more detail:

• To define LϕMγ,V ∈ PZX from JϕKγ,V ∈ PX, one uses the inverse image of
the map π1 ◦ ζX which extracts the first state of a computation path in ZX :

ZX
ζX //X × FZX

π1 //X

This formalises the idea that a state formula ϕ (regarded as a path formula)
holds in a path precisely when it holds in the first state of that path.

• To define L[λF ]ϕ
F Mγ,V ∈ PZX from LϕF Mγ,V ∈ PZX , one first applies the

relevant component of the predicate lifting λF to obtain a set of one-step
F -observations of computation paths, and then uses the inverse image of
the map π2 ◦ ζX

ZX
ζX //X × FZX

π2 //FZX

(which extracts the one-step F -observation of a computation path in ZX) to
obtain a set of computation paths again. This is the standard interpretation
of the modal operator [λF ] in the F -coalgebra π2 ◦ ζX .

• Finally, to define J[λ]ϕF Kγ,V ∈ PX from LϕF Mγ,V ∈ PZX , one first ap-
plies the relevant component of the predicate lifting λ to obtain a set of
suitably-structured computation paths, and then uses the inverse image of
the execution map to obtain a set of states:

PZX

(λ)ZX //PTZX
P execγ

//PX

Example 4.1 We are now able to recover the negation-free fragment of the
logic CTL* 8 as a fragment of the path-based fixpoint logic obtained by taking
T = P+, F = Id, Λ = {2,3} and ΛF = {◦}, where the predicate liftings
λ2, λ3 : P̂ ⇒ P̂ ◦ P+ and λ◦ : P̂ ⇒ P̂ ◦ Id associated to these modalities are
given by:

(λ2)X(Y ) = {Z ∈ P+X | Z ⊆ Y },

(λ3)X(Y ) = {Z ∈ P+X | Z ∩ Y 6= ∅},

(λ◦)X(Y ) = Y.

The choice of λ2 and λ3 as predicate liftings for P+ captures precisely the
path quantifiers A and E of CTL*, whereas the ◦modality captures the X
operator on paths. The remaining path operators of CTL* (F, G and U) can
be encoded as fixpoint formulas. For example, the CTL* path formula ϕUψ

can be encoded as µX.(ψ ∨ (ϕ ∧ ◦X)).

8 The entire language can also be obtained, using an approach similar to that of Section 4.2.
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Moreover, by varying the functor F to A × Id, we obtain an interesting
variant of CTL* interpreted over labelled transition systems. For this, we
take ΛF = {a | a ∈ A}∪{◦}, where the predicate liftings λa : 1 ⇒ P̂ ◦ (A× Id)
with a ∈ A and λ◦ : P̂ ⇒ P̂ ◦ (A× Id) are given by:

(λa)X(∗) = {a} ×X,

(λ◦)X(Y ) = A× Y.

The resulting temporal language can easily express the property “a occurs
along every computation path”, namely as 2µX.(a∨◦X). The reader should
compare this to the formulation of the same property in the language ob-
tained by adding fixpoints to the negation-free variant of Hennessy-Milner
logic, namely as µX.(〈 〉tt∧ [−a]X). Here, the formulas 〈 〉ϕ and [−a]ϕ should
be read as “there exists a successor state (reachable by some label) satisfying
ϕ” and respectively ”all states reachable by labels other than a satisfy ϕ”. It is
easy to see that, as the required nesting depth of fixpoint operators increases,
the encodings of path properties in the latter language become complex very
quickly, making the path-based language a better alternative.

4.2 Path-based temporal logics with Until operators

We now return to the more general situation when PX is only closed un-
der countable unions and intersections. This is for instance the case when
C = Meas and P (X,ΣX) = ΣX . In this case, least or greatest fixpoints of
monotone maps on PX do not necessarily exist, and we must restrict our-
selves to temporal operators for which we are able to provide a well-defined
semantics. In what follows we only consider Until operators similar to the ones
of CTL* and PCTL, however, our approach supports more general temporal
operators. In particular, a suitable choice of temporal operators can be used
to obtain the full language of CTL* without resorting to arbitrary fixpoints.

Before defining the general syntax of path-based temporal logics with Until
operators, we observe that the structure of the functor F may result in the
associated notions of trace and execution involving some branching (as is for
instance the case when FX = A × X × X). In such cases, Until operators
must take into account the branching. Due to space limitations, here we only
consider existential versions of branching Until operators, and refer the reader
to [2] for their universal counterparts.

Path-based temporal logics with Until operators are obtained by discard-
ing propositional variables VF from the path formulas of µLF , and replacing
fixpoint formulas ηpF .ϕF with η ∈ {µ, ν} by formulas ϕFULψ

F , with L ⊆ ΛF

a subset of (typically disjunction-preserving) predicate liftings. Furthermore,
one can add negation to the syntax of both path and state formulas, and
discard the requirement that only monotone predicate liftings should be con-
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sidered in Λ and ΛF , since no appeal to the Knaster-Tarski theorem is needed
to interpret Until operators. Instead, the semantics of Until operators is de-
fined by

LϕFULψ
F Mγ,V =

⋃

t∈ω

LϕFU≤t
L ψF Mγ,V

where the formulas ϕFU≤t
L ψF with t ∈ ω are defined inductively by:

ϕFU≤0
L ψF ::= ψF

ϕFU≤t+1
L ψF ::= ψF ∨ (ϕF ∧

∨

λF∈L

[λF ](ϕFU≤t
L ψF )

The semantics of state formulas remains as before.

Example 4.2 One can recover the logic PCTL [7] as a fragment of the tem-
poral logic obtained by taking T = G1 and F = Id on Meas. Predicate
liftings for endofunctors F : Meas → Meas were considered in [15], as nat-
ural transformations of type P ⇒ P ◦ F with P : Meas → Set given by
P (X,ΣX) = ΣX . In particular, the identity natural transformation defines
a predicate lifting for F = Id, and we write ◦ for the associated modality.
Also, for q ∈ Q ∩ [0, 1], the natural transformation λq : P ⇒ P ◦ G1 given by
(λq)(X,ΣX)(Y ) = {µ ∈ M1(X,ΣX) | µ(Y ) ≥ q} for Y ∈ ΣX defines a pred-
icate lifting for T = G1, and we write Lq for the associated modality. The
logic PCTL (interpreted over measurable spaces) is now obtained by letting
ΛF = {◦} and Λ = {Lq | q ∈ Q∩ [0, 1]}, and further simplifying the syntax of
path formulas to

ϕF ::= ◦ϕ | ϕU{◦}ϕ

Its interpretation over Markov chains with countable state spaces is then ob-
tained by regarding each such Markov chain as a discrete measurable space.
For example, the path formula ϕU≤∞ ψ of PCTL is encoded as ϕU{◦}ψ.

Moreover, by varying the transition type to F = Id or F = 1 + A ×
Id, one automatically obtains variants of PCTL interpreted over generative
probabilistic systems, possibly with explicit termination.

We conclude this section by noting that the full language of CTL* can be
recovered using a similar approach, i.e. by defining the CTL* path operators
directly rather than through fixpoint operators.

5 Concluding Remarks

We have provided a general account of possibly infinite traces and execu-
tions in systems modelled as coalgebras. The notion of infinite execution has
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subsequently been used to give semantics to generic path-based coalgebraic
temporal logics, instances of which subsume known path-based logics such
as CTL* and PCTL. Moreover, we have shown that by simply varying the
transition type, interesting variants of known logics can be obtained with very
little effort.

Future work will generalise these results to arbitrary (non-affine) monads.
Apart from the powerset, lift and subprobability measure monads, a non-
affine monad of interest is the multiset monad, due to its relevance to graded
temporal logic. The study of the relationship between finite and possibly
infinite traces constitutes another direction for future work.
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Abstract

In computer science, the algebra–coalgebra duality serves as a formal framework for connecting
the perspectives of state-based and behavior-based models. In other sciences such as ecology,
these perspectives are seemingly harder to reconcile. We explore modelling paradigms, in the
sense of philosophy of science, as an intermediate step in translating the (co)algebraic framework
from computer science into applications in ecology. We illustrate the application potential of this
approach with a simple model from theoretical ecology: the logistic map. Several versions of
algebraic models with progressively more sophisticated carriers and operations are introduced and
finally contrasted with a corresponding coalgebraic model. We illustrate two modelling paradigms
with these examples. Only one of these has traditionally been used in ecology. The second one,
which is based on a coalgebraic dualisation, offers new modelling perspectives in ecology and
environmental science.

Keywords: algebra, coalgebra, state, behavior, model, paradigm, scientific method, dynamic
system, ecology, logistic map

1 Introduction

Scientific modelling, the task of relating theories and data, is a multi-faceted
problem without a single universal solution. Besides the particular discipline of
science under study, it is necessarily connected to the polar areas of philosophy
and mathematics.
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A fundamental dichotomy from both the philosophic and the mathematical
viewpoint is the choice between state and behavior as the primary ontological
category of system properties. There are some scientific disciplines where one
is clearly dominant: Physical sciences tend to be state-based, whereas social
sciences tend to be behavior-based. But there is also a middle ground covered
by life-related sciences, in particular ecology as the science of living systems
in an open environment. These sciences pose especially interesting and hard
challenges to the modeller, because neither state nor behavior alone seem to
be sufficient for comprehensive system descriptions.

In most scientific fields, the primacy of either state or behavior is correlated
with the degree of formalization: State-based models tend to be given in
mathematical formulae, whereas behavior-based models tend to be given in
narrative prose. Computer science is rather distinguished by the fact that it
provides methods to render both perspectives with comparable formal rigor,
and to unify them in common frameworks. Of these frameworks, we regard
the duality of universal algebra and coalgebra as particularly promising for
scientific modelling, for several reasons:

(i) There are vast bodies of theoretical results on how to apply algebra and
coalgebra to state-based (e.g. [5]) and behavior-based (e.g. [9]) system
models, respectively.

(ii) The duality is a precise relationship within the meta-framework of cate-
gory theory, as opposed to a mere philosophical complementarity [16].

(iii) The usefulness of commuting diagrams similar to those underlying the
categorial formulation of (co)algebra for theoretical biology has already
been established [15].

Our present work should be understood as a small step towards leveraging
the tools of theoretical computer science for theoretical ecology. This over-
all goal is not easy to achieve; not least because the structural mathematics
of computer science remain obscure and inaccessible to the more classically
trained ecologist. As an intermediate, more modest goal, we aim at extend-
ing the repertoire of scientific ecological modelling with methods originally
designed for the description of systems of logic, control and computation. To-
wards this end, we shall presently discuss a system that is simple and idealized,
yet of some popularity in theoretical ecology. We shall illustrate that mod-
elling questions concerning this system fall into the two aforementioned dual
categories, and how they can be mapped to algebraic and coalgebraic formu-
lations, respectively. Our focus here shall be the systematic development of
modelling techniques from basic universal (co)algebra and their interpreta-
tion from the meta-viewpoint of philosophy of science; the connection to more
realistic and practical ecological problems is outside the scope of this article.
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1.1 Scientific Modelling

Our modelling examples will be idealized. We use the notions proposed by
[6] in which modelling is composed of two steps: The first step replaces a
real-world phenomenon, the target system, with an idealised system described
in words, the model system (see Figure 1 ibid.). In the historical case of
astronomical models of planets, the physical objects were replaced by idealised,
homogenous spheres with point mass. Here we use a population of organisms
and its temporal variation by growth as the target system and replace it with
a spatially homogenous model system: The model system is then in the second
step described by the logistic map.

A modelling paradigm, as introduced by Kuhn, links an aspect of the
empirical world, the model system (in the sense above), with mathematics. It
has to include a recipe, how to fill/relate the description of the word model
with data on the one hand and how to symbolise the description and apply
mathematics on the other hand.

Several options for this task exist. They are vastly different with respect
to their reputation in science, to the extent that sometimes one paradigm,
the physical one, is identified with the scientific method as such. However,
empirics and management practice, at least for ecological problems, appear
determined to remain methodologically diverse. We do not take sides in this
dispute, and present two dual modelling paradigms without judging their rel-
ative applicability a priori.

Each of the two paradigms emphasizes one of the two ontological cate-
gories: The functional paradigm is based on observable states; behavior is
a secondary notion that arises of the change of states under a dynamic law.
The interactive paradigm focuses directly on behavior; state arises from the
history of choices of agents. The latter paradigm is uncommon in most “hard”
sciences. Again, computer science is an exception; cf. the famous Turing test.

It is here where we expect the impact of coalgebra. The new theoret-
ical approach may formalise a model paradigm which is already implicitly
used in ecological practice, but which has not been recognised in theoretical
ecology [17]. A corresponding problem in the philosophy of science is the
epistemological classification of computer simulations [8].

Using coalgebra to model natural phenomena is not (yet) a popular ap-
proach. This is no surprise, because few natural scientists are even aware of
the existence of such a theory. The gap between the research programs of
natural sciences on one hand and of theoretical computer science on the other
hand makes it difficult to exchange abstract notions and theoretical frame-
works. Rigorous study of scientific modelling and its integration of “mindset”
and “toolkit” can be beneficial to mutual understanding.

The logistic map has been chosen as an objct of study for its simplicity,
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Fig. 1. The logistic map fr for r < 4 (left) and r > 4 (right)

not for its immediate practical relevance. For a more relevant example of
ecological behavior, consider the idealised case of a domesticated species in
which evolutionary change can be supressed deliberately. The complete space
of possible behavior under human management can then be derived from its
documented growth history. The scientific task is to comprehensively represent
patterns of this history along with proper goals and intervention norms, in
order to allow a sustained continuation of the past behavior, but without being
able to reconstruct the system after irreversible failure, such as extinction of
the species.

1.2 The Logistic Map

The so-called logistic map [10] is related to the logistic equation published by
Verhulst in 1838, which was one of founding concepts of theoretical population
biology [1]. It has been criticised for being oversimplified, but is still a reference
concept for more realistic models. It is used as the introductory example in a
standard textbook on theoretical biology [12].

Definition 1.1 For a real parameter r > 0, the logistic map is defined as
the real function

fr(x) = rx(1− x)

restricted in both domain and range to the unit interval I = [0, 1]; see Figure 1.

• For r ≤ 4, the function fr is totally defined on I.

• For r > 4, the function fr is only partially defined on I: fr(x) 6∈ I for some
x ∈ I.

The single parameter r is interpreted as the effective growth rate of the sys-
tem. The state of the system is interpreted as population density, normalised
by the carrying capacity of the system with respect to the given environment.
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Any relation with the environment is encoded into the carrying capacity pa-
rameter, hence this gives rise to a discrete autonomous dynamic system.

Dynamic systems with the state space I and the step function fr exhibit
a variety of interesting modes of behavior, depending on the value of r: from
certain extinction through stable fixed points and periodic solutions of all
periods to deterministic chaos with strange attractors.

The logistic map has been investigated with the methods of symbolic dy-
namics as an important case of a complex, chaotic system. In this role it has
also been used as an application of coalgebra [16]. This, to our knowledge, has
been the first connection between coalgebra and models used in biology. Here
we use the well-known features of this map for reviewing the various roles in
which dynamic models can be used in ecological modelling.

Time is discrete in a system with the step function fr. This is not necessar-
ily an idealization for biological systems; e.g. generation times. But the state
space I is idealized as continuous. For the application of symbolic dynam-
ics and to accomodate the realistic assumption that measurements cannot be
made arbitrarily precise, we discretize observations as partitions of the state
space, specified by the assignment of symbols from a finite alphabet. It suffices
to consider the most coarse-grained case.

Definition 1.2 The binary unit partition is defined as a function c : I →
2 = {0, 1}

c(x) =

{
0 if x < 1

2

1 if x ≥ 1
2

Note that fr is not reversible (injective), but the tupling 〈c, fr〉 : I → 2× I is.

• For r < 4, the function 〈c, fr〉
−1 is only partially defined on 2× I.

• For r ≥ 4, the function 〈c, fr〉
−1 is totally defined on 2× I.

This binary partition of the logistic dynamic system has been used in [4]
to demonstrate that the apparent complexity of a system depends crucially
on the viewpoint.

2 Formal Prerequisites

The mathematical structures underlying not only our example model sys-
tem, but more or less directly every dynamic system, are the sequential data
structures: finite and infinite sequences over a fixed set of elements. These
structures and the usual ways of reasoning with them have well-understood
representations in terms of algebra and coalgebra.
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2.1 Strings and Streams

Definition 2.1 The set A∗ is called the set of finite sequences or strings
over A. It is generated by the free constructors consA : A × A∗ → A∗ and
nilA ∈ A∗. The destructors are the unique partial functions hdA : A∗

9 A

and tlA : A∗
9 A∗ such that

hdA

(
consA(a, w)

)
= a hdA(nilA) undefined

tlA
(
consA(a, w)

)
= w tlA(nilA) undefined

• We omit all subscript annotations where no ambiguity arises.

• We define the subsets An ⊂ A∗ of strings of a fixed length n inductively as

An+1 = P(consA)(A× An) A0 = {nilA}

Then

A∗ =
∞⋃

n=0

An A+ =
∞⋃

n=1

An = A∗ \ {nilA}

• We informally write a1 . . . an for cons(a1, . . . , cons(an, nil) . . . ).

• In particular, we abbreviate a singleton string cons(a, nil) to a.

• For any function f : A → B, we write f ∗ : A∗ → B∗ for the elementwise
mapping

f ∗
(
consA(a, w)

)
= consB

(
f(a), f ∗(w)

)
f ∗(nilA) = nilB

This turns ∗ into a functor.

The choice of cons and nil as the constructors of strings suggest that the
organization of data in a string obey the stack principle: data elements are
accumulated and removed at the left end of a string only. The following auxil-
iary function handles a special case of this principle, namely the accumulation
of data arising from the iterated application of a given function.

Definition 2.2 Let A be any set and f : A 9 A a partial function. The
partial function push(f) : A∗

9 A∗ is defined as

push(f)(w) = cons
(
f
(
hd(w)

)
, w

)

• Strict application is implied: push(f) is undefined at w if hd(w) or f
(
hd(w)

)

is undefined. In particular, push(f)(nil) is never defined.
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• Note that push(f)n : Am → Am+n for m > 0 and n ≥ 0. In slight abuse of
notation we define push(f)−n : Am → Am−n for m ≥ n ≥ 0 as the retraction

push(f)−n = tln

Example 2.3 The expression push(succ)n(0) yields a countdown from n.

Definition 2.4 The set Aω = (N → A) is called the set of infinite se-
quences or streams over A. Its elements are of the form consA(a, s) for any
a ∈ A; s ∈ Aω, with

consA(a, s)(n) =

{
a if n = 0

s(n− 1) if n > 0

We write

hdA(s) = s(0) tlA(s) = s ◦ succ

for the total destructors.

2.2 (Co)Algebras of Affine Type

Definition 2.5 The family of affine functors AA
B : Set → Set is defined as

AA
B(X) = A×X + B AA

B(f) = idA × f + idB

We write

goA : A×X → AA
B(X) stopB : B → AA

B(X)

for the left and right injection, respectively.

Lemma 2.6 Affine functors have initial algebras. The structure
(
A∗×B,α =

[α1, α2]
)
with

α1

(
a, (w, b)

)
=

(
cons(a, w), b

)
α2(b) = (nil, b)

is an initial AA
B-algebra. The unique homomorphism or catamorphism h

into any AA
B-algebra

(
C, γ = [γ1, γ2]

)
is defined recursively as

h
(
cons(a, w), b) = γ1

(
a, h(w, b)

)
h(nil, b) = γ2(b)

Lemma 2.7 Affine functors have final coalgebras. The structure
(
(A∗×B)+

Aω, φ = [φ1, φ2]
)
with

φ1

(
cons(a, w), b

)
= go

(
a, ι1(w, b)

)

φ1(nil, b) = stop(b)

φ2(s) = go
(
hd(s), ι2(tl(s))

)
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where ι1, ι2 are the injections into (A∗×B)+Aω is a final AA
B-coalgebra. The

unique homomorphism or anamorphism h from any AA
B-coalgebra (C, γ) is

defined corecursively as

φ
(
h(c)

)
=

{
go

(
a, h(c′)

)
if γ(c) = go(a, c′)

stop(b) if γ(c) = stop(b)

Instantiating A or B with the empty set or the singleton set 1 = {⋆} yields
cases of special interest.

(i) The affine functor A1
B. The operations of A1

B-algebras are of type γ :
1×C +B → C. They are in natural one-to-one correspondence to pairs
(f, g) of type f : C → C and g : B → C, namely (f, g) ↔ [f ◦ π2, g].
The carrier of the canonical initial A1

B-algebra (Lemma 2.6) simplifies to
N×B by reading 1∗ as a unary number system. Its operation is specified
by (f0, g0) with f0(n, b) = (n+1, b) and g0(b) = (0, b). The catamorphism
i into the A1

B-algebra specified by (f, g) is the iteration operator

i(n, b) = fn
(
g(b)

)

(ii) The affine functor AA
1 . The operations of AA

1 -algebras are of type γ :
A×C + 1 → C. They are in natural one-to-one correspondence to pairs
(f, e) of type f : A × C → C and e ∈ C, namely (f, e) ↔ [f, ê] where
ê(∗) = e. The carrier of the canonical initial AA

1 -algebra simplifies to A∗.
Its operation is specified by (consA, nilA). The catamorphism j into the
AA

1 -algebra specified by (f, e) is the fold operator

j
(
cons(a, w)

)
= f

(
a, j(w)

)
j(nil) = e

(iii) The affine functor AA
∅
. The initial AA

∅
-algebra is empty. The operations

of AA
∅
-coalgebras are of type γ : C → A×C+∅. They are in natural one-

to-one correspondence to pairs (h, t) of type h : C → A and t : C → C,
namely (h, t) ↔ ι1◦〈h, t〉. The carrier of the canonical final A

A
∅
-coalgebra

(Lemma 2.7) simplifies to Aω. Its operation is specified by (hdA, tlA). The
anamorphism k from the AA

∅
-coalgebra specified by (h, t) is the unfold

operator

k(c) = cons
(
h(c), k

(
t(c)

))

(iv) The affine functorA∅

B is degenerate and equivalent to the constant functor
B.

We shall demonstrate that each nondegenerate case corresponds to a scientific
modelling scenario. We use the pair notation of the preceding paragraphs to
specify operations, in order to avoid cluttering diagrams with uninformative
projections and injections.
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Real Abstract

Real Abstract

//
abstraction

//

abstraction

OO

causality

OO

computation

OO

time

Fig. 2. Functional modelling, conceptually

3 Modelling Paradigms and (Co)Algebra

The trajectories (time-indexed sets of contiguous states) of a dynamic system
have been termed recursive by Rosen [15], but not in the rigorous sense of the-
oretical computer science. For discrete-time systems, where trajectories are se-
quences, the metaphor can be made precise by connecting finite/infinite trajec-
tories with iteration/coiteration in the form of catamorphisms/anamorphisms,
respectively. In this section, we discuss the transition from a philosophical
view on modelling paradigms to formal systems that employ initial algebras
and catamorphisms or final coalgebras and anamorphisms, respectively.

3.1 From Functional Modelling to Algebra

Our proposed mapping of the two modelling paradigms to (co)algebra is in-
spired by [15], where the functional paradigm is discussed in great philosoph-
ical detail and organized in the form of the commuting diagram depicted in
Figure 2. We have adapted the original discussion to ecological problems in
[8]. Note that the real side refers to the model system, not the target system.
We identify the situation in this diagram with a pair of algebras, namely the
real and the abstract one, with states as their elements, and the abstraction
with a homomorphism. A model consists of

(i) the abstraction mapping that separates essential from accidental proper-
ties of real objects, and

(ii) a logical theory (system of equations) that specifies the valid progressions
of abstract states.

The abstract algebra is merely a mathematical implementation of the specifica-
tion. A scientific hypothesis is posed by claiming that the diagram commutes.
Unlike in pure mathematics, and in the face of uncertainty about the model
system, this is not a logical property to be decied, but rather an empirical
property to be judged by testing and evidence, as prescribed by the Scientific
Method. If the correspondence between the two sides actually holds, it gives
clauses of the specification the special status of laws of nature. Reverting
the top horizontal arrow results in the standard test situation for functional
models, the prediction.
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Actual Virtual

Actual Virtual

//
assessment

//

assessment

OO

empirics

OO

control

OO

time

Fig. 3. Interactive modelling, conceptually

These philosophical interpretations need to be both formalized and general-
ized in order to adequately capture the tasks and capabilities of the functional
modelling paradigm. We call algebraic modelling in the above, narow sense
direct and distinguish it from inverse problems where not future states, but
past or boundary conditions are investigated.

The basic tenet of algebraic modelling of both directions is to employ
an initial algebra of a suitable functor as a formal query language, arbitrary
algebras of the same functor (models) as implementations of query constructs
and the catamorphisms as the recursive evaluation of queries.

3.2 From Interactive Modelling to Coalgebra

Changing the perspective from state to behavior affects all parts of the mod-
elling situation. States are no longer required to be observable, but may
be largely hidden behind an interface; all relevant information is taken from
behavior at the interface. Metaphysically, objects and their properties are
replaced by subjects and their actions. We reflect this shift of perspective,
as common in the field of philosophy of science, by distinguishing the terms
real (literally: of the things) and actual (literally: of the actions). Laws are
replaced by their subjective counterparts, such as strategies and norms. Fig-
ure 3 shows the resulting commuting diagram. The standard test situation
for interactive models is obtained by reversing the right vertical arrow; it de-
scribes planning. See Section 4.3 for a derivation of this model paradigm from
formal representations.

The claim that coalgebraic modelling departs from the state-based per-
spective may be surprising. This issue arises from a fundamental difference
between the notions of state in physics and in computer science. The ob-
served state of a physical system is objective reality. The state of a formal
automaton, as opposed to its physical implementation, merely refers to its
actual behavior, in the sense that semantics are given in terms of observed
transitions not states; for instance as the regular language accepted by a fi-
nite automaton. The reference character of state is expressed formally by the
notion of bisimulation between alternative virtual systems or by final coalge-
braic semantics. We conjecture that this reflects the empirical phenomenon
of equifinality [18,2]: The observed behavior of a complex system at a simpler
interface can often be reconstructed by many different processes within the
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N× I I

A1
I
(N× I) A1

I
(I)

//
i

OO

(f0,g0)

//

A1
I
(i)

OO

(fr,id)

Fig. 4. Direct functional modelling (perfect information) with initial algebra

functional paradigm.

The basic tenet of coalgebraic modelling, in our sense, is to employ a
final coalgebra as a formal semantic domain, arbitrary coalgebras of the same
functor (models) as representatives of behavior and the anamorphisms as the
recursive assessment of the represented behavior. The distinction between
direct and inverse problems of coalgebraic modelling is less pronounced than
in the algebraic case, at least for the example of the logistic map.

4 Formal Modelling Scenarios

4.1 Direct Functional Modelling

Direct functional modelling is a scenario where the “true” dynamics of a sys-
tem are known. It solves the problem of prediction: From the observation
of a current system state, future states are derived by formal (automatic)
reasoning.

Claim 4.1 The initial algebra of the functor A1
B, where B is the representa-

tion of system states, is paradigmatic for direct functional modelling.

4.1.1 Perfect Information

The simplest case of direct functional modelling assumes perfect information
about the precise current system state. Its application to the logistic map is
shown in Figure 4. (Recall that the labels of vertical arrows are shorthands as
defined in section 2.2.) The state space I is represented one-to-one. The left
hand side is the simplified canonical initial A1

I
-algebra. The right hand side

is a A1
I
-algebra that encodes the known dynamics of the system: Its carrier is

the state space I and its operation is specified by the step function fr (with
idI as the trivial base case).

Theorem 4.2 The catamorphism i for the operation specified by (fr, idI) solves
the problem of predicting a state n steps in the future, for r ≤ 4.

i(n, x) = fn
r (x)

The preceding scenario is a straightforward reconstruction of the iterated
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step function fn
r . The graph of the function consists of pairs of initial and

final states, n steps apart; the intermediate states are forgotten. This can be
remediated by a simple refinement that replaces single states with stack-based
representations of trajectories.

Definition 4.3 We define the set of partial trajectories as the set of stacks
(strings constructed right-to-left) arising by iterated action of fr on any initial
state (P is the image functor).

Tr =
∞⋃

n=0

P
(
push(fr)

)n
(I1) ⊆ I

+

• This is the smallest set such that I1 ⊆ Tr and push(fr) : Tr → Tr.

The refined model is shown in Figure 5. The carrier of the right hand side
algebra is changed to Tr, and the operations fr and idI have been replaced by
push(fr) and inI, respectively, where inA : A → A1 is the injection of singleton
strings.

Theorem 4.4 The catamorphism i for the operation specified by
(
push(fr), inI

)

solves the problem of predicting all states up to n steps in the future, for r ≤ 4.

i(n, x) = push(fr)
n(x)

The following three cases refine the representation of state and dynamics
by replacing the state space I with progressively more complicated, derived
spaces and replacing the step function fr with an appropriate lifting to the
respective space. Note that the requirement r ≤ 4 is lifted.

4.1.2 Imperfect Information: Nondeterminism

A moderately simple case of direct functional modelling with imperfect in-
formation assumes nondeterminism. Note that the term “nondeterminism”
is used in the usual sense of computer science, replacing the single precise
current system state by a set of potential current system states. It is not used
in the sense of philosophy, namely that a hidden variable, external source of

N× I Tr

A1
I
(N× I) A1

I
(Tr)

//
i

OO

(f0,g0)

//

A1
I
(i)

OO

(push(fr),in)

Fig. 5. Direct functional modelling (partial trajectories) with initial algebra
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N× P(I) P(I)

A1
P(I)

(
N× P(I)

)
A1

P(I)

(
P(I)

)

//
i

OO�
�

�

�

�

�

�

(f0,g0)

//

A1
P(I)

(i)

OO�
�

�

�

�

�

�

(
P(fr),id

)

Fig. 6. Direct functional modelling (nondeterministic) with initial algebra

randomness or decision-making entity is involved in the transition from one
state to another.

The application of nondeterminstic direct functional modelling to the logis-
tic map is shown in Figure 6. The state space I is represented by its powerset
P(I). The left hand side is the simplified canonical initial A1

P(I)-algebra. The

right hand side is an A1
P(I)-algebra that encodes the nondeterministic dynam-

ics of the system: Its carrier is the set P(I) of sets of potential states and
its operation is specified by P(fr), the image of state sets under fr; a state
is a potential post-state of a step if and only if it is the image of a potential
pre-state under fr.

Theorem 4.5 The catamorphism i for the operation specified by
(
P(fr), idP(I)

)

solves the problem of predicting a nondeterministic state n steps in the future.

i(n, Y ) = P(fr)
n(Y )

The nondeterministic case can be extended to more sophisticated imperfect
information such as fuzzy sets of potential states.

4.1.3 Imperfect Information: Probabilism

Definition 4.6 Each continuous probability distribution on I is specified uniquely
by a cumulative distribution function (cdf), that is a continuous, weakly
mononotic function F : I → I with F (0) = 0 and F (1) = 1.

• An I-valued random variable X is said to be distributed according to F ,
written X ∼ F , if and only if F (y) = P (X ≤ y) = P (X < y).

• We write Ĩ for the set of cdfs on I.

Definition 4.7 The function f̃r : Ĩ → Ĩ is defined as

f̃r(F )(y) = F
(
1
2
− qr(y)

)
+ 1− F

(
1
2
+ qr(y)

)
qr(y) =

{√
1
4
− y

r
if y ≤ r

4

0 if y > r
4

It is easy to verify that f̃r(F ) is in fact a cdf on I. Note that 1
2
± qr(y) is the

position of the vertical markers in Figure 1, right hand side.
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N× Ĩ Ĩ

A1
Ĩ
(N× Ĩ) A1

Ĩ
(̃I)

//
i

OO�
�

�

�

�

�

�

�

�

�

�

�

(f0,g0)

//

A1
Ĩ
(i)

OO�
�

�

�

�

�

�

�

�

�

�

�

(f̃r,id)

Fig. 7. Direct functional modelling (probabilistic) with initial algebra

Lemma 4.8 The function f̃r lifts a distribution over the function fr.

X ∼ F =⇒ fr(X) ∼ f̃r(F )

Proof.

P
(
fr(X) ≤ y

)
= P

(
rx(1− x) ≤ y

)

= P
((

x− 1
2

)2
≥ 1

4
− y

r

)

= P
(∣∣x− 1

2

∣∣ ≥ qr(y)
)

= P
(
x ≤ 1

2
− qr(y) ∨ x ≥ 1

2
+ qr(y)

)

= P
(
x ≤ 1

2
− qr(y)

)
+ P

(
x ≥ 1

2
+ qr(y)

)

= P
(
x ≤ 1

2
− qr(y)

)
+ 1− P

(
x ≤ 1

2
+ qr(y)

)

= F
(
1
2
− qr(y)

)
+ 1− F

(
1
2
+ qr(y)

)

= f̃r(F )(y)

2

The application of probabilistic direct functional modelling to the logistic
map is shown in Figure 7. The state space I is represented by the set of
cdfs Ĩ. The left hand side is the simplified canonical initial A1

Ĩ
-algebra. The

right hand side is a A1
Ĩ
-algebra that encodes the probabilistic dynamics of

the system: Its carrier is the set Ĩ of state distributions and its operation is
specified by f̃r, the action of fr on the distribution of its argument.

Theorem 4.9 The catamorphism i for the operation specified by (f̃r, idĨ
) solves

the problem of predicting a probabilistic state n steps in the future.

X ∼ F =⇒ fn
r (X) ∼ i(n, F )

The probabilistic case can be extended to more complex, not purely con-
tinuous distributions.
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4.2 Inverse Functional Modelling

Inverse functional modelling is a scenario where inferences about the dynam-
ics of a system (parameters, initial or boundary conditions) are drawn from
data recorded by external observation. It solves the problem of reconstruc-
tion: Empirical observations are reduced to possible causes (parameters and
conditions not directly observable, but consistent with the data).

Claim 4.10 The initial algebra of the functor AA
1 , where A is the range of the

observable system property of interest, is paradigmatic for inverse functional
modelling.

We choose the binary partition c as observable property. Its range is the
binary alphabet 2, hence the carrier of the canonical initial algebra is the
language of binary strings 2∗.

Definition 4.11 The function wr : N× I → 2∗ is defined as

wr(n, x) = c∗
(
push(fr)

n−1(x)
)

It maps the pair (n, x) to the stack of observed binary symbols for n consec-
utive system states starting with x. Informally,

wr(n, x) = c
(
fn−1
r (x)

)
· · · c

(
f 0
r (x)

)

• The range of wr for n > 0 is the set of partitioned partial trajectories
P(c∗)(Tr).

The inverse modelling task, given data w ∈ 2∗ of length n and a parameter
value r, is to find some or all solutions of the equation w = wr(n, x). A
concise representation of the inferred information is given by a partial function
on I that is defined only for initial states consistent with the observed data,
and maps those to the final states after the observation. The solution is
straightforwardly constructed, dealing with one observed symbol at a time.

Definition 4.12 We write
−→
I = (I 9 I) for the space of partial functions on

I. The function
−→
fr : 2×

−→
I →

−→
I is defined as

−→
fr (a, h) = fr|a ◦ h where fr|a =

{
fr(x) if c(x) = a

undefined if c(x) 6= a

The operation
−→
fr refines and extends a given partial function h by excluding

initial states that are mapped by h to intermediate states inconsistent with a
given data symbol a, and taking all others one fr-step further.

The application of inverse functional modelling to the logistic map is shown
in Figure 8. The observation range is the binary alphabet 2. The left hand
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2∗
−→
I

A2
1(2

∗) A2
1

(−→
I
)

//
j

OO�
�

�

�

�

�

�

�

�

�

�

�

(cons,nil)

//

A2
1(j)

OO�
�

�

�

�

�

�

�

�

�

�

(
−→
fr ,id)

Fig. 8. Inverse functional modelling with initial algebra

side is the simplified canonical A2
1-algebra. The right hand side is a A2

1-algebra
that encodes the elementwise refinement of inference: Its carrier, the “state

space” of inference, is the set of partial functions
−→
I . Its operation is specified

by
−→
fr , the action of fr on the inference for its argument.

Theorem 4.13 The catamorphism j for the operation specified by (
−→
fr , id−→

I
)

solves the problem of inferring initial conditions from finite data.

j(w)(x) =

{
fn
r (x) if w = wr(n, x)

undefined otherwise

Corollary 4.14 The domain of j(w) is a sound and monotonic approximate
reconstruction of the initial state from finite data w, analogous to the method

of nested intervals: Let Yr(n, x) = dom
(
j
(
wr(n, x)

))
. Then for all m,n ≥ 0

x ∈ Yr(n, x) m < n =⇒ Yr(m,x) ⊇ Yr(n, x)

Here in the context of algebraic modelling, chronicles of events (observa-
tions of behavior) are used as means for identifying the initial and final state
or the dynamics of the system under study. In the equation

j(a1 . . . an) = fr|a1 ◦ · · · ◦ fr|an

however, an alternative view becomes apparent: The standard technique of
category theory is to study objects without reference to their internal structure
by studying the external structure of morphisms around them. Applied to
the model above, this means studying the set of chronicles without reasoning
about points of the transition functions they describe via j. This allows us
to consider the limit n → ∞, and represent complete, infinite behavior, for
which the interpretation as end-to-end transition functions breaks down. This
step takes us to the interactive paradigm on the philosophical level, and to
coalgebra on the mathematical level.
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Jr 2ω

A2
∅
(Jr) A2

∅
(2ω)

��

(c,fr)

//
k

��

(hd,tl)

//

A2
∅
(k)

Fig. 9. Direct interactive modelling with final coalgebra

4.3 Interactive Modelling

Interactive modelling is a scenario where the observable properties of a system
are represented without referring to any particular process as their cause.
It solves the problem of assessment : System states are no longer observed
directly but classified according to their potential (future) behavior.

Claim 4.15 The final coalgebra of the functor AA
∅
, where A is the range of

the observable system property of interest, is paradigmatic for interactive mod-
elling.

For r > 4, the logistic map is not bounded by the interval I; we treat the
case that the interval is exceeded as undefined. The set dom(fr) of points
for which a single step is defined is easily characterized, but the set of points
for which unboundedly many steps are defined is nontrivial. The following
characterization and model are derived from [16].

Definition 4.16 The set Jr such that fn
r (x) ∈ I for all x ∈ Jr and n > 0 is

(P is the preimage functor)

Jr =
∞⋂

n=0

P(fr)
n(I) ⊆ I

• This is the largest set such that Jr ⊆ I and fr : Jr → Jr.

• If r ≤ 4 then Jr = I; otherwise Jr is a complicated (fractal) subset of I.

• Note the duality to Tr in Definition 4.3.

Lemma 4.17 For r > 4, the structure (Jr, γ) where γ is specified by (c, fr) is
a final A2

∅
-coalgebra.

Proof. Section 18 of [16] gives an isomorphism c̃ between certain coalgebras
over the category of complete metric spaces. Forgetting the metric structure,
the following equations remain.

hd ◦ c̃ = c tl ◦ c̃ = c̃ ◦ fr
= id2 ◦ c
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Jr 2ω

A2
∅
(Jr) A2

∅
(2ω)

//
k

OO

〈c,fr〉−1

//

A2
∅
(k)

OO

cons

Fig. 10. Inverse interactive modelling with final coalgebra

Simple calculation yields

ι1 ◦ 〈hd, tl〉︸ ︷︷ ︸
(hd,tl)

◦ c̃ =
(
(id2 × c̃) + id∅

)
◦ ι1 ◦ 〈c, fr〉

= A2
∅
(c̃) ◦ ι1 ◦ 〈c, fr〉︸ ︷︷ ︸

(c,fr)

That is, c̃ is a homomorphism, and hence isomorphism, between the coalgebras
depicted in Figure 9. Since the right hand side is final, the left hand side is
also final, and the isomorphism is the anamorphism k. 2

Theorem 4.18 The anamorphism k for the operation specified by (c, fr) solves
the problem of representing the complete future behavior at the interface de-
fined by c. Representations of the form k(x) do not contain any reference to
the parameter r or the initial value x.

c
(
fn
r (x)

)
= hd

(
tln

(
k(x)

))
= k(x)(n)

This representation allows complete, infinite trajectories to be specified in
the form k−1(s), in terms of a binary stream s ∈ 2ω. Empirical, finite data
of behavior at the interface, formally collected using wr(n, x), is generally
not sufficient to specify a trajectory uniquely in this way—an instance of the
epistemological problem of induction; there is no logically safe procedure for
obtaining nontrivial universal empirical truths [7,14]. This leads to a dual of
the problem of measurement precision in state-based modelling, namely the
problem of complete chronicles of behavior. A collection of data is complete
in this sense if extrapolation from the observed strings to the possible streams
is safe under given boundary conditions.

We have noted in Definition 1.2 that the operation 〈c, fr〉 is bijective on
both I and the subset Jr for r ≥ 4. Incidentally, the latter is the operation
of the A2

1-coalgebra depicted on the left hand side of Figure 9. Since the
operation of the final A2

1-coalgebra is also bijective (by Lambek’s Lemma), we
may reverse the vertical arrows to arrive at the diagram shown in Figure 10.
Note that the distinction between algebra and coalgebra is rather blurred in
this scenario.
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The operation 〈c, fr〉
−1 : 2 × Jr → Jr models a non-autonomous dynamic

system with binary input in each step. This input may be interpreted as the
nondeterministic choice of an agent, either internal or external to the system.
Under this interpretation, prediction is no longer a valid problem. But this
apparent restriction is actually a trade-off: On the upside, it becomes possible
to investigate actually observed, contingent behavior in virtualized form in
terms of subcoalgebras of the final coalgebra. Laws regarding the presence or
absence of certain patterns in these subsystems, described by a theory in modal
logic, reflect strategies in the actual system, the dual of natural laws. Examples
of the relevance of strategies, both literally and figuratively, abound in ecology:
Organisms prefer favourable and avoid hostile environments, natural selection
is most effectively described in strategic terms, ecosystem use is governed
by economic rationale and social norms; cf. the domestication example in
section 1.1.

5 Conclusion

We have demonstrated that for the simple logistic model, the relationship
between the functional and the interactive modelling paradigm can be made
formally precise as the algebra–coalgebra dualism. Since dualism is not equiv-
alence, the key issue for further research is where the two approaches deviate,
both on the empirical level regarding the role of data and on the theoretical
level regarding the role of formalisms. The keywords of both paradigms are
given in Table 1 in synopsis.

In ecology and environmental sciences, the functional paradigm is prevalent
but not unconditionally successful [13]. Therefore, the added value of interac-
tive models is of particular interest. Many essential features of living systems
are naturally characterized in terms of behavior, e.g. feeding, reproducing,
growing, evolving. Being alive is not a state property in the functional sense,
as the development towards artificial life has shown [3]. Coalgebraic modelling
facilitates the formal organization of chronicles, as opposed to measurements;
this may prove an important extension in this context.

Interactive theories formulated in coalgebra not only have a different for-
mal presentation, they encode different pragmatics. On the functional side,
problems of prediction and reconstruction are solved by searching for laws
that govern the dynamic mechanism. On the interactive side, problems of
assessment and management are solved by searching for strategies, norms or
intentions that govern the behavior of agents. The transition from the for-
mer to the latter paradigm will not solve the notoriously difficult problems
about explaining ecosystems, but offers the opportunity to formalize models
of sustaining ecosystems.
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Table 1
Modelling paradigms and keywords

Paradigm Functional Interactive

Ontological Basis state behavior

Origin of

Formalisms/Metaphors physics computer science

simple complete

Empirical Reference building blocks behavior history

w. invariants w. utilization record

Tests prediction assessment

reconstruction planning

Mathematic Structure algebra coalgebra

Logic equational modal

Theory Example energy conservation sustainable use

Application Domains geosciences simulation, games

weather forecast ecosystem management

5.1 Related Work

The inspiration to use the logistic map to demonstrate the potential of the
algebra–coalgebra duality for scientific modelling has been taken from [16],
where the result that forms the foundation of our interactive modelling sce-
nario is given rather in passing.

The characterization of functional and interactive modelling as commuta-
tive diagrams has been given in [17], where we have criticised the situation of
theoretical ecology from the perspective of software science.

The technique of realizing (co)recursive operations as cata-/anamorphisms
of simpler operations has been adapted from the Squiggol approach to con-
structive functional programming; confer the famous banana notation from [11].
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Abstract

The main result of this paper shows how coalgebraic traces, in suitable Kleisli categories, give rise to
traced monoidal structure in those Kleisli categories, with finite coproducts as monoidal structure.
At the heart of the matter lie partially additive monads inducing partially additive structure in
their Kleisli categories. By applying the standard “Int” construction one obtains compact closed
categories for “bidirectional monadic computation”.
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1 Introduction

The notion of trace occurs prominently in the (classical) categorical work on
traced monoidal categories [13]. It generalises the trace operator in linear
algebra and captures fixed points for operations with feedback. Recently,
also a coalgebraic approach to traces emerged [12], where traces are maps in
Kleisli categories induced by monads that capture the observable behaviour
in for instance sequences of (monadic) computations. Such traces are often
described by removing states from execution traces. Naturally one wonders
if there is a connection between these monoidal and coalgebraic traces. This
paper addresses this question and shows how coalgebraic traces give rise to
monoidal traces. The word ‘trace’ thus different meanings in this context, but
hopefully without generating too much confusion.

The way this result is obtained is via the work of Haghverdi [9], where it
is shown that partially additive categories (see also [5]) are traced monoidal,
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via what is called the execution (or trace) formula. Thus the paper proceeds
by proving that under certain assumptions on a monad T , firstly the Kleisli
category of T is such a partially additive category, and secondly the execution
formula coincides with the coalgebraic trace. The technical core of the paper
involves the identification of the notion of a “partially additive monad”, see
Definition 4.3, and the proof that the Kleisli categories of such monads are
partially additive.

We describe the organisation of this paper and at the same time the flow of
developments. The paper starts with an elementary initial algebra in Section 2
that gives rise to a final coalgebra in suitably order-enriched Kleisli categories
in Section 3, and thus to coalgebraic trace semantics, following [12]. For this
particular coalgebra it also yields an iteration operation as in [8,6]. Section 4
then shows that what we call partially additive monads in such a setting ad-
ditionally yields partially additive structure ∐ on Kleisli homsets, as studied
earlier in [5]. They enable us to obtain the main result in Section 5, namely
that Kleisli categories of suitable monads, with finite coproducts, are traced
monoidal, via [9]. The “Int” construction from [13] can then be applied and
yields in Section 6 new categories Bd(T ) of “bidirectional monadic computa-
tions”, with connections to game semantics and quantum computation. This
forms a topic of its own that will be further investigated elsewhere. Through-
out the paper there is a series of running examples, consisting of powerset,
lift, distribution and quantale monads. The latter eventually yields examples
of strongly compact closed categories.

2 A basic initial algebra

Assume C is a category with countable coproducts, written as
∐

i∈I Xi with
coprojections κi:Xi →

∐
i∈I Xi. In order to further fix the notation, we shall

write []X : 0→ X or simply []: 0→ X (without subscript) for the unique arrow
(the empty cotuple) out of an initial object 0. The two coprojections for a

binary coproduct are written as X
κℓ−→ X + Y

κr←− Y , with cotupling of
f :X → Z and g:Y → Z denoted by [f, g]:X +Y → Z. Hence on morphisms,
h+ k = [κℓ ◦ h, κr ◦ k].

This C with its finite coproducts (0,+) yields a symmetric monoidal cat-
egory (SMC). In general, for an SMC (A, I,⊗) we write the familiar isomor-
phisms as:

X ⊗ (Y ⊗ Z) α
∼=

// (X ⊗ Y )⊗ Z X ⊗ I
ρ
∼=

//X X ⊗ Y
γ
∼=

//Y ⊗X(1)

A copower I · X =
∐

i∈I X comes with coprojections κi:X → I · X and
cotupling [fi]i∈I : I ·X → Y for an I-indexed collection of maps fi:X → Y .

Proposition 2.1 Let C have countable coproducts, as above. For a fixed ob-

130



Jacobs

ject Y ∈ C, the functor Y + (−):C→ C has the copower N · Y =
∐

n∈N Y as
initial algebra, with structure map:

Y + N · Y ∼=

ξ
defn
=

[
κ0, [κn+1]n∈N

]

//N · Y

Proof For an arbitrary algebra [a, b]:Y +X → X we define f :N · Y → X as
f = [bn ◦ a]n∈N. It forms the unique algebra homomorphism from ξ to [a, b].

�

The copower object N·Y may be understood in the standard way (see [16])
as the colimit of repeated application of the functor Y +(−) to the initial object
0 ∈ C, as in:

0
[] // 1 · Y

Y + [] // 2 · Y
Y + (Y + [])// 3 · Y // · · ·

We write 0 · Y = 0 and (n + 1) · Y = Y + n · Y . The resulting colimit cone
λn:n · Y → N · Y is then defined as:

λ0 = []: 0 −→ N · Y and λn+1 = [κn, λn]:Y + n · Y −→ N · Y.(2)

The “twist” in this definition of λn is needed to ensure that the “oldest”
element in n · Y is put at the first position in N · Y . Indeed, in this way we
get λn+1 ◦ κr = λn for the chain maps κr:Yn → Yn+1.

3 A final coalgebra in a Kleisli category: trace seman-
tics

We now assume that our category C (with coproducts) carries a monad T :C→
C, with unit η and multiplication µ. We shall write Kℓ(T ) for the resulting
Kleisli category, with forgetful functor Kℓ(T ) → C and left adjoint J :C →
Kℓ(T ). Trivially, Kℓ(T ) inherits coproducts from C. They behave like in C

on objects, but have slightly different coprojections and coproducts of maps.
In order to disambiguate them we shall write a dot for operations in a Kleisli
category, as in:

g ⊙ f = µ ◦ Tg ◦ f

κ̇ℓ = J(κℓ) = η ◦ κℓ

h+̇k = [T (κℓ) ◦ h, T (κr) ◦ k], so that J(a+ b) = J(a) +̇ J(b).

This dot-notation is meant to prevent confusion. We shall use it with prudence
and shall write for instance identity maps in Kleisli categories simply as idX
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and not as ˙idX = ηX . The (obvious) identities g ⊙ J(f) = g ◦ f and J(g) ⊙

f = T (g) ◦ f are often used.

For an object Y ∈ C we thus also get a functor Y + (−):Kℓ(T )→ Kℓ(T ).
Its initial algebra is the copower N · Y , by Proposition 2.1, but in Kℓ(T ). Its
final coalgebra will be of more interest here.

In [12] a general framework is developed for generic trace semantics, which
works for coalgebras of the form X → TFX, where T is a monad and F an
endofunctor. The main result in [12] says that, under suitable order-theoretic
assumptions, the initial algebra in C yields a final coalgebra in Kℓ(T ). Here
we shall only be interested in the special case where the functor F is of the
form Y + (−).

Proposition 3.1 (From [12]) Let T be a monad on a category C with co-
products. Assume that the Kleisli category Kℓ(T ) is dcpo-enriched, that (Kleisli)
homsets have bottom elements ⊥ which are left strict (i.e. satisfy ⊥ ⊙ f = ⊥)
and that cotupling is monotone (i.e. [−,−] preserves the order in both coordi-
nates).

The initial algebra ξ:Y + N · Y
∼=−→ N · Y in C from Proposition 2.1

then yields a final coalgebra J(ξ−1):N · Y
∼=−→ T (Y + N · Y ) of the functor

Y + (−):Kℓ(T ) → Kℓ(T ). Concretely, this means that for every coalgebra
c:X → T (Y +X) there is a unique map tr(c):X → T (N ·Y ) forming a unique
coalgebra homomorphism in the Kleisli category Kℓ(T ) as in:

Y +X
id +̇ tr(c) //______ Y + N · Y

X

c

OO

tr(c) //________ N · Y

∼= J(ξ−1)

OO(3)

Intuitively, this trace map tr(c) sends an element x ∈ X to the “set” of
those (n, y) ∈ N · Y for which c reaches y ∈ Y from x in n cycles through X,
see the examples below.

We shall write c# = ∇ ⊙ tr(c):X → Y in Kℓ(T ) for the “iterate” of c, like
in [8,5] 1 , where ∇ = [id]n∈N:N · Y → Y is the codiagonal in Kℓ(T ). It yields
an operator between Kleisli homsets of the form:

Kℓ(T )(X, Y +X)
(−)# //Kℓ(T )(X, Y )

Clearly, such an iterate c# does not keep track of the number of rounds that
are made to reach a result in Y—like tr(c) does.

Here we omit the proof and refer to [12] for details but we shall explicitly
describe the definition of the trace map tr(c) so that we can use it later on. It

1 In [8,5] the notation c† is used, instead of c#, but we prefer to reserve the dagger † for
involutions, see Lemma 5.4.
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uses the fact that the initial object 0 ∈ C is final in Kleisli categories as in the
proposition, with ⊥:X → 0 in Kℓ(T ) as unique map (see also Lemma 4.1 (1)
below). This allows us to define a sequence of maps cn:X → n · Y in Kℓ(T )
as: {

c0 = ⊥ : X −→ 0 = 0 · Y

cn+1 = (id +̇ cn) ⊙ c : X −→ Y +X −→ Y + n · Y = (n+ 1) · Y
(4)

Then we can define the trace map as join:

tr(c) =
∨

n∈N
J(λn) ⊙ cn(5)

in the Kleisli homset of maps X → N · Y , with λn as defined in (2).

Example 3.2 We shall consider what the above result amounts to for our
four main examples for the monad T , namely P ,D,L and Q(−) on Sets.

(1) The Kleisli category Kℓ(P) of the powerset monad P :Sets → Sets
is the category of sets with relations as arrows between them. Homsets are
ordered by pointwise inclusion, and form complete lattices. Commutation of
diagram (3) means that for a coalgebra c:X → P(Y +X) the resulting trace
map tr(c):X → P(N · Y ) satisfies:

(n, y) ∈ tr(c)(x0) ⇔ ∃x1, . . . , xn ∈ X. x1 ∈ c(x0) ∧ . . . ∧ xn−1 ∈ c(xn) ∧ y ∈ c(xn)

⇔ ∃x1, . . . , xn ∈ X.
∧

i<n xi+1 ∈ c(xi) ∧ y ∈ c(xn)

where we have left out the coprojections κℓ, κr for simplicity.

(2) For the lift monad L = 1 + (−) we write ⊥ ∈ 1 + X for the bottom
element ⊥ ∈ 1 and up(x) ∈ 1 + X for an element x ∈ X. These sets 1 + X

are “flat” dcpos. For c:X → 1+ (Y +X) we then get a trace map tr(c):X →
1 + N · Y with:

tr(c)(x0) = up(n, y) ⇔ ∃x1, . . . , xn ∈ X.
∧

i<n c(xi) = up(xi+1) ∧ c(xn) = up(y)

(3) We shall write D for the (sub)distribution monad on Sets given by:

D(X) = {ϕ:X → [0, 1] |
∑

x∈X ϕ(x) ≤ 1}.

Notice that we do not require that such ϕ ∈ D(X) have finite support (i.e. have
finitely many elements x ∈ X that are not mapped to 0). The sets D(X) are
dcpos with pointwise order and bottom element ⊥ = λx. 0. The Kleisli maps
X → D(Y ) can then also be ordered, pointwise.

For a coalgebra c:X → D(Y +X) we obtain a trace map tr(c):X → D(N ·
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Y ) as in diagram (3), given explicitly by the following probability formula.

tr(c)(x0)(n, y) =
∑

x1,...,xn∈X

c(x0)(x1) · . . . · c(xn−1)(xn) · c(xn)(y)

=
∑

x1,...,xn∈X

∏

i<n

c(xi)(xi+1) · c(xn)(y)

(4) Let Q be a quantale, i.e. a complete lattice with a monoid structure
(1, ·) where multiplication · preserves suprema

∨
in both arguments (see [14]).

The mapping X 7→ QX is then a monad on Sets with unit and multiplication
given by:

X
η //QX Q(QX) µ //QX

x � //λx′.

{
1 if x′ = x

⊥ otherwise
Φ

� //λx.
∨

ϕ∈QX

Φ(ϕ) · ϕ(x)

A function f :X → Y yields Qf :QX → QY by ϕ 7→ λy.
∨

x∈f−1(y) ϕ(x). The

powerset monad P from (1) is a special case for Q = 2.

For a coalgebra c:X → QY+X diagram (3) now yields a trace map tr(c):X →
QN·Y that formally resembles the previous one:

tr(c)(x0)(n, xn+1) =
∨

x1,...,xn∈X

∏

i≤n

c(xi)(xi+1)

We collect some basic results about coalgebraic traces tr(c) and iterates
c#.

Lemma 3.3 In the situation of the previous proposition:

(i) Uniformity: if f is a homomorphism of coalgebras c→ d in Kℓ(T ),

tr(c) = tr(d) ◦ f and so c# = d# ◦ f.

(ii) Naturality in Y : for g:Y → T (V ),

tr((g +̇ id) ⊙ c) = N · g ⊙ tr(c) and ((g +̇ id) ⊙ c)# = g ⊙ c#.

(iii) Dinaturality in X: for f :U → T (X),

tr(c ⊙ f) = tr((id +̇ f) ⊙ c) ◦ f and (c ⊙ f)# = ((id +̇ f) ⊙ c)# ⊙ f.

Proof Everything follows from (the uniqueness part of) finality. For instance
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the second point involves the diagram:

V +X
id +̇ tr(c) //V + N · Y

id +̇ N · g //V + N · V

Y +X

g +̇ id

OO

id +̇ tr(c) //Y + N · Y

g +̇ id

OO

X

c

OO

tr(c) //

tr((g +̇ id) ⊙ c)

33N · Y

∼=

OO

N · g //N · V

∼=

OO

The diagram on the right commutes by definition of N · g. �

4 Additive structure on Kleisli homsets

We start this section by some preparatory observations about the structure
induced by order on Kleisli homsets, making coproducts behave a bit like
products (i.e. biproducts). It will lead to a description of additive structure
(certain sums) in such homsets, which we shall write with a separate symbol
∐ in order to prevent confusion with the sum f + g = [κℓ ◦ f, κr ◦ g] induced
by coproducts +. The main contribution of this section lies in the notion of
partially additive monad, see Definition 4.2, and in the result that the Kleisli
categories of such monads form partially additive categories.

The first point of the next lemma has already been used, but will be
repeated here for completeness.

Lemma 4.1 Assume C is a category with countable coproducts. Let T :C→ C

be a monad whose Kleisli homsets Kℓ(T )(X, Y ) = C(X,T (Y )) are partially
ordered.

(i) If each Kleisli homset has a bottom element ⊥:X → T (Y ) which is left
strict (i.e. satisfies ⊥ ⊙ f = ⊥), then 0 is a final object in Kℓ(T ). Since
0 is obviously initial in Kℓ(T ), it becomes a zero object (or “nullary”
biproduct).

(ii) If ⊥ is “bi-strict”, i.e. is preserved by both pre- and post-composition in
Kℓ(T ), then there are natural “projection” maps pj:

∐
i∈I Xi → T (Xj)

satisfying:

pj ⊙ κ̇j = id and pj ⊙ κ̇m = ⊥ for j 6= m.

In the binary case we shall write pℓ, pr, just like for coprojections κℓ, κr.

Proof (1) There is only ⊥:X → 0 in Kℓ(T ) because each f :X → 0 satisfies:
f = f ⊙ id0 = f ⊙ ⊥ = ⊥, by left strictness.
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(2) One takes pj = [pi,j ]i∈I :
∐

i∈I Xi → T (Xj) where pj,j = ηXj
and pi,j = ⊥

for i 6= j. Then clearly pj ⊙ κ̇j = pj ◦ κj = pj,j = η, which is the identity in
Kℓ(T ), and pj ⊙ κ̇m = ⊥ for j 6= m. Naturality follows from (right) strictness.

�

For the formulation of the following notion it is convenient to assume that
our category C has set-indexed products. The definition can be given without
such products, using “jointly monic families”. But that only makes it harder
to understand the matter.

Definition 4.2 Assume projections pi as in the previous lemma, for a monad
T on a category C with countable coproducts and products. By bc, for ‘bi-
cartesian’, we denote the following map.

bc =
(
T (

∐
i∈I Xi)

〈 p♭i 〉i∈I //
∏

i∈I T (Xi)
)

where p♭i = µ ◦ T (pi).(6)

The monad T is called partially additive if these bc’s form cartesian natu-
ral transformations with monic components. This means that all naturality
squares:

T (
∐

i Xi)
T (

∐
i fi) //

��
bc

��

T (
∐

i Yi)
��
bc
��∏

i T (Xi)

∏
i T (fi) //

∏
i T (Yi)

are pullbacks in C, for collections of maps fi:Xi → Yi in C.

The monad T may be called additive if these bc’s are isomorphisms. Such
monads are investigated further in [7]. The next definition of sums on Kleisli
homsets is based on [5].

Definition 4.3 Let T be a partially additive monad on C, as in the previous
definition. For countably many fi:X → Y in Kℓ(T ) write ∐i∈Ifi = ∇I ⊙

b:X → Y in Kℓ(T ) if there is a “bound” map b:X → T (I · Y ) = T (
∐

i∈I Y )
with pi ⊙ b = fi.

This bound property can be expressed as: bc ◦ b = 〈fi〉i∈I :X →
∏

i∈I T (Y ) =
T (Y )I . By the mono requirement on bc there is at most one such bound b.

We may observe that certain joins always exist: for a map f :X → T (Y +
Z), one has f = (κ̇ℓ ⊙ pℓ ⊙ f) ∐ (κ̇r ⊙ pr ⊙ f), via the bound (κ̇ℓ +̇ κ̇r) ⊙

f :X → T ((Y + Z) + (Y + Z)).

Before further investigation of this sum ∐ we check what it means in the
examples.

Example 4.4 We shall consider the powerset monad as special case of the
quantale monad Q(−), namely for Q = 2. For convenience, we consider the
binary sum ∐ only.
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(1) For the lift monad L, recall that Kleisli homsets are flat orders, in
which very few joins (or sums) exist. The projections Yℓ + Yr → 1 + Yi are
given by pi(w) = up(y) iff w = κi(y), for i ∈ {ℓ, r}. For b:X → 1 + (Y + Y )
one has:

(pi ⊙ b)(x) =

{
up(y) if b(x) = up(κiy)

⊥ otherwise.

Hence b is completely determined by these pi ⊙ b, so that projections are
jointly monic—and bc from (6) is monic. The pullback property for bc is left
to the reader.

Now if fi:X → 1+ Y are given, and we have a bound b:X → 1+ (Y + Y )
with pi ⊙ b = fi, then we know:

• if fℓ(x) = up(y), then (pℓ ⊙ b)(x) = up(y) so that b(x) = up(κℓy) and thus
(pr ⊙ b)(x) = ⊥, so that fr(x) = ⊥.

• if fr(x) = up(y), then similarly fℓ(x) = ⊥.

The existence of this bound b thus guarantees that both fℓ(x) 6= ⊥ and fr(x) 6=
⊥ does not happen. Hence their join exists, namely the non-bottom value, if
any. This value is given by ∇ ⊙ b.

(2) The Kleisli category Kℓ(D) of the subdistribution monad D inherits
its pointwise order from the unit interval [0, 1]. This interval has joins, but it
turns out that ∐ describes the partially defined + on [0, 1]. The projections
Yℓ + Yr → D(Yi) are given by pi(w)(y) = if w = κiy then 1 else 0. Thus for
b:X → D(Y + Y ) we have (pi ⊙ b)(x)(y) =

∑
w∈Y+Y pi(w)(y) · b(x)(w) =

b(x)(κiy). And bc:D(Yℓ + Yr) → D(Yℓ) × D(Yr) is given by bc(ϕ) = 〈ϕ ◦
κℓ, ϕ ◦ κr〉. It is thus clearly monic.

For the pullback property for bc, assume a collection fi:Xi → Yi together
with maps 〈αℓ, αr〉:A → D(Xℓ) × D(Xr) and β:A → D(Yℓ + Yr) satisfying
D(fi) ◦ αi = p♭i ◦ β. The only possible mediating map γ:A → D(Xℓ + Xr)
is defined as γ(a)(κℓx) = αℓ(a)(x) and γ(a)(κrx) = αr(a)(x). We have to
check that γ(a) is a subdistribution. This follows from because β(a) is a
subdistribution:

1 ≥
∑

z β(a)(z) =
∑

y∈Yℓ
β(a)(κℓy) +

∑
y∈Yr

β(a)(κry)

=
∑

y∈Yℓ
(p♭ℓ ◦ β)(a)(y) +

∑
y∈Yr

(p♭r ◦ β)(a)(y)

=
∑

y∈Yℓ
(D(fℓ) ◦ αℓ)(a)(y) +

∑
y∈Yr

(D(fr) ◦ αr)(a)(y)

=
∑

y∈Yℓ

∑
x∈f−1

ℓ
(y) αℓ(a)(x) +

∑
y∈Yr

∑
x∈f−1

r (y) αr(a)(x)

=
∑

x∈Xℓ
αℓ(a)(x) +

∑
x∈Xr

αr(a)(x)

=
∑

w∈Xℓ+Xr
γ(a)(w).
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Further, if fi:X → D(Y ) are given with fi = pi ⊙ b, then:

(fℓ ∐ fr)(x)(y) = (∇ ⊙ b)(x)(y) =
∑

w∈Y+Y ∇(w)(y) · b(x)(w)

= b(x)(κℓy) + b(x)(κry)

= fℓ(x)(y) + fr(x)(y).

(3) For the quantale monad Q(−) we have projections Yℓ + Yr → QYi

given by pi(w)(y) = if w = κiy then 1 else ⊥, so that for b:X → QY+Y we
get (pi ⊙ b)(x)(y) =

∨
w∈Y+Y pi(w)(y) · b(x)(w) = b(x)(κiy). The map bc

is in this case an isomorphism QYℓ+Yr
∼=−→ QYℓ × QYr , so that Q(−) is an

additive monad. And if the fi have a bound, then their sum is given by union:
(fℓ ∐ fr)(x)(y) = fℓ(x)(y) ∨ fr(x)(y).

These examples illustrate that the sum operation ∐ is determined by
(Kleisli) composition, and hence ultimately by the monad involved.

We continue with some basic properties of ∐.

Lemma 4.5 In the situation of the previous definition, one has:

(i) ∐ is preserved by both pre- and post-composition;

(ii) The sum of the singleton family {f} if f itself; the sum over the empty
family is ⊥;

(iii) If cotupling [−,−] is monotone, then fj ≤ ∐i∈Ifi;

(iv) Assume the Kleisli category is Dcpo-enriched. Let I be a countable set
such that ∐i∈Jfi exists for each finite subset J ⊆ I. Then ∐i∈Ifi exists.

Proof (1) Suppose ∐ifi exists for fi:X → T (Y ), say with bound b:X →
T (I · Y ). For g:U → T (X) the composite b ⊙ g:U → T (I · Y ) is obviously a
bound for fi ⊙ g and yields ∐i(fi ⊙ g) = ∇ ⊙ b ⊙ g = (∐ifi) ⊙ g.

Similarly, for h:Y → T (U) the map I · h ⊙ b is a bound for h ⊙ fi, by
naturality of projections, so that ∐i(h ⊙ fi) = ∇ ⊙ I · h ⊙ b = h ⊙ ∇ ⊙ b = h ⊙

(∐ifi).

(2) The map f is a bound for {f} and ⊥ is a bound for the empty family.

(3) If cotupling is monotone we get pi ≤ ∇ and thus for a bound b,

fi = pi ⊙ b ≤ ∇ ⊙ b = ∐ifi.

(4) Assume for convenience that our index set is N. Let fn:X → T (Y ),
for n ∈ N, be a collection such that the sum ∐ exists for each finite subset.
There are sums f0 ∐ f1 ∐ · · · ∐ fn−1, say via bound bn:X → T (n · Y ). It is
not hard to see that the collection κ̇i ⊙ fi:X → T (N · Y ), for i < n, also has a
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bound, namely b′n = (κ̇0 +̇ · · · +̇ κ̇n−1) ⊙ bn:X → T (n ·N · Y ). We then define

gn = ∇ ⊙ b′n = (κ̇0 ⊙ f0)∐ · · · ∐ (κ̇n−1 ⊙ fn−1) : X −→ N · Y.

This yields a monotone collection gn ≤ gn+1 by the previous point. Hence we
get a map f =

∨
n gn:X → N · Y as directed join, which is the intended sum.

�

One further property of ∐ is required, which is sometimes called “partition
associativity”. It is non-trivial and depends on the pullback requirement from
Definition 4.2.

Lemma 4.6 If a (countable) collection I can be written as disjoint union
I =

⋃
k∈K Ik, then ∐i∈Ifi exists if and only each sum fk = ∐i∈Ikfi exists and

∐i∈Ifi = ∐k∈Kfk.

As a result, ∐ is commutative and associative.

Proof If I =
⋃

k∈K Ik is a disjoint union, then I · Y ∼=
∐

k∈K Ik · Y . Hence
it is more convenient to consider a collection of maps fk,i:X → Y for k ∈ K

and i ∈ Ik.

In one direction, suppose b:X →
∐

k∈K Ik · Y is bound for the collection
(fk,i), so that fk,i = pi ⊙ pk ⊙ b. Write bk = pk ⊙ b:X → Ik ·Y . It forms a bound
for the collection (fk,i)i∈Ik , since pi ⊙ bk = pi ⊙ pk ⊙ b = fi, for each i ∈ Ik. The
sums fk = ∐i∈Ikfi = ∇Ik

⊙ bk have a bound a = (
∐

k∈K ∇Ik) ⊙ b:X → K · Y ,
since for each k ∈ K,

pk ⊙ a = pk ⊙ (
∐

k∈K ∇Ik) ⊙ b = ∇Ik
⊙ pk ⊙ b by naturality of projections

= ∇Ik
⊙ bk = ∐i∈Ikfi = fk.

Hence ∐k∈Kfk exists as ∇K ⊙ a = ∇K ⊙ (
∐

k∈K ∇Ik) ⊙ b = ∇I ⊙ b = ∐i∈Ifi.

For the other direction assume that the sums fk = ∐i∈Ikfk,i and ∐k∈Kfk
exist; we need to show that also ∐k∈I,i∈Ifk,i exists—and is equal to ∐k∈Kfk.
So let bk:X → Ik · Y be a bound for the collection (fk,i)i∈Ik and a:X →
K · Y be a bound for these fk =

∐
i∈Ik

fi = ∇Ik
⊙ bk. We need a bound

c:X →
∐

k∈K Ik · Y , which we obtain via the following naturality pullback, as
required in Definition 4.3.

X

〈bk〉k∈K
''

a

''

c

&&N

N

N

N

N

N

T (
∐

k∈K Ik · Y )
_

�

T (
∐

k∇Ik) //
��

bc
��

T (K · Y )
��
bc
��∏

k∈K T (Ik · Y )

∏
k T (∇Ik)//

∏
k∈K T (Y )
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Hence the mediating map c is a bound for these bk and thus for the fk,i. The
resulting sum is: ∐k∈K,i∈Ikfk,i = ∇K ⊙

∐
k∈K ∇Ik

⊙ c = ∇K ⊙ a = ∐k∈Kfk. �

We are now ready to collect the requirements that we need in this paper.

Requirements 4.7 The category C is assumed to have countable coproducts
and the monad T :C→ C satisfies:

(i) its Kleisli category Kℓ(T ) is Dcpo⊥-enriched, so that Kleisli homsets have
(countable) directed joins and a bottom element, which are preserved by
composition;

(ii) this Kleisli category also has monotone cotupling;

(iii) the monad T is partially additive, as in Definition 4.3.

¿From Lemma 4.5 we may now conclude a basic result.

Proposition 4.8 Let category C with monad T satisfy Requirement 4.7. The
Kleisli category Kℓ(T ) is then partially additive. Further, it is additive (has
all countable sums ∐) iff it has countable strict biproducts. �

For what it precisely means to be partially additive we refer to the liter-
ature [5]. Here we shall simply use that Kleisli homsets have certain sums
∐, with properties as described in Lemma 4.5. The projections pi make the
Kleisli categories into what are called ‘unique decomposition categories’, see
also [10]. The “further” part of the proposition is [9, Theorem 3.0.17]. It
applies to the Kleisli category of quantale monads.

5 Kleisli categories are traced monoidal

Now that we have seen additive structure on Kleisli homsets we can conclude
from [9] that we have traced monoidal structure in these Kleisli categories.
But before we do so we return to Section 3 and re-describe the iterate c# of
a coalgebra c in terms of the newly discovered sums. This will be used (in
the proof of Theorem 5.2) to show that the induced traced monoidal structure
coincides with the coalgebraic trace.

Lemma 5.1 For C, T satisfying Requirements 4.7 the iterate c# of a coalgebra
c:X → T (Y +X), from Proposition 3.1, can be described as sum:

c# = cℓ ⊙ ∐n∈N c
n
r = cℓ ⊙ c⋆r,

where cℓ = pℓ ⊙ c:X → T (Y ) and cr = pr ⊙ c:X → T (X), and h⋆ = ∐n∈N h
n.

Proof Recall that the iterate is defined as c# = ∇ ⊙ tr(c):X → N · Y → Y .
Hence it is a sum ∐ by construction. So we only have to check that pi ⊙

tr(c) = cℓ ⊙ cir, for i ∈ N. But before we can do so we need a better handle on
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the projections pi:n · Y → Y in Kℓ(T ), for i < n. They are given inductively
by:

p0 = [η,⊥]:Y + n · Y −→ T (Y ) and pi+1 = [⊥, pi]:Y + n · Y −→ T (Y )(7)

Then it is not hard to see that pi ◦ λn = pn−i−1:n · Y → T (Y ), for i < n, and
pi ◦ λn = ⊥, for i ≥ n.

Next we use the explicit description of tr(c) as directed join from (5):

pi ⊙ tr(c) = pi ⊙

(∨
n∈N

J(λn) ⊙ cn

)

=
∨

n∈N
pi ⊙ J(λn) ⊙ cn

=
∨

n∈N
pn−i−1 ⊙ cn as we have just seen, where i < n

(∗)
= cℓ ⊙ cir.

The equation (∗) is obtained by induction on n, using (4). �

The main result of this paper now shows how coalgebraic traces in Kleisli
categories yield a traced monoidal structure with respect to this monoidal
structure (0,+). The result is actually a direct consequence of Proposition 4.8,
using [9, Theorem 3.1.4] (which dualises Hasegawa’s result that uniform fixed
point operators are uniform traces [11]). We should point out that the induced
trace structure is of a very special kind, since the monoidal structure consists
of coproducts, and the obtained trace operators are uniform. Hence it can
equivalently be presented in terms of iteration operators à la Bloom-Ésik,
i.e. as the duals of uniform fixed point operators, see [6]. So we are basically
looking at an instance of Elgot iterative theories, see [4].

Theorem 5.2 For C and T satisfying Requirements 4.7, the Kleisli category
Kℓ(T ) with (0,+) is traced monoidal (see [13]). For a map f :X+U → Y +U

in Kℓ(T ) we define Tr(f):X → Y as the composite ∇ ⊙ tr(f̂) ⊙ κℓ = f̂#
⊙ κℓ

at the bottom in:

Y + (X + U)
id +̇ tr(f̂) //_______ Y + N · Y

X
κ̇ℓ //

Tr(f)

55X + U
tr(f̂) //__________

f̂ = (idY +̇ κ̇r) ⊙ f

OO

f̂#

55N · Y
∇ //

∼= J(ξ−1)

OO

Y

This monoidal trace operation Tr then satisfies standard requirements from [13],
and also the following special properties.

Identity Tr(idX+U) = idX ;
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Uniformity Tr(f) = Tr(g), if (id +̇ h) ⊙ f = g ⊙ (id +̇ h),
for f :X + U → Y + U , g:X + V → Y + V and h:U → V (see [11]).

Proof The result follows from the properties of iteration (−)#, see [9] 2 ,
once we know that the definition of trace in [9] coincides with the coalgebraic
one described in the theorem. This follows from Lemma 5.1 using a matrix
description of f :X + U → Y + U . Write fij = πj ⊙ f ⊙ κ̇i, for i, j ∈ {ℓ, r}, so
that:

f =


X

fℓℓ //T (Y ) U
fℓr //T (Y )

X
frℓ

//T (U) U
frr

//T (U)




We have to show that Tr(f) = f̂#
⊙ κ̇ℓ as defined above can be written as the

(regular) expression fℓℓ∐ fℓrf
⋆
rrfrℓ that is used in [9], and called the execution

(or trace) formula. This follows from the description of iteration (−)# in
Lemma 5.1:

Tr(f) = f̂#
⊙ κ̇ℓ = pℓ ⊙ f̂ ⊙

(
∐n (pr ⊙ f̂)n

)
⊙ κ̇ℓ

= pℓ ⊙ f ⊙

(
∐n (κ̇r ⊙ pr ⊙ f)n

)
⊙ κ̇ℓ

= pℓ ⊙ f ⊙

(
id ∐∐n (κ̇r ⊙ pr ⊙ f)n+1

)
⊙ κ̇ℓ

= (pℓ ⊙ f ⊙ κ̇ℓ)∐ (pℓ ⊙ f ⊙

(
∐n (κ̇r ⊙ pr ⊙ f)n+1

)
⊙ κ̇ℓ)

(∗)
= fℓℓ ∐ (pℓ ⊙ f ⊙

(
∐n κ̇r ⊙ (pr ⊙ f ⊙ κ̇r)

n
)

⊙ pr ⊙ f ⊙ κ̇ℓ)

= fℓℓ ∐
(
pℓ ⊙ f ⊙ κ̇r ⊙

(
∐n (pr ⊙ f ⊙ κ̇r)

n
)

⊙ frℓ

)

= fℓℓ ∐ fℓrf
⋆
rrfrℓ.

The marked equation holds because

(κ̇r ⊙ pr ⊙ f)n+1
⊙ κ̇ℓ = κ̇r ⊙ (pr ⊙ f ⊙ κ̇r)

n
⊙ pr ⊙ f ⊙ κ̇ℓ,

which is obtained by induction.

The identity and uniformity properties are a consequence of Lemma 3.3.
�

Example 5.3 We shall quickly review what this monoidal trace amounts to
for a map f :X + U → T (Y + U) where T is one of the monads P ,L,D, Q(−)

from Example 3.2.

2 which, in dual form for products and a fixed point operator, should also be attributed to
Masahito Hasegawa [11] and to Martin Hyland, see also [15].
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(i) For the powerset monad P we get Tr(f):X → P(Y ) given by:

y ∈ Tr(f)(x) ⇐⇒ ∃n ∈ N. (n, y) ∈ tr(f)(x)

⇐⇒ ∃u1, . . . , un ∈ U. u1 ∈ f(x) ∧ u2 ∈ f(u1) ∧ · · ·

∧ un ∈ f(un−1) ∧ y ∈ f(un).

(ii) The lift monad yields Tr(f):X → 1 + Y as

Tr(f)(x) = up(y) ⇐⇒ ∃n ∈ N. f(x) = up(u1) ∧ f(u1) = up(u2) ∧ · · · ∧

f(un−1) = up(un) ∧ f(un) = up(y).

(iii) The subdistribution monad yields Tr(f):X → D(Y ) with:

Tr(f)(x)(y)

=
∑

n∈N

∑

u1,...,un∈U

f(x)(u1) · f(u1)(u2) · . . . · f(un−1)(un) · f(un)(y).

(iv) Similarly, the quantale monad yields Tr(f):X → QY with:

Tr(f)(x)(y)

=
∨

n∈N

∨

u1,...,un∈U

f(x)(u1) · f(u1)(u2) · . . . · f(un−1)(un) · f(un)(y).

We have already seen that Kleisli categories of quantale monads are special,
because they have biproducts. But there is more.

Lemma 5.4 The Kleisli category Kℓ(Q(−)) of the monad Q(−) for a commuta-
tive quantale Q has an involution (−)†:Kℓ(Q(−))op

∼=−→ Kℓ(Q(−)) that preserves
biproducts and (monoidal) traces.

Proof On objects one has X† = X and on a morphism f :X → QY one gets
f †:Y → QX by f †(y)(x) = f(x)(y). Clearly, (−)†† = id. Commutativity
of Q’s monoid (1, ·) is needed to show that (−)† preserves composition and
traces. �

6 A category for bidirectional monadic computation

In this section we continue to work with a monad T on a category C as in
Requirements 4.7 for which we thus have both coalgebraic traces (as in Propo-
sition 3.1) and monoidal traces (by Theorem 5.2). Then we can apply the
standard “Int” construction from [13]. We shall write Bd(T ) for the resulting
category Int(Kℓ(T )) of “bidirectional computations of type T”.
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This final section only contains an explicit description of this category
Bd(T ) and a brief examination of our standard examples.

Definition 6.1 Let Bd(T ) be the category with:

Objects A = (Aℓ, Ar) consisting of pairs of objects Aℓ, Ar ∈ C;

Morphisms f :A → B are maps f :Aℓ + Br → T (Bℓ + Ar) in C. Of course
they may also be described as maps Aℓ + Br → Bℓ + Ar in the Kleisli
category Kℓ(T );

Identities idA:A→ A are (Kleisli) identities Aℓ + Ar → T (Aℓ + Ar);

Composition For f :A→ B and g:B → C, that is for f :Aℓ +Br → T (Bℓ +
Ar) and g:Bℓ + Cr → T (Cℓ + Br), the composite g ◦ f is the (monoidal)
trace of the following “obvious” map: (Aℓ+Cr)+Br → T ((Cℓ+Ar)+Br),
given explicitly in Kℓ(T ) as:

[ [
[(κ̇1 +̇ id) ⊙ g ⊙ κ̇1, κ̇1 ⊙ κ̇2] ⊙ f ⊙ κ̇1, (κ̇1 +̇ id) ⊙ g ⊙ κ̇2

]

[(κ̇1 +̇ id) ⊙ g ⊙ κ̇1, κ̇1 ⊙ κ̇2] ⊙ f ⊙ κ̇2

]
.

We refer to [13] for the proof of the fact that this yields a compact closed
category, with a full and faithful functor Kℓ(T )→ Bd(T ) given by A 7→ (A, 0).
Such proofs are non-trivial, and can best be done using a suitable graphical
notation.

In the remainder we briefly review our running examples. For the lift
monad L the category Bd(L) contains the essence of the category of games G
as described in [3]. There, the objects can be described in terms of pairs of
sets (Aℓ, Ar) of moves, of a player (left, say) and opponent (right), together
with additional structure, given by a set of plays, as suitable subset of the set
of (Aℓ + Ar)

⋆ sequences of moves. Morphisms A → B in G are “strategies”,
that can be described as certain partial functions Aℓ+Br ⇀ Bℓ+Ar, that is

3 ,
as Kleisli maps Aℓ+Br → 1+(Bℓ+Ar). Composition of these strategies takes
place via Girard’s “execution formula”, which corresponds to composition as
described in Definition 6.1.

The category Bd(D) for the distribution monad D does not seem to have
been studied yet. The other example involving quantale monads gives rise
to a separate result, yielding a setting for quantum computation, see [2]. It
includes the familiar situation of relations.

Proposition 6.2 The category Bd(Q(−)) obtained from the quantale monad
Q(−) for a commutative quantale Q is strongly compact closed.

Proof The involution (−)† from Lemma 5.4 is preserved by the “Int” con-
struction, as claimed in [1]. �

3 These strategies are maps f :MP
A
+MO

B
⇀ MO

A
+MP

B
in the notation of [3, Section 2.4].
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Abstract

The study of algebras and coalgebras involve parametric description of a family of endofunctors.
Such descriptions can often be packaged as parameterized endofunctors. A parameterized endofunc-
tor generates a higher-order endofunctor on a functor category. We characterize initial algebras and
final coalgebras for these higher-order endofunctors, generalizing several results in the literature.

Keywords: higher-order, algebras, coalgebras, parametric endofunctor

1 Introduction

Often, families of endofunctors with interesting algebras and coalgebras are
defined by first fixing some parameters. More specifically, the definitions of
endofunctors are usually related by having the same (multi-ary) functorial
form. For instance, stream coalgebras arise from the bifunctor × : Set×Set→
Set, where the first coordinate is fixed to be a particular set. This paper
follows the lead of Kurz and Pattinson [7] and unify these definitions in the
notion of a parameterized endofunctor.

A parameterized endofunctor generates a higher-order endofunctor on a
functor category. For two categories C and D, the functor category [C,D]
consists of functors from C to D as objects and natural transformation among
them as morphisms. While we treat the most general case, the two cases of
particular interest in this paper are the category of endofunctors End(C) =
[C, C] and the arrow category C→ ∼= [2, C].

1
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The main result of this paper is to characterize when such a construction
will yield higher-order initial algebras and final coalgebras. The result is in-
spired by work done with initial algebras on arrow categories by Chuang and
Lin [5], and also by another restricted case pertaining to iteratable functors
given by Aczel, Adámek, Milius, and Velebil [1]. More constrained notions
of parameterized endofunctors are presented in the literature, e.g. actions [4]
and parameterized monads [9,2]. The work here, however, follows a relatively
unconstrained approach. Initial algebras for higher-order endofunctors have
been used to model the semantics of dependent types [5] and generalized al-
gebraic data types (GADT’s) [6]. Coalgebraically, higher-order endofunctors
can be used to define higher-order, generic functions such as map on streams
and other coinductive data-types.

The rest of the paper is organized in the following manner. Section 2 intro-
duces the notion of parameterized endofunctors, making observations about
some examples. Section 3 sets the stage for the main result by defining a
certain completeness (and co-completeness) conditions on parameterized end-
ofunctors which we call suitability. Section 4 states the main results and
provides a detailed proof for the algebraic case. We also provide a sampling
of how the theorems may applied in several disparate situations. We end with
Section 5, providing some summarizing conclusions.

2 Functor categories and parameterized endofunctors

We begin with the definition of a parameterized endofunctor.

Definition 2.1 A B-parameterized endofunctor on C is a bifunctor F : B ×
C → C.

Alternatively, by the usual adjunction, the definition could be given as a
functor from the parameter category B to the category of endofunctors End(C).
While the description B-parameterized becomes explicit in this modified form,
the given definition will suffice for the sake of notational simplicity.

Given a parameterized endofunctor F : B × C → C, every object x ∈ B
restricts F to a C-endofunctor which can be denoted as F (x,1) : C → C.

Moreover, for any morphism x
f
−→ y in the parameter category, there is

a natural transformation F (x,1)
F (f,1)
====⇒ F (y,1) given component-wise as

F (f,1)c = F (f, c) for an object c ∈ C.

There are many concrete examples of parameterized endofunctors, few of
which are examined briefly here.

Example 2.2 For a non-empty set A, consider the Set-endofunctor 1+A×1.
The initial (1+A×1)-algebra is A∗, the set of words on A. This endofunctor is
“parameterized” by making A an argument to the bifunctor F : Set×Set→ Set
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given by F (A,X) = 1 + A×X for A,X ∈ Set.

Example 2.3 For non-empty sets A and B, consider the Set-functor (B ×

1)A. The (B × 1)A-coalgebra X
f
−→ (B ×X)A corresponds to an automaton

(X,A,B, f) where

• X is the state space,

• A and B are the sets of input and output symbols, respectively, and

• f determines the automaton’s output and transition functions.

For a given state x ∈ X and an input symbol a ∈ A, the output symbol b ∈ B
and the next state y ∈ X is given by the pair 〈b, y〉 = f(x)(a). Automata of
this type are often called Mealy machines.

Let B = Setop × Set and C = Set. The parameterized endofunctor for this
example is F : (Setop × Set)× Set→ Set, given by

F (〈A,B〉, C) = (B × C)A.

for sets A, B, and C. F is contravariant in A and covariant in B (and C).

Example 2.4 Let 2 = {0
!
←− 1} be the 2-object category with a single non-

identity morphism. For two endofunctors G0, G1 : C → C and a natural trans-

formation G1
θ
=⇒ G0, let F : 2 × C → C be the parameterized endofunctor

given by
F (i, x) = Gix F (!, x) = θx

for i ∈ 2 and x ∈ C. In short, F is the natural transformation θ.

Example 2.5 For a C-endofunctor H and an object c ∈ C consider the C-
endofunctor FH,c given by FH,c(x) = c+Hx. The corresponding parameterized
endofunctor is F : (End(C)× C)× C → C given by

F (〈H, c〉, x) = c+Hx.

3 Suitability

Ultimately, the interest in parameterized endofunctors here is to consider their
relationship to the theory of algebras and coalgebras. In this vein, we introduce
the notion of suitability.

Definition 3.1 A B-parameterized endofunctor F : B × C → C is initially
suitable if for every object x ∈ B, the endofunctor F (x,1) : C → C admits
an initial algebra. Dually, F is finally suitable if for every object x ∈ B, the
endofunctor F (x,1) admits a final coalgebra.

Suppose F : B×C → C is initially suitable. For each x ∈ B, let F (x,RFx)
rx−→

RFx be the initial F (x,1)-algebra. RF extends to a functor RF : B → C by
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mapping a B-morphism x
f
−→ y to the unique algebra morphism, denotedRFf ,

induced by initiality in the following commutative diagram:

F (x,RFx)
rx //

F (x,RF f)

��
F (f,RF f)=F (1,RF )f

))

RFx

RF f

��
F (x,RFy) F (f,RF y)

//F (y,RFy) ry
//RFy

(1)

Dually, suppose F is finally suitable. Then for x ∈ B, let SFx
sx−→ F (x,SFx)

be the final F (x,1)-coalgebra. SF extends to a functor SF : B → C by mapping

a B-morphism x
f
−→ y to the unique coalgebra morphism, denoted SFf , induced

by finality in the following commuting diagram:

SFx
sx //

SF f

��

F (x,SFx)
F (f,SF x) //

F (1,SF )f=F (f,SF f)

))

F (y,SFx)

F (y,SF f)
��

SFy sy
//F (y,SFy)

(2)

The structure morphisms from the initial algebras and final coalgebras
above collectively form two natural transformations:

F (1,RF )
r +3RF SF

s +3F (1,SF ) (3)

The naturality condition is evidently satisfied through the dotted arrows in (1)
and (2). Furthermore, both of these natural transformations are isomorphisms
by Lambek’s Lemma applied to each component.

The definition of initial and final suitability generalizes a collection of com-
mon concepts in the theory of algebras and coalgebras. Free monads, com-
pletely iterative monads, and their duals are in fact based on initial or final
suitability conditions for certain parameterized endofunctors. The following
examples clarify the nature of how initial and final suitability generalizes and
unifies these notions.

Example 3.2 Given an endofunctor H on a category C with binary coprod-
ucts, we have the parameterized endofunctor F : C × C → C given by

F (c, x) = c+Hx. (4)

If F is initially suitable, then RF is called the free monad generated by H
[3]. If F is finally suitable, then H is called iteratable, and SF is called the
completely iterative monad generated by H [1].
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Example 3.3 Given an endofunctor H on a category C with binary products,
we have the parameterized endofunctor F : C × C → C given by

F (c, x) = c×Hx. (5)

If F is initially suitable, RF is called cofree recursive comonad generated by
H. If F is finally suitable, SF is called the cofree comonad generated by H
[10].

The monadic and comonadic structures in Examples 3.2 and 3.3 are arti-
facts of the particular shapes the parameterized endofunctors take in (4) and
(5). RF and SF will not have an obvious monad or comonad structure in
general.

For further examples, we elaborate on Examples 2.3 and 2.4.

Example 3.4 A stream function Aω
f
−→ Bω is causal if it is non-expanding in

the usual metric on streams given by

d(σ, τ) =

{
0 if σ = τ

2−i if σ 6= τ

where i is the length of the longest common prefix of σ and τ . Intuitively, two
streams are close together if they share a long prefix. If two streams share
a common prefix, then their images under a non-expansive function share a
prefix of the same (or greater) length. For this reason, if f is non-expansive,
hd(f(a:σ)) = hd(f(a:τ)), regardless of the choice of σ and τ .

The final (B × 1)A-coalgebra is carried by the set ΓA,B of causal stream
functions from Aω to Bω [8]. The structure map of the final (B×1)A-coalgebra

ΓA,B
γA,B
−−→ (B × ΓA,B)

A is given by

γA,B(f)(a) = 〈hd ◦ f ◦ ca, tl ◦ f ◦ ca〉

Here ca is the mapping σ 7→ a:σ. (Recall also that for a set A, the pairing

of the head and tail maps on streams, i.e. Aω
〈hd,tl〉
−−−→ A × Aω, is the final

(A× 1)-coalgebra.) Per the observation in the previous paragraph, hd ◦ f ◦ ca
is constant to B since f is causal. By abusing notation, the first coordinate
of γA,B(f)(a) is written as a function Aω → B for the sake of symmetry.

Example 3.5 The parameterized endofunctor F from Example 2.4 is ini-
tial suitable (resp. finally suitable) if both G0 and G1 admit initial algebras

(resp. final coalgebras). If F is initially suitable, then let Giai
ri−→ ai be the

initial Gi-algebra carried by ai = RF i for i ∈ 2. By initiality of G1a1
r1−→ a1,
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there is a unique G1-algebra morphism ζ so that

G1a1
r1 //

F (1,ζ)=G1ζ

��

a1

ζ

��
G1a0

θa0

F (!,a0)
//G0a0 r0

// a0

(6)

commutes. In this case, the functor RF : 2 → C can be identified with the
C-morphism ζ.

4 Higher-order algebras and coalgebras

The study of algebras and coalgebras often depend heavily on the choice of
the base category. Generally speaking, it is often fruitful to fix a category
and consider interesting families of endofunctors, which either admit algebras
or coalgebras or both. The proposal in this research is to consider functor
categories as an appealing option for the fixed category.

In sequel, we refer to algebras and coalgebras defined via endofunctors on
functor categories as higher-order algebras and coalgebras.

Any study of higher-order algebras and coalgebras are inevitably subsumed
in the general theory since we are only fixing some particular class of categories
to focus on. However the higher-order approach also extends the general
theory in the following sense. Given any category C, an endofunctor F : C → C
can be embedded as an endofunctor on the functor category [1, C], where 1 is
the terminal category. By allowing different categories in the place of 1, richer
structures may be discerned and utilized.

4.1 Higher-order endofunctor generated by a parameterized endofunctor

There is no doubt that characterizing higher-order endofunctors and their al-
gebras and coalgebras in full generality is an insurmountably difficult task.
We take a much more modest approach of investigating a particular class of
higher-order endofunctors which arise naturally from parameterized endofunc-
tors.

Definition 4.1 Let F : B×C → C be a parameterized endofunctor. Define an
higher-order endofunctor F̂ : [B, C]→ [B, C] by F̂X = F (1B, X) for a functor

X : B → C. For a natural transformation X
λ
=⇒ Y , the natural transformation

F̂ λ is given component-wise by F (1, λ)b = F (b, λb) for b ∈ B.

We say F̂ is the higher-order endofunctor generated by the parameterized
endofunctor F .

Example 4.2 Given an endofunctor H : C → C, we can produce a higher-
order endofunctor H ◦ 1 : [B, C] → [B, C] by post-composition. H ◦ 1 can be
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generated by parameterized endofunctor F : B×C → C given by F (x, y) = Hy.
In this case, F is initially (resp. finally) suitable if and only if H admits an
initial algebra (resp. a final coalgebra).

Example 4.3 Given an endofunctor G : B → B, we can produce a higher-
order endofunctor 1◦G : [B, C]→ [B, C] by pre-composition. This higher-order
endofunctor cannot be generated by a parameterized endofunctor in general.

Example 4.4 We continue here with Example 3.5. The parameterized endo-
functor F : 2 × C → C generates an endofunctor F̂ on the arrow category
C→ ∼= [2, C]. Objects of C→ are C-morphisms. A C→-morphism from x

a
−→ y to

x′
a′
−→ y′ is a pair of C-morphisms m = 〈x

mx−−→ x′, y
my
−→ y′〉 so that the square

x a //

mx

��

y

my

��
x′ a′

// y′

commutes.

The image of a C→-object x
a
−→ y under F̂ is the composition

G1x
G1a

F (1,a)
//G1y

θy

F (!,y)
//G0y or G1x

θx

F (!,x)
//G0x

G0a

F (0,a)
//G0y.

which are equal by the naturality of θ. For a C→-morphismm = 〈x
mx−−→ x′, y

my
−→ y′〉,

we have F̂m = 〈G1mx, G0my〉.

4.2 Algebra and coalgebra of higher-order endofunctors

In this section we discuss the necessary and sufficient conditions for higher-
order endofunctors generated by parameterized endofunctors to admit initial
algebras or final coalgebras.

As noted earlier, for a parameterized endofunctor F : B × C → C, which is
initially (resp. finally) suitable, there is a natural transformation F (1,RF )

r
=⇒

RF (resp. SF
s
=⇒ F (1,SF )). In the context of the higher-order endofunctor

F̂ generated by F , the natural transformation r is an F̂ -algebra and s is a
F̂ -coalgebra:

F̂RF
r +3RF SF

s +3 F̂SF

When F is initially suitable, (RF , r) will be the initial F̂ -algebra, and dually

when F is finally suitable, (SF , s) will be the final F̂ -coalgebra.

Theorem 4.5 Let C be a locally small category with powers. For a higher-
order endofunctor F̂ : [B, C]→ [B, C] generated by a parameterized endofunctor
F : B × C → C, the following are equivalent:
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(i) F is initially suitable.

(ii) F̂ admits an initial algebra.

In fact, given an initially suitable F , the initial algebra of F̂ is F̂RF
r
=⇒ RF .

Conversely, given an object x ∈ B and an initial F̂ -algebra F̂A
α
=⇒ A, the

initial F (x,1)-algebra is just (F̂A)x = F (x,Ax)
αx−→ Ax.

Proof. For (i)=⇒(ii), suppose F is initially suitable. We will show that

(RF , r) is an initial F̂ -algebra. To that end, let F̂G
g
=⇒ G be an F̂ -algebra. For

every x ∈ B, there exists a unique F (x,1)-algebra morphism, RFx
ϕx
−→ Gx,

making the square

F (x,RFx)
rx //

F (x,ϕx)

��

RFx

ϕx

��
F (x,Gx) gx

//Gx

(7)

commute because rx is the initial F (x,1)-algebra. We need to show that ϕ is

natural. For a morphism x
f
−→ y, consider the following diagrams:

F (x,RFx)
rx //

F (x,ϕx)
��

RFx

ϕx

��
F (x,Gx) gx

//

F (x,Gf)
��

F (f,Gf)
SSSSS

))SSSSS

Gx

Gf

��
F (x,Gy)

F (f,Gy)
//F (y,Gy) gy

//Gy

F (x,RFx)
rx //

F (x,RF f)
��

F (f,RF f)
SSSSS

))SSSSS

RFx

RF f

��
F (x,RFy)

F (f,RF y) //

F (x,ϕy)

��
F (f,ϕy)
SSSSS

))SSSSS

F (y,RFy)
ry //

F (y,ϕy)

��

RFy

ϕy

��
F (x,Gy)

F (f,Gy)
//F (y,Gy) gy

//Gy

The triangles all commute trivially. The squares commute by definition of ϕ
(7), and the trapezoids commute because both g and r are natural. These
diagrams above show that Gf ◦ ϕx and ϕy ◦ RFf are both F (x,1)-algebra
morphisms from an initial algebra rx to the algebra gy ◦ F (f,Gy). By initial-
ity these morphisms must be equal, showing that ϕ is indeed natural. The
uniqueness of ϕ as an F̂ -algebra morphism follow directly from the uniqueness
of each component of ϕ as an F (x,1)-algebra morphism.

Conversely, for (ii)=⇒(i), suppose F̂ admits an initial algebra. Then there
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is a functor A : B → C and a natural transformation

F (1, A) = F̂A
α +3A

so that (A,α) is initial among all F̂ -algebras. We will demonstrate that
F (x,Ax)

αx−→ Ax is an initial F (x,1)-algebra.

For x ∈ B and y ∈ C, we define a functor Jx,y : B → C given by Jx,ya =
∏

B(a,x) y for a ∈ C. Given a B-morphism a
f
−→ b, the C-morphism

∏
B(a,x) y

Jx,yf
−−−→∏

B(b,x) y is given by Jx,yf = 〈πg◦f〉g∈B(b,x), or equivalently,

πg ◦ Jx,yf = πg◦f (8)

for g ∈ B(b, x). For any functor S : B → C parallel to Jx,y, there is a bijective
correspondence

Nat(S, Jx,y)

(−)♭

++
Hom(Sx, y)

(−)♯
kk (9)

(From a broader perspective, this bijective correspondence is the consequence
of Jx,y being the right Kan extension RanXY of the functor Y : 1 → C along
X : 1 → B which are constant on y ∈ C and x ∈ B respectively.) For a

natural transformation S
λ
=⇒ Jx,y, the C-morphism Sx

λ♭
−→ y is given by the

composition

Sx
λx // Jx,yx =

∏
B(x,x) y

πidx // y. (10)

Conversely, given a morphism Sx
u
−→ y, the components of the natural trans-

formation S
u♯
=⇒ Jx,y is given by

u
♯
b = 〈u ◦ Sg〉g∈B(b,x) (11)

πg ◦ u
♯
b = u ◦ Sg (12)

for g ∈ B(b, x). We can see that

(u♯)♭
(10)
= πidx ◦ u

♯
x

(11)
= πidx ◦ 〈u ◦ Sg〉g∈B(x,x) = u ◦ S(idx) = u (13)

and for b ∈ B,

(λ♭)♯b
(11)
= 〈λ♭ ◦ Sg〉g∈B(b,x)

(10)
= 〈πidx ◦ λx ◦ Sg〉g∈B(b,x)

(∗)
= 〈πidx ◦ Jx,yg ◦ λb〉g∈B(b,x)
(8)
= 〈πg ◦ λb〉g∈B(b,x) = 〈πg〉g∈B(b,x) ◦ λb = λb.
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The equality marked (∗) is due to the naturality of λ.

Let F (x, y)
u
−→ y be an arbitrary F (x,1)-algebra. Composing with F (x, πidx),

we have

F (1, Jx,y)(x) = F (x, Jx,yx) = F (x,
∏

B(x,x) y)
F (x,πidx ) //F (x, y) u // y

which is of the form Sx→ y, for the functor S = F (1, Jx,y). By the bijective

correspondence (9), we obtain an F̂ -algebra

F (1, Jx,y) = F̂ Jx,y
(u◦F (x,πidx ))

♯
+3 Jx,y ,

Then, we have an F̂ -algebra morphism A
ψ
=⇒ Jx,y so that the diagram

F (1, A) α +3

F (id,ψ)
��

A

ψ

��
F (1, Jx,y)

(u◦F (x,πidx ))
♯

+3 Jx,y

(14)

commutes by the initiality of (A,α). Note that the natural transformation ψ
here depends on u. Recalling that ψ♭ = πidx ◦ ψx (10), consider the following
commutative diagram:

F (x,Ax)
αx //

F (x,ψx)
��

GF

@A

F (x,ψ♭)

//

Ax

ψx

��

ED

BC

ψ♭

oo

F (x, Jx,yx)
(u◦F (x,πidx ))

♯
x //

F (x,πidx )

��

Jx,yx

πidx

��
F (x, y) u

// y

The top square commutes due to the initiality of α (14), and the bottom
square is the identity f = πidx ◦ f

♯
x (13), where f = u ◦ F (x, πidx). Therefore,

ψ♭ is an F (x,1)-algebra morphism.

Next, suppose Ax
p
−→ y is an F (x,1)-algebra morphism from F (x,Ax)

αx−→
Ax to F (x, y)

u
−→ y. For uniqueness, we must verify that ψ♭ = p. To that end,
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consider the following diagram.

F (b, Ab)

F (g,Ag)
OOOO

''OOOO

F (b,p♯b)

��

αb //Ab

p
♯
b

��

Ag
zz

zz

||zzz
z

F (x,Ax) αx //

F (x,p)

��

Ax

p

��
F (x, y) u // y

F (x, Jx,yx)

F (x,πidx )

OO

u◦F (x,πidx )

99sssssssssss

F (b, Jx,yb)

F (g,πg)

55

F (b, Jx,yb)

F (g,Jx,yg)

OO

(u◦F (x,πidx ))
♯
b

// Jx,yb

πg2
2
2
2
2
2
2

XX2
2
2
2
2
2
2
2

Here g is an arbitrary morphism in B(b, x). The center square commutes by
assumption that p is an algebra morphism. The region above it commutes by
naturality of α; the region to the right is an instance of (12); the region to
the left consequently commutes by bifunctoriality of F . The triangle below
the center square commutes trivially. The region below the triangle is another
instance of (12), because the arrow

F (b, Jx,yb)
F (g,Jx,yg) //F (x, Jx,yx)

is just Sb
Sg
−→ Sx for S = F (1, Jx,y). Finally, the region to the left of the

triangle commutes by the definition of Jx,y on morphisms (8). Therefore, for
any b ∈ B and g ∈ B(b, x):

πg ◦ (p
♯ ◦ α)b = πg ◦

[
p
♯
b ◦ αb

]

= πg ◦
[
(u ◦ F (x, πidx))

♯
b ◦ F (b, p

♯
b)
]

= πg ◦ ((u ◦ F (x, πidx))
♯ ◦ F (id, p♯))b.

These calculations show that (p♯◦α)b = ((u◦F (x, πidx))
♯◦F (id, p♯))b, and con-

sequently, that the following diagram of natural transformations commutes.

F (1, A) α +3

F (id,p♯)
��

A

p♯

��
F (1, Jx,y)

(u◦F (x,πidx ))
♯

+3 Jx,y

That is to say, p♯ is an F̂ -algebra morphism. By initiality, we conclude that
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p♯ = ψ. Therefore, ψ♭ = (p♯)♭
(13)
= p, as required for uniqueness of the F (x,1)-

algebra morphism from (Ax, αx) to any other F (x,1)-algebra. 2

Theorem 4.6 Let C be a locally small category with copowers. For a higher-
order endofunctor F̂ : [B, C]→ [B, C] generated by a parameterized endofunctor
F : B × C → C, the following are equivalent:

(i) F is finally suitable.

(ii) F̂ admits a final coalgebra.

Proof. Dualize the proof to the previous theorem. The bijective correspon-
dence in this case

Nat(Kx,y, Q)
++
Hom(y,Qx)kk (15)

will come from the left Kan extension LanXY = Kx,y which is formed by
copowers:

Kx,ya =
∐

B(x,b)

y.

The details can be gleaned from proof of Corollary 4.7 first proven in Aczel,
Adámek, Milius, and Velebil [1]. 2

Corollary 4.7 For an endofunctor H : C → C on a locally small category C
with copowers, the following are equivalent:

(i) H is iteratable.

(ii) The higher-order endofunctor Ĥ : [C, C]→ [C, C] given by ĤX = 1+HX
admits a final coalgebra.

Proof. Invoke Theorem 4.6 on the parameterized endofunctor F : C × C → C
given by F (x, y) = x+Hy. 2

4.3 map as a higher-order coalgebra morphism

In this section, we continue Examples 2.3 and 3.4. Let F : (Setop×Set)×Set→
Set be the parameterized endofunctor given by F (〈A,B〉, C) = (B × C)A. It

generates a higher-order endofunctor F̂ on [Setop × Set, Set] so that

(F̂X)〈A,B〉 = (B ×X(A,B))A

for a functor X : Setop × Set→ Set.

As noted in Example 3.4, F is finally suitable, and produces a functor
Γ = SF : Set

op×Set→ Set which is given by Γ〈A,B〉 = ΓA,B, the set of causal

functions from Aω to Bω. Theorem 4.6 yields a final F̂ -coalgebra

Γ
γ +3 F̂Γ = F (1,Γ)
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given by γ〈A,B〉 = γA,B.

Fix a functor H : Setop × Set → Set, given by H〈A,B〉 = Hom(A,B) =

BA. We define a higher-order F̂ -coalgebra H
e
=⇒ F (1, H) by specifying its

components

e〈A,B〉 : B
A → (B ×BA)A

with e〈A,B〉(f)(a) = 〈f(a), f〉. Finality of the higher-order F̂ -coalgebra (Γ, γ)

produces an F̂ -coalgebra morphism (i.e. a natural transformation) H
m
=⇒ Γ

so that

γ ◦m = F (1,m) ◦ e.

The function m〈A,B〉 : B
A → ΓA,B can be given as

m〈A,B〉(f)(α0, α1, α2, . . .) = (f(α0), f(α1), f(α2), . . .).

for f : A→ B and α = (α0, α1, α2, . . .) ∈ A
ω. More succinctly, m〈A,B〉 is more

commonly known as map, the morphism mapping of the Set-endofunctor 1ω.
Here we have derived map as a higher-order coalgebra morphism induced by
the finality of (Γ, γ).

4.4 Algebras in arrow categories

In this section, we conclude the discussion of arrow categories from Examples
2.4, 3.5, and 4.4.

An F̂ -algebra u = 〈ux, uy〉 and F̂ -coalgebra v = 〈vx, vy〉 make the diagrams

G1x

ux

��

G1z //G1y
θy //G0y

uy

��
x z

// y

x z //

vx
��

y

vy
��

G1x θx
//G0x G0z

//G0y

(16)

commute. For the sake of brevity, we will only continue with the algebraic
aspect; the coalgebraic perspective is completely parallel. Consider the dia-
grams for F̂ -algebras (16). From another perspective, an F̂ -algebra F̂ z

u
−→ z

can be viewed as a G1-algebra morphism f from ux to uy ◦ θy:

G1x
ux //

G1z

��

x

z

��
G1y θy

//G0y uy
// y

(17)

An F̂ -algebra morphism from (z, u) to (z′, v) is a pair of C-morphisms m =
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〈mx,my〉 so that

G1x
′

G1z
′

��

vx //x′

z′

��

G1x

G1mxGGG

ccGGG

ux //

G1z

��

x

z

��

mx����

@@����

G1y

G1my
xx

x

{{xxx

θy
//G0y uy

//

G0my

��

y

my

==
=

��=
==

G1y
′

θy′
//G0y

′
vy

// y′

(18)

commutes. This diagram can be characterized by the following facts:

(i) (z, u) and (z′, v) are F̂ -algebras.

(ii) The pair m = 〈mx,my〉 is a C
→-morphism from z to z′.

(iii) mx is a G1-algebra morphism from ux to vx.

(iv) my is a G0-algebra morphism from uy to vy.

(v) θ is natural.

It is natural to ask how the initial F̂ -algebra might be characterized. Due
to the fact that F̂ -algebra morphisms consist of Gi-algebra morphisms, it is
reasonable to assume that the initial F̂ -algebra is related closely to the initial
Gi-algebras. In fact, the F̂ -algebra (ζ, r) from (6) is initial.

Corollary 4.8 Let G1
θ
=⇒ G0 be a natural transformation between two C-

endofunctors which admit initial algebras. Let F : 2 × C → C be the parame-
terized endofunctor given by F (i,1) = Gi and F (!,1) = θ, and let F̂ be the

C→-endofunctor generated by F . Let Giai
ri−→ ai be the initial Gi-algebra, and

let ζ be the G1-algebra morphism given in (6). Then the initial F̂ -algebra is
(ζ, r).

This result follows as an application of Theorem 4.5. It is the simplest case
where the parameter category B is not discrete. The direct proof is given by
Chuang and Lin and applied to give inductive semantics to dependent types
[5].

5 Conclusions and future work

For a higher-order endofunctor F̂ that is generated from a parameterized endo-
functor F , the existence of an initial F̂ -algebra (resp. coalgebra) coincides
exactly with F being initially (resp. finally) suitable. With the weakest of
assumptions, this result generalizes and synthesizes several disparate obser-
vations made in the literature. It leads to the conclusion that effort should
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be focused on systematically studying algebraic and coalgebraic properties
of higher-order endofunctors. Future work includes identifying other useful
instances of higher-order algebras and coalgebras.
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Abstract

A previously introduced combination of the bialgebraic approach to structural operational seman-
tics with coalgebraic modal logic is re-examined and improved in some aspects. Firstly, a more
abstract, conceptual proof of the main compositionality theorem is given, based on an understand-
ing of modal logic as a study of coalgebras in slice categories of adjunctions. Secondly, a more
concrete understanding of the assumptions of the theorem is provided, where proving composition-
ality amounts to finding a syntactic distributive law between two collections of predicate liftings.

Keywords: structural operational semantics, modal logic, coalgebra

1 Introduction

Compositionality of process equivalences is an important issue in the theory
of Structural Operational Semantics (SOS; see e.g. [1,7]). Compositionality
proofs for specific languages are often tedious, therefore plenty of meta-results
have been proved that guarantee the compositionality of various equivalences
by subjecting operational specifications to certain syntactic restrictions, called
formats.

The process of inducing well-behaved transition systems from SOS spec-
ifications has been explained at the abstraction level of coalgebras, in the
bialgebraic framework of [28]. There, a well-known SOS format called GSOS
was understood as a type of distributive laws between behaviour and syntax
endofunctors. The fact that LTS bisimilarity on GSOS-induced specifications
is compositional, was explained at that level of generality.
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One way to extend that approach to equivalences other than bisimilar-
ities is to understand them as logical equivalences for some modal logics,
and use a general coalgebraic approach to modal logic as developed, e.g.,
in [4,5,10,12,16,18,19,23,27]. In [15,17], such a combination of the bialge-
braic approach with coalgebraic modal logic was presented. To prove that
an equivalence defined by some logic on a transition system induced from an
SOS specification is a congruence, one needs to equip logical formulas with a
coalgebraic behaviour, and exhibit a “logical distributive law” of logical syn-
tax over that behaviour that reflects the distributive law modeling the SOS
specification.

Looking from some perspective, neither mathematical economy nor practi-
cal usability of [15,17] was entirely satisfactory. Firstly, the proof of the main
compositionality result, albeit elementary, involved plenty of diagram chasing
and inductive proofs, and in general was not very illuminating. Second, per-
haps more painful deficiency, was that no intuitive general understanding of
coalgebraic behaviour for logical formulas was provided. Although logical dis-
tributive laws for some specific kinds of logical behaviour were presented in an
appealing, SOS-like manner, no concrete understanding of such laws for other
types of behaviour was found. Also, no guidelines to finding behaviour func-
tors for logical formulas were given, other than wild guessing. Checking that
a candidate logical distributive law was correct involved heavy calculations of
complex natural transformations, far removed from common understanding of
formulas and processes.

This paper is an attempt to remove these two deficiencies to some degree.
First, a more abstract, conceptual proof of the main compositionality theo-
rem of [15] is provided (and the theorem is mildly generalized in the process).
To this end, the interpretation of modal logic in coalgebras is understood as
a functor from the category of coalgebras to a slice category of an adjunc-
tion. The compositionality theorem then follows from lifting that functor to
structures that involve process syntax, via an adjoint lifting theorem.

Secondly, a concrete understanding of the compositionality theorem is pro-
vided for the important example where both processes and formulas live in the
category of sets. Coalgebraic behaviour for formulas is explained in terms of
predicate liftings [22,27], and logical distributive laws are syntactic distribu-
tive laws between two collections of liftings. Proving compositionality of a
logical equivalence amounts to finding a suitable collection of liftings for pro-
cess syntax, together with a set of equations that involve those liftings. Since
the notion of predicate lifting is well studied and understood, this formulation
should hopefully aid the understanding of our bialgebraic approach to logical
compositionality.

The paper is structured as follows. In Sections 2 and 3, the bialgebraic
approach to SOS and coalgebraic modal logic are briefly recalled. Section 4
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studies endofunctors, algebras and coalgebras in slice categories of adjunctions,
and culminates in a proof of the main compositionality theorem. Section 5
provides a concrete interpretation of the theorem in terms of predicate liftings.
Finally, Sections 6 explains how both deficiencies mentioned above persist to
some degree in the present formulation. Some proofs, not essential for the
main line of reasoning, are relegated to Appendix.

Parts of the paper might be of interest also to those readers who do not
care much about compositionality or SOS. For an explanation of coalgebraic
modal logic in terms of (co)algebras in slice categories of adjunctions, without
any involvement of process syntax, it is enough to read Sections 3, 4.1 and 4.2.

The reader is expected to be acquainted with basic category theory ([21]
is a standard reference) and with the coalgebraic approach to theory of sys-
tems [26].

Acknowledgment. The author is grateful to Ichiro Hasuo for many inter-
esting discussions.

2 SOS and distributive laws

In the context of Structural Operational Semantics, transition systems of var-
ious kinds are defined by structural induction using inference rules, and have
closed terms over some signature as states. For example, given a fixed set A
of labels, the set of rules

a a→ 0

x a→ x′ y a→ y′

x⊗ y a→ x′ ⊗ y′
(1)

(where a ranges over A) inductively defines a labeled transition system (LTS)
on the set of closed terms over the grammar:

t ::= 0 | a | t⊗ t (a ∈ A). (2)

In [28], this situation was expressed in the coalgebraic setting with the use
of distributive laws and bialgebras for them. For example, rules (1) define
a natural transformation λ : ΣB =⇒ BΣ (see e.g. [17] for a gentle expla-
nation of this construction), where Σ is the polynomial endofunctor on Set

corresponding to the grammar (2), and B = (Pω−)A, where Pω is the fi-
nite powerset endofunctor; B-coalgebras are image-finite A-labeled transition
systems (LTSs).

For any endofunctors Σ and B on a category C, a transformation as above,
called a distributive law of Σ over B, induces an endofunctor Σλ on the cate-
gory B-coalg of B-coalgebras, and an endofunctor Bλ on the category Σ-alg
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of Σ-algebras, acting on objects as follows:

Σλ(X
h //BX ) = ΣX

Σh //ΣBX
λX //BΣX

Bλ( ΣX g
//X ) = ΣBX λX

//BΣX Bg
//BX

and as Σ (resp. B) on morphisms. Clearly Σλ lifts Σ and Bλ lifts B along the
respective forgetful functors UB : B-coalg → C and UΣ : Σ-alg → C.

It is easy to see that a Σλ-algebra, or a Bλ-coalgebra, consists of a Σ-
algebra g and a B-coalgebra h with the same carrier, so that the diagram:

ΣX
g //

Σh
��

X
h //BX

ΣBX λX

//BΣX

Bg

OO

(3)

commutes. Such structures are called λ-bialgebras (with carrier X), and a
λ-bialgebra morphism is a map in C between the respective carriers that is
simultaneously an algebra morphism and a coalgebra morphism; this defines
a category λ-bialg of λ-bialgebras. There is an isomorphism of categories and
a commuting square of forgetful functors:

λ-bialg ∼= Σλ-alg ∼= Bλ-coalg

λ-bialg UΣλ //

UBλ

��

B-coalg

UB

��
Σ-alg

UΣ
// C.

(4)

If g is an initial Σ-algebra, then there is a unique B-coalgebra h such
that (3) commutes, defined as the unique Σ-algebra morphism from g to Bλ(g).
The result is an initial λ-bialgebra, and if λ corresponds to an SOS specifi-
cation as in (1), then h corresponds to the transition system induced by the
specification.

Dually, if a final B-coalgebra exists, it extends uniquely to a final λ-
bialgebra. This immediately implies:

Proposition 2.1 For any λ-bialgebra ΣX
g //X

h //BX , the unique coal-

gebra morphism from h to the final B-coalgebra is a Σ-algebra morphism

from g.

When C = Set, two elements x, y ∈ X for a given coalgebra h : X → BX
are called observationally equivalent if they are identified by some coalgebra
morphism. In particular, if final B-coalgebras exist, observational equivalence
on h is the kernel relation of the final coalgebra morphism from h. Thus Propo-
sition 2.1, applied to initial bialgebras, means that observational equivalence
on the transition system induced by a specification is a congruence, if the
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specification corresponds to a distributive law λ. 2

The practical applicability of Proposition 2.1 as stated here is rather lim-
ited, since few interesting examples actually correspond to λ as above. Already
in [28] more general laws were studied, involving the free pointed endofunctor
Id + Σ and the free monad Σ∗, and the cofree copointed endofunctor Id × B
and cofree comonad Bω (assuming they exist). In particular, distributive
laws of Σ∗ over Id× B correspond bijectively [20] to natural transformations
λ : Σ(Id × B) =⇒ BΣ∗, and for B = (Pω−)A, these correspond [2] to SOS
specifications in the well-studied GSOS format [3]. Similarly, distributive laws
of Id + Σ over Bω correspond to a format called safe-ntree in [28]. Proposi-
tion 2.1 is proved without much change for each of these more expressive laws;
in fact, one does not need to prove each case separately, as each type of laws
in question induces distributive laws of the monad Σ∗ over the comonad Bω

along the lines of [20], and Proposition 2.1 works for such laws as well, with
essentially the same proof.

In this paper, only simple distributive laws λ : ΣB =⇒ BΣ are considered.
This is mainly to simplify the presentation and save space in the technical de-
velopment in Section 4. The general case of distributive laws of monads over
comonads is dealt with in an entirely analogous manner, but with additional
checks to ensure the existence of certain (co)free (co)monads and the compat-
ibility of (co)units and (co)multiplications, and is better left to an extended
version of this paper.

3 Coalgebraic modal logic

An abstract approach to modal logics for coalgebras, based on adjunctions of
contravariant functors, has attracted considerable attention (e.g., [4,5,10,12,16,18,27]).
Assume an adjunction Sop ⊣ T : Cop → D, with the intuition that objects of
D are sets (or structures) of formulas, and objects of C are sets (or structures)
of processes or states. For an endofunctor B on C, a coalgebraic modal logic
for B-coalgebras is given by an endofunctor L on D (the logical syntax), and
a natural transformation ρ : LT =⇒ TBop (called a connection). Under the
assumption that an initial L-algebra a : LΦ → Φ exists (intuitively, it is an
algebra of logical formulas), the interpretation of logic (L, ρ) on a given coal-
gebra h : X → BX is obtained by transposing along the adjunction Sop ⊣ T

2 In [28], the congruence result is proved for coalgebraic bisimilarity [26] rather than ob-
servational equivalence; for that, the additional assumption of B preserving weak pullbacks
was needed.
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the unique L-algebra morphism s from a to Th ◦ ρX , as in the diagram:

LTX
ρX

��

LΦ

a∼=

��

Lsoo

BX TBX

Th
��

X

h

OO

s♭
//SΦ TX Φs

oo_ _ _ _

(5)

where the left part is drawn in C and the right part in D.

Take for example C = D = Set and S = T = 2− (where 2 = {tt, ff}), and
B = (Pω−)A. The trace fragment of Hennessy-Milner logic for B-coalgebras
(i.e. LTSs) has syntax described by the grammar φ ::= ⊤ | 〈a〉φ that cor-
responds to the endofunctor LΦ = 1 + A × Φ, and its standard semantics
corresponds to ρX : L2X → 2BX defined by:

ρX(⊤)(b) = tt always (6)

ρX(〈a〉φ)(b) = tt ⇐⇒ ∃y ∈ b(a). φ(y) = tt

for any X. It is straightforward to check that (the kernel relation of) the
interpretation of this (L, ρ) on a B-coalgebra is the trace equivalence on it.

When searching for a logic for a given B, one may often restrict attention
to endofunctors of a certain shape, without losing any generality. We now
briefly recall an analysis from [16]. Connections ρ : LT =⇒ TBop are in
bijective correspondence with natural transformations ρ̃ : L =⇒ TBopSop by
ρ̃ = ρSop◦Lη, where η : IdD → TSop is the unit of Sop ⊣ T . If one insists on L
being finitary, then ρ̃ factors through the finitary restriction of TBopSop. The
latter is defined by a coend formula; without losing generality one may replace
the coend with a coproduct and, for D = Set, require a natural transformation

ρ̃ : L =⇒
∐

n∈N

TBSn× (−)n.

For S = T = 2− and n ∈ N, elements of TBSn are functions β : B(2n) → 2,
which we call n-ary B-modalities. (By Yoneda Lemma, these bijectively corre-
spond to natural transformations βY : (2−)n =⇒ 2B−, i.e., polyadic predicate
liftings of [27].) As a result, a finitary L with ρ can be presented as a collection
of B-modalities: a family (Ln)n∈N of sets Ln ⊆ 2B2n represents the polynomial
endofunctor

L =
∐

n∈N

Ln × (−)n, (7)

with ρ : L(2−) =⇒ 2B− defined by copairing all predicate liftings βY :
(2−)n =⇒ 2B− for each n ∈ N and β ∈ Ln.
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For example, the trace logic for B = (Pω−)A is represented by the following
collection of modalities: L0 = {⊤}, L1 = {〈a〉 | a ∈ A}, Ln = ∅ for n > 1,
where ⊤ : B1 → 2 and 〈a〉 : B2 → 2 are defined by:

⊤(b) = tt always, 〈a〉(b) = tt ⇐⇒ tt ∈ b(a). (8)

We mention in passing that this approach to logics suffers from practical
expressivity problems similar to those mentioned in Section 2. For example,
although a version of finitary Hennessy-Milner logic [8] for bisimilarity can
be defined this way, it is rather unwieldy, with infinitely many modalities of
arbitrary arities (see [16]). This is because logics based on S = T = 2− lack
in-built support for propositional connectives, which must then be encoded as
parts of complex modalities.

One way to avoid this problem is to change the adjunction Sop ⊣ T in
question (see [12] for examples). Another way is to consider, by analogy to
distributive laws and SOS, more general types of connections. For example,
one can allow ones like ρ : LT =⇒ T (Id × B)op, whereby propositional con-
nectives such as ∧ can easily be defined as simple modalities. One can even
consider connections such as ρ : LT =⇒ T (Bω)op to describe e.g. Hennessy-
Milner logic for weak bisimilarity.

Again, in this paper only simple connections ρ : LT =⇒ TB are considered;
the issue of coalgebraic modal logics based on more complex connections is
left for a separate study.

4 Compositionality for logical equivalences

Our main technical goal is to modify Proposition 2.1 to deal with logical equiv-
alences rather than with observational equivalence. We shall prove (in Theo-

rem 4.6) that under certain assumptions, for any λ-bialgebra ΣX
g //X

h //BX ,
the interpretation of logic (L, ρ) on h is a Σ-algebra morphism from g. To for-
mulate the theorem and its proof, we introduce some basic notions and results
regarding (co)algebras on slice categories of adjunctions. To structure the de-
velopment to some degree, we shall begin with slice categories of functors, and
later see what additional structure the adjunction Sop ⊣ T introduces.

4.1 Slice categories

For a functor T : Cop → D, the slice category (D↓T ) has:

• as objects, triples 〈Φ, X, s〉 with Φ ∈ D, X ∈ C and s : Φ → TX in D,

• as maps from 〈Φ, X, s〉 to 〈Ψ, Y, r〉, pairs (g, f) with g : Φ → Ψ in D and
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f : Y → X in C such that

Φ
s //

g

��

TX

Tf

��
Ψ r

//TY

(9)

commutes.

There are obvious projection functors, denoted Π1 : (D ↓ T ) → D and Π2 :
(D↓T ) → Cop.

If an initial object 0 in D exists, it determines a full embedding 0→ : Cop →
(D↓T ) defined on objects by 0→(X) = 〈0, X, 0 : 0 → TX〉, where the arrow 0
is unique by initiality, and on arrows by 0→(g) = 〈id0, g〉. It is easy to verify
that:

Proposition 4.1 0→ is left adjoint to Π2 : (D↓T ) → Cop, and the unit of the

adjunction is the identity natural transformation. 2

Sliced endofunctors. Assume endofunctors B : C → C and L : D → D, and
a natural transformation ρ : LT =⇒ TBop.

These ingredients define an endofunctor on (D↓T ), denoted ρ̂, as follows:

• on objects, ρ̂ 〈Φ, X, r〉 = 〈LΦ, BX, ρX ◦ Lr〉

• on maps, ρ̂ 〈g, f〉 = 〈Lg,Bf〉.

It is easy to check that this is well-defined and functorial. Clearly ρ̂ lifts L
along Π1, in the sense that Π1 ◦ ρ̂ = L ◦ Π1. Similarly, ρ̂ lifts Bop along Π2.

Endofunctors on (D↓T ) that arise in this way will be called sliced (by ρ).
Not every endofunctor on (D↓T ) is sliced in general, even if T is well-behaved
(for a counterexample, see the Appendix). However:

Proposition 4.2 Consider an endofunctor K : (D↓T ) → (D↓T ) such that

for some L : D → D and B : C → C, K lifts L along Π1 and Bop along Π2.

Then K is sliced in a unique way.

Proof. See the Appendix. 2

It immediately follows that sliced endofunctors are closed under compo-
sition. However, a more direct proof is possible: for ρ : LT =⇒ TBop and
ρ′ : L′T =⇒ T (B′)op, it is easy to check that the composite endofunctor ρ̂ρ̂′ is
sliced by:

ρ(B′)op ◦ Lρ′ : LL′T =⇒ T (BB′)op. (10)

Sliced natural transformations. Assume connections ρ : LT =⇒ TBop

and ρ′ : L′T =⇒ TB′op. Any two natural transformations α : L =⇒ L′ and
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β : B′ =⇒ B such that

LTS
ρ +3

αT
��

TBop

Tβop

��
L′T ρ′

+3TB′op

(11)

commutes, give rise to a natural transformation α⊛ β : ρ̂ =⇒ ρ̂′ defined by:

α⊛ β〈Φ,X,s〉 = 〈αΦ, βX〉 . (12)

Not every transformation between sliced endofunctors is of this form (for a
counterexample, see the Appendix). However, in Section 4.2 we shall show
that this is the case if T has a left adjoint.

Algebras. Given a connection ρ : LT =⇒ TBop, a ρ̂-algebra is, equivalently,
an L-algebra g : LΦ → Φ in D, a B-coalgebra h : X → BX in C, and a map
s : Φ → TX, such that the diagram

LΦ
Ls //

g

��

LTX
ρX //TBX

Th
��

Φ s
//TX

(13)

commutes in D. Moreover, ρ̂-algebra morphisms are easily seen to be pairs of
an L-algebra morphism and a B-coalgebra morphisms. In particular, there
are evident projection functors Π1 : ρ̂-alg → L-alg and Π2 : ρ̂-alg →
(B-coalg)op.

Let us pause for a moment to reflect on the meaning of ρ̂-algebras: they
are B-coalgebras h (systems) together with L-algebras g (logical theories)
interpreted in them (via s). For example, if C = D = Set and S = T = 2−,
the function s : Φ → TX in the carrier of a ρ̂-algebra is just a relation
between Φ and X. For B = (Pω−)A and (L, ρ) as in (6), the equivalence
relation on X defined by this relation is always contained in trace equivalence
on h, and coincides with it if g is initial. Morphisms of ρ̂-algebras reflect
these equivalence relations, implicitly present in their carriers. This suggests
that when one wants to study coalgebras “up to” some logical equivalence,
and when the task of finding an explicit coalgebraic presentation of these
“up to” structures (such as in [11]) seems difficult or simply not worthwhile,
one may try to resort to implicit modeling of logical equivalences by theories
interpreted in coalgebras; this view is advocated e.g. in [23], and the present
paper may be considered as an example application of it. One may argue that,
just as structural operational semantics is a study of coalgebra in categories of
algebras, coalgebraic modal logic is a study of (co)algebra in slice categories.

Back to the formal development: an alternative reading of (13) is that
s is a L-algebra morphism. In other words, ρ̂-algebras are morphisms be-
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tween L-algebras of a certain shape. To formalize this, observe that ρ in-

duces a functor T : (B-coalg)op → L-alg defined by T (X
h //BX ) =

LTX
ρX //TBX

Th //TX on B-coalgebras, and as T on B-coalgebra mor-
phisms.

Proposition 4.3 ρ̂-alg ∼= (L-alg↓T ).

Proof. We have already essentially noticed the correspondence on objects;
morphisms are equally easy. 2

Corollary 4.4 If an initial L-algebra exists, then the projection functor Π2 :
ρ̂-alg → (B-coalg)op has a left adjoint, and the unit of the adjunction is the

identity natural transformation.

Proof. Use Proposition 4.3 and apply Proposition 4.1. Given an initial L-
algebra a, the left adjoint will be denoted a→. 2

Note that the composition of a→ with the forgetful functor from ρ̂-alg:

(B-coalg)op
a→ ,,
⊥ ρ̂-alg U ρ̂ //

Π2

oo (D↓T )

corresponds almost entirely to the interpretation of coalgebraic modal logic
in B-coalgebras, as constructed in (5). Indeed, the only step missing in this
functorial presentation is the transposition of the semantic map s from the
initial L-algebra. For this final step, obviously, it is crucial that the functor
T has a left adjoint; we shall now proceed to develop our theory further with
this additional assumption.

4.2 Slice categories of adjunctions

In this section, we shall assume that T : Cop → D has a left adjoint Sop : D →
Cop. The unit and counit of the adjunction Sop ⊣ T will be denoted η : Id =⇒
TSop and ǫ : SopT =⇒ Id respectively. Obviously then T op : C → Dop is left
adjoint to S : Dop → C, and ηop : T opS =⇒ Id and ǫop : Id =⇒ ST op are the
counit and the unit of the adjunction T op ⊣ S. This adjoint situation means
that there is a bijection

C(X,SΦ) ∼= D(Φ, TX)

natural in X ∈ C and Φ ∈ D; we shall abuse notation and denote both sides of
this bijection by −♭. A defining property of adjunctions is the isomorphism of
slice categories: (D↓T ) ∼= (C ↓S)op (the isomorphism maps an object 〈Φ, X, s〉
to

〈
X,Φ, s♭

〉
).

Coalgebraic modal logic as a functor. One immediate consequence of
the adjunction assumption is that one can represent the entire modal logic
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interpretation construction (5) as a functor from the category of B-coalgebras:

(B-coalg)op
g→

,,
⊥ ρ̂-alg U ρ̂ //

Π2

oo (D↓T ) ∼= (C ↓S)op (14)

However, the most useful consequences of that assumption appear when one
decides to study coalgebras for sliced endofunctors on (D↓T ).

Coalgebras. In the situation considered in Section 4.1, categories of coalge-
bras for sliced endofunctors have, in general, considerably less structure than
those of algebras.

Consider endofunctors Σ on C and Γ on D, and a connection ζ : ΓT =⇒
TΣop as in Section 4.1. A ζ̂-coalgebra is a Γ-coalgebra h : Φ → ΓΦ in D, a
Σ-algebra g : ΣX → X in C, and a map s : Φ → TX, such that the diagram

ΓΦ
Γs //ΓTX

ζX //TΣX

Φ s
//

h

OO

TX

Tg

OO

(15)

commutes in D, and a ζ̂-coalgebra morphisms is a pair of a Γ-coalgebra
morphism and a Σ-algebra morphism. This gives projection functors Π1 :
ζ̂-coalg → Γ-coalg and Π2 : ζ̂-coalg → (Σ-alg)op.

In general, contrary to the situation of sliced algebras, the diagram (15)
cannot be read as a coalgebra morphism (in [23], it was called a “twisted
coalgebra morphism”). As a result, no property analogous to Proposition 4.3

holds for ζ̂-coalgebras in general. However, additional structure appears when
we assume a left adjoint Sop ⊣ T . Indeed, then connections ζ : ΓT =⇒ TΣop

are in bijective correspondence with their adjoint mates [14] ζ⋆ : ΣS =⇒ SΓop,
defined by transposing ζSop ◦ Γη : Γ =⇒ TΣopSop. It is straightforward to
check that ζ̂⋆ coincides with (ζ̂)op along the isomorphism (C ↓S) ∼= (D↓T )op.
In particular, this implies an isomorphism

ζ̂-coalg ∼= (ζ̂⋆-alg)op. (16)

Natural transformations are sliced. Finally, the fact that T has a left
adjoint implies that all natural transformations between sliced endofunctors
are sliced. Indeed, consider any ρ : ΓT =⇒ TΣop and ρ′ : Γ′T =⇒ TΣ′op.

Proposition 4.5 If Sop ⊣ T then natural transformations κ : ρ̂ =⇒ ρ̂′ are
in one-to-one correspondence with pairs 〈α : Γ =⇒ Γ′, β : Σ′ =⇒ Σ〉 such that

Tβop ◦ ρ = ρ′ ◦ αT as in (11).

Proof. (12) shows how to define κ from α and β. For the other direction, see
the Appendix. 2
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4.3 Sliced distributive laws and compositionality

We now proceed to the study of bialgebras for distributive laws between sliced
endofunctors.

Sliced distributive laws. For an adjunction Sop ⊣ T : Cop → D, consider
endofunctors B,Σ on C and L,Γ on D, together with connections ρ : LT →
TBop and ζ : ΓT =⇒ TΣop that define sliced endofunctors ρ̂, ζ̂ on (D↓T ).

Now assume a distributive law of ρ̂ over ζ̂, i.e., a natural transformation κ :
ρ̂ζ̂ =⇒ ζ̂ ρ̂. By (10), both ρ̂ζ̂ and ζ̂ ρ̂ are sliced, and further by Proposition 4.5,
κ is of the form κ = χ ⊛ λ (see (12)) for some distributive laws χ : LΓ =⇒
ΓL and λ : ΣB =⇒ BΣ such that the hexagon of natural transformations
commutes (cf. (11)):

LΓT
Lζ +3

χT

��

LTΣop ρΣop
+3T (BΣ)op

Tλop

��
ΓLT Γρ

+3ΓTBop
ζBop

+3T (ΣB)op.

(17)

Sliced bialgebras. As in Section 2, the law κ defines endofunctors ρ̂κ on
ζ̂-coalg and ζ̂κ on ρ̂-alg, with an isomorphism of categories and a commuting
square of forgetful functors (cf. (4)):

κ-bialg ∼= ρ̂κ-alg ∼= ζ̂κ-coalg

κ-bialg U ρ̂κ //

U
ζ̂κ

��

ζ̂-coalg

U
ζ̂

��
ρ̂-alg

U ρ̂
// (D↓T ).

(18)

To convey some intuition, it might be useful to provide a more concrete de-

scriptions of κ-bialgebras. Each of these consists of a χ-bialgebra LΦ
k //Φ

l //ΓΦ ,

a λ-bialgebra ΣX
g //X

h //BX and an arrow s : Φ → TX in D, such that
the diagram:

LΦ
k //

Ls
��

Φ
l //

s

��

ΓΦ

Γs
��

LTX ρX
//TBX Th

//TX Tg
//TΣX ΓTXζX

oo

(19)

commutes. Morphisms of κ-bialgebras are pairs of a χ- and a λ-bialgebra
morphisms; in particular, there is an evident projection functor, which we will
denote Π2 : κ-bialg → (λ-bialg)op.

Lifting coalgebraic modal logic. Our immediate goal now is to exhibit a
left adjoint to Π2. Note that the bottom row of (19) is not a χ-bialgebra, so

172



Klin

κ-bialg is not easily a slice category and the simple tactic of using Proposi-
tion 4.1 cannot be used. Instead, adjoint lifting can be used in the following
way.

Since κ acts as λ on C-components (see (12)), it is straightforward to

check that ζ̂κ acts as Σλ on the B-coalgebra components of ρ̂-algebras and
their morphisms; formally, Π2 ◦ ζ̂κ = (Σλ)

op ◦Π2 : ρ̂-alg → (B-coalg)op. This

defines a lifting of Π2 to a functor from ζ̂κ-coalg to (Σλ-alg)
op as in (A.1);

it is straightforward to check that this lifted functor coincides with Π2, which
justifies its name. We can now apply Proposition A.1 to

(λ-bialg)op

(UΣλ )op

��

κ-bialg

U
ζ̂κ

��

Π2oo

(B-coalg)op ρ̂-alg
Π2

oo

and obtain a left adjoint a→ ⊣ Π2. Combined with (18) and (16), this com-
pletes a lifting of the coalgebraic modal logic semantics (14) as in the diagram:

(λ-bialg)op

(UΣλ )op

��

a→ --
⊥ κ-bialg

U
ζ̂κ

��

Π2

nn
U ρ̂κ // ζ̂-coalg

U
ζ̂

��

∼= (ζ̂⋆-alg)op

(U ζ̂⋆ )op

��
(B-coalg)op

a→ ,,
⊥ ρ̂-alg

U ρ̂
//

Π2

nn (D↓T ) ∼= (C ↓S)op

(20)

Note that, by Corollary 4.4 and by the remark after Proposition A.1, the
monad Π2 ◦ a→ is (naturally isomorphic to) identity. This, together with the
evident commuting square of forgetful and projection functors:

(λ-bialg)op
(UBλ

)op
// (Σ-alg)op

κ-bialg

Π2

OO

U ρ̂κ

// ζ̂-coalg

Π2

OO

∼= (ζ̂⋆-alg)op

Πop
1

ffN
N

N

N

N

N

N

N

N

N

N

means that the top row of (20) commutes with (the opposites of) forgetful

functors from λ-bialg and ζ̂⋆-alg to Σ-alg. Thus we arrive at the conclusion

that for any λ-bialgebra ΣX
g //X

h //BX , the interpretation of logic ρ

on h is a carrier of a ζ̂⋆-algebra and a Σ-algebra morphism from g. Note that
neither ζ nor χ is mentioned in this conclusion, so the most useful way to
state this is:

Theorem 4.6 For any Sop ⊣ T , Σ, B, λ, L and ρ as above, if a Γ, ζ and

κ = χ⊛ λ as above exist, then for any λ-bialgebra ΣX
g //X

h //BX , the

interpretation of logic ρ on h is a Σ-algebra morphism from g. 2
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When applied to initial λ-bialgebras, Theorem 2 of [15] is obtained.

5 Logical distributive laws over Set

Theorem 4.6 can be used to prove that a logical equivalence (defined by syntax
L and semantics ρ) on a transition system (B-coalgebra) induced by a struc-
tural operational specification (defined by λ) is a congruence (with respect to
syntax Σ). To use the theorem, one needs to find three additional ingredi-
ents: an endofunctor Γ and natural transformations ζ and χ such that (17)
commutes. So far we have provided no intuitive meaning of these ingredients.
This is the purpose of this section, where we restrict attention to the dual
adjunction C = D = Set, S = T = 2−.

5.1 Distributive laws and predicate liftings

The search for Γ and ζ for a given Σ is entirely analogous to the search for
modal logics L and ρ for a given B, as described in Section 3. One may
therefore restrict attention to functors of the form

Γ =
∐

n∈N

Γn × (−)n, (21)

where Γn ⊆ 2Σ2n . Recall that we may safely assume that L is of a similar
form (7). This means that, once Γ with ζ were chosen, the last missing ingre-
dient χ for Theorem 4.6 is a distributive law χ between polynomial functors.
Such laws can be presented as systems of equations, as follows.

Suppose Γ and L are as in (21) and (7), presented by families of Σ- and
B-modalities (Γn)n∈N and (Ln)n∈N respectively. Then a distributive law χ :
LΓ =⇒ ΓL is equivalent to a family of equations of the form:

β(σ1(x11, . . . , x1m1
), . . . , σn(xn1, . . . , xnmn))

= (22)

σ(β1(y11, . . . , y1l1), . . . , βk(yk1, . . . , yklk)),

where:

• β ∈ Ln, σi ∈ Γmi
, σ ∈ Γk and βi ∈ Lli ,

• all variables xij are distinct,

• every variable yij occurs on the left side.

The latter two conditions determine a function v : l → m, where m =
∑n

i=1 mi

and l =
∑k

i=1 li are arities of both sides of the equation.

To define a distributive law χ, the family must contain exactly one equation
for each combination β, σ1, . . . , σn of a B-modality (of arity, say, n) and a
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sequence of Σ-modalities (of length n).

We shall now formulate the condition (17), necessary for the application
of Theorem 4.6, in terms of modalities and equations. To this end, first note
that each β, σ1, . . . , σn as on the left hand side of (22), defines a BΣ-modality
of arity m =

∑n
i=1 mi, (where σi ∈ Γmi

), which, following [27], will be denoted
β ⊚ (σ1, . . . , σn) : BΣ(2m) → 2. Moreover, the composite polynomial endo-
functor LΓ is represented by the collection of all such composite modalities,
and the connection ρΣop◦Lζ as in (17) (see also (10)) is obtained by copairing
all the corresponding predicate liftings (β ⊚ (σ1, . . . , σn))

Y . Similarly one can
define a lifting σ⊚ (β1, . . . , βk) : ΣB(2l) → 2, from the right hand side of (22).

Since LΓ is a polynomial functor, the condition (17) can be checked by
cases, for each (left hand side of) equation (22). Each case amounts to checking
that the following square of natural transformations commutes:

(2−)m
(β⊚(σ1,...,σn))Y +3

(2−)v

��

2BΣ−

2λ

��
(2−)l

(σ⊚(β1,...,βk))
Y

+3 2ΣB−.

By Yoneda lemma, this amounts to checking the equality of two ΣB-modalities
of arity m:

(β ⊚ (σ1, . . . , σn)) ◦ λ2m = (σ ⊚ (β1, . . . , βk)) ◦ ΣB(2v) (23)

This condition can be intuitively explained as follows. For a fixed set X, if
predicates on X are substituted for variables xi1, . . . , ximi

, then the expression
σ(xi1, . . . , ximi

) on the left hand side of (22) defines a predicate on ΣX; simi-
larly, the entire left hand side defines a predicate on BΣX from a collection of
m predicates on X. Further, the right hand side (together with the function
v : l → m implicit in the equation) defines a predicate on ΣBX. Now the
condition (23) means that the former predicate coincides with the latter when
precomposed with λ.

5.2 A toy example

Consider Σ, B and λ as in (2) and (1) in Section 2. Consider also, as L
and ρ, the trace equivalence defined in (6), represented by the collection of
modalities given in (8). To apply Theorem 4.6 to infer the compositionality of
trace equivalence for the language defined by (1), one needs to find a collection
(Γn)n∈N of Σ-modalities, and an collection of equations (22), such that the
condition (23) holds for each equation.

As a first attempt, one might try the empty collection (Γn = ∅ for n ∈ N),
i.e., no Σ-modalities. There is only one left hand side of (22) to take care of:
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the 0-ary B-modality ⊤. Unfortunately, however, there are no possible right
hand sides of (22) at all, therefore no equation for ⊤ can be written.

To amend this, one can include an “always true” Σ-modality T : Σ1 → 2
to Γ0, formally defined by T(t) = tt always. Then one can write an equation
for ⊤:

⊤ = T (24)

and the condition (23) holds. Unfortunately now there are more left hand
sides to take care of: no appropriate equation can be written for 〈a〉(T).

The latter expression denotes a 0-ary BΣ-modality that, intuitively, checks
whether some a-successor of a process exists. To express a corresponding
(along λ) ΣB-modality, one may add, for each a ∈ A, a new unary Σ-modality
a ∨ [⊗] : Σ2 → 2 to Γ2, formally defined by: a ∨ [⊗](t) = tt ⇐⇒ t ∈
{a , tt⊗ tt}, and write an equation:

〈a〉T = a ∨ [⊗](〈a〉⊤). (25)

Intuitively, a process has an a-successor if and only if it is the process a or it
is of the form p ⊗ q such that both p and q have a-successors. Formally, the
condition (23) holds for this equation.

However, there is a slight problem here: formally, the right hand side of
this equation is not of the form allowed in (22), as 〈a〉⊤ is not a modality
used in L. A principled solution to this problem would be to allow composite
B-modalities on the right sides of equations; i.e., consider distributive laws
χ : LΓ =⇒ ΓL∗, just as complex types of distributive laws are considered
in the theory of SOS (see Section 2). Another solution is to simply add the
missing (0-ary) B-modalities 〈a〉⊤ to L0 and proceed to find further equations.
Changing a logic to prove its compositionality is an awkward step, but in this
case it does not cause any serious harm, as the logical equivalence of the
resulting logic is still trace equivalence. Formally, one then needs to provide
suitable equations with 0-ary modalities 〈a〉⊤ on the left hand side, but this
is now straightforward:

〈a〉⊤ = a ∨ [⊗](〈a〉⊤). (26)

To complete the picture, one still needs to come up with equations for left
hand sides such as 〈a〉(b ∨ [⊗]x). This is solved by adding yet another, unary
modality [⊗] to Γ1, defined by [⊗](t) = tt ⇐⇒ t = tt⊗ tt, with equations

〈a〉(b ∨ [⊗]x)) = [⊗]〈a〉x, 〈a〉[⊗]x = [⊗]〈a〉x.

These, together with (24–26), form a complete family of equations for our
chosen Σ-modalities:

Γ0 = {T} Γ1 = {[⊗]} ∪ {a ∨ [⊗] | a ∈ A} Γn = ∅ for n > 1
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and the condition (23) holds for each equation, hence we can use Theorem 4.6
to conclude that trace equivalence is compositional for (1). The same result
was used as an example in [15,17]; however, our crude understanding of Γ
and χ there resulted in unnecessarily rich logical behaviours and complicated
distributive laws.

5.3 Compositionality for expressive logics

An important question about the robustness of our approach to compositional-
ity is whether Theorem 4.6 is a generalization of Proposition 2.1, i.e., whether
it covers observational equivalence without any loss of generality. Under mild
conditions (such as finitarity of B) studied in [16], observational equivalence on
B-coalgebras is a logical equivalence for some logic (L, ρ) (such logic is called
expressive). If this is the case, then the conclusion of Proposition 2.1 is a
special case of the conclusion of Theorem 4.6. However, is there an expressive
logic that satisfies the assumptions of Theorem 4.6?

We shall now give a partial positive answer to this question: we restrict
attention to C = D = Set and S = T = 2−, polynomial process syntax
functors Σ, and finitary B that preserve finite sets. In the general case the
question is left open.

For our special case, observational equivalence for B-coalgebras is defined
by the expressive logic (L, ρ) presented by the collection of all finitary B-
modalities, i.e., by Ln = 2B2n for n ∈ N. We shall now show that this logic
satisfies the assumptions of Theorem 4.6 when one takes Γ and ζ presented
by all Σ-modalities, i.e., Γn = 2Σ2n for n ∈ N.

To this end we need, for every B-modality β ∈ Ln and Σ-modalities
σ1, . . . , σn, to present the ΣB-modality (β ⊚ (σ1, . . . , σn)) ◦ λ2m (where m is
the sum of arities of the σi) in the form

(σ ⊚ (β1, . . . , βk)) ◦ ΣB2v (27)

for some σ ∈ Γk and β1, . . . , βk B-modalities with sum of arities l, and v :
l → m a function between arities. Under our assumptions this can be done
without any analysis of β, σi or λ, by the following result:

Proposition 5.1 If Σ is polynomial and B preserves finite sets then every

ΣB-modality of arity m can be decomposed as in (27).

Proof. Let Σ =
∐

i∈I(−)ni . Consider any γ : ΣB(2m) → 2. Put k = |B(2m)|
(note that B(2m) is finite). For any b ∈ B(2m), define βb : B(2m) → 2 by
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βb(b
′) = tt ⇐⇒ b = b′. Then define σ : Σ(2k) → 2 by:

σ(ιi(p1, . . . , pni
)) = tt

⇐⇒

∀b1, . . . , bni
∈ B2m.

(
(∀j = 1..ni. pj(bj) = tt) =⇒ γ(ιi(b1, . . . , bni

)) = tt

)
,

where ιi : (−)ni =⇒ Σ ranges over the coproduct injections into Σ. This gives
a composite modality σ ⊚ (βb)b∈B2m of arity m× k, and it turns out that

γ = (σ ⊚ (βb)b∈B2m) ◦ ΣB2π

where π : m× k → m is the evident projection. 2

6 Future work

Unfortunately, both deficiencies that this paper aims at removing, still persist
to some extent in the present formulation. On the abstract level, there clearly
is a 2-categorical treatment of coalgebraic modal logic waiting to be discovered
and combined with the one developed in [24] for bialgebras. Connections ρ and
ζ are simply morphisms of endofunctors, just as λ and χ are endomorphisms
on them; also sliced distributive laws χ⊛ λ are distributive law morphisms in
the sense of [24]. There is clearly more structure in the story than currently
explained.

On the concrete level, some more specific guidelines for finding suitable
collections of Σ-modalities are much needed. Last but not least, more ex-
amples of logical distributive laws, and their relation to other work on SOS
compositionality such as [6], need to be shown.
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A Adjoint lifting

The following theorem is standard; a proof of it (more precisely, its dual) can
be found in [9], see also [13].

Consider endofunctors B on C and B′ on C ′, together with a functor R :
C → C ′. A natural transformation α : RB =⇒ B′R induces a functor R :
B-coalg → B′-coalg defined by:

R(X
h //BX ) = RX

Rh //RBX
αX //B′RX . (A.1)

Then, for the commuting diagram:

B′-coalg

UB′

��

B-coalgRoo

UB

��
C ′ C,

R
oo

the following holds:

Proposition A.1 If α is a natural isomorphism than a left adjoint L ⊣ R
induces a left adjoint L ⊣ R.

Moreover, the adjunction L ⊣ R lifts L ⊣ R along the respective functors.
In particular, since UB′ reflects isomorphisms, this implies that if the unit of
L ⊣ R is a natural isomorphism then so is the unit of L ⊣ R.

B Proofs

B.1 Section 4.1: Not every endofunctor on (D↓T ) is sliced.

One important counterexample is the biextensional collapse construction on
Chu spaces [25], seen as an endofunctor on Chu(Set, 2) = (Set ↓ 2−). For
a simpler counterexample, consider C = Setop, D = Set and T = Id. Then
(D↓T ) = Ar(Set), the arrow category of Set. Now consider an endofunctor
Q : Ar(Set) → Ar(Set) defined by:

• on objects, Q(s : X → Y ) = m : Z → Y , where X
e // //Z

�

� m //Y is the
epi-mono factorization of s,

• on arrows, a pair 〈f : X → X ′, g : Y → Y ′〉 such that

X
s //

f

��

Y

g

��
X ′

s′
//Y ′
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commutes, is mapped to 〈z, g〉 as in the diagram:

X
e // //

f

��

Z
�

� m //

z

���
�

�

Y

g

��
X ′

e′
// //Z ′ �

� m′ //Y ′,

where z exists uniquely by the epi-mono factorization system of Set.

Functoriality of Q is ensured by the factorization system as well.

However, Q does not lift any functor on Set along Π2, since it might give
different results for different functions (objects in Ar(Set)) even if they have
the same domain.

B.2 Section 4.1: Proof of Prop. 4.2.

For any object X ∈ C, consider the object 〈TX,X, idX〉 ∈ (D↓T ) and define

ρX = π3(K 〈TX,X, idX〉).

Then ρ : LT =⇒ TBop is natural. Indeed, take any f : X → Y in C. The
square

TY

Tf

��

TY

Tf

��
TX TX

trivially commutes, hence

〈Tf, f〉 : 〈TY, Y, idY 〉 → 〈TX,X, idX〉

is a valid morphism in (D↓T ). But then also

K 〈Tf, f〉 : K 〈TY, Y, idY 〉 → K 〈TX,X, idX〉

must be a valid morphism. Since K lifts L and Bop, there is K 〈Tf, f〉 =
〈LTf,Bf〉 and by (9) the naturality square

LTY
ρY //

LTf

��

TBY

TBf

��
LTX ρX

//TBX

commutes.

Moreover,K = ρ̂. To see this, it is enough to show, for any object 〈Φ, X, s〉,
that

π3K 〈Φ, X, s〉 = π3K 〈TX,X, idX〉 ◦ Ls.
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To this end, notice that the square

Φ
s //

s

��

TX

T idX

TX idTX
TX

obviously commutes, hence

〈s, idX〉 : 〈Φ, X, s〉 → 〈TX,X, idX〉

is a valid morphism in (D↓T ). But then also

K 〈s, idX〉 : K 〈Φ, X, s〉 → K 〈TX,X, idX〉

must be a valid morphism. Since K lifts L and Bop, there is K 〈s, idX〉 =
〈Ls, idBX〉 and by definition of morphisms in (D↓T ), the square

LΦ
π3K〈Φ,X,s〉 //

Ls
��

TBX

LTX
π3K〈TX,X,idX〉

//TBX

commutes; but this is exactly the required equation. 2

B.3 Section 4.1: Not every natural transformation between sliced endofunc-

tors is sliced.

For a counterexample, take C = 1, D = Set and T = C2 (the constant functor
at a two-element set). Then (D ↓ T ) = Set/2 is the category of sets over a
two-element set 2. Now consider endofunctors K = Id (the identity functor)
and K ′ = Cid2 (the constant functor at id2) on (D↓T ). It is easy to see that
both functors are sliced.

Define κ : K =⇒ K ′ by κs:X→2 = s. It is easy to see that this is well-
defined as a morphism in (D↓T ); to show naturality, assume any s : X → 2
and r : Y → 2 and some f : X → Y such that r ◦ f = s. The naturality
square of κ at f is:

s
f //

κs=s
��

r

κr=r
��

id2 id2
// id2

and this commutes immediately by the assumption on f .

However, the above κ is not sliced. To see this, take any two distinct
functions s, r : X → 2 for some set X. Then obviously κs 6= κr, therefore a
purported α : Id =⇒ 2 in Set cannot be defined on X.
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B.4 Section 4.2: Proof of Proposition 4.5.

(12) shows how to define κ from α and β. For the other direction, for any
κ : ρ̂ =⇒ ρ̂′, define

αΦ = Π1κ〈Φ,SΦ,ηΦ〉 βX = Π2κ〈TX,X,idTX〉

for any X ∈ C and Φ ∈ D, where η : Id → TSop is the unit of Sop ⊣ T .

To check the naturality of α, for any f : Φ → Ψ in D consider the first com-
ponent of the naturality square of κ at 〈f, Sopf〉 : 〈Φ, SΦ, ηΦ〉 → 〈Ψ, SΨ, ηΨ〉,
which is a well-defined morphism in (D↓T ) by naturality of η. For the nat-
urality of β, for any g : X → Y in C consider the second component of the
naturality square of κ at 〈Tg, g〉 : 〈TY, Y, idTY 〉 → 〈TX,X, idTX〉, which is
trivially a well-defined morphism in (D↓T ). The equation Tβop ◦ ρ = ρ′ ◦ αT
follows, for any given X ∈ C, from the fact that the component of κ at
〈TX,X, idTX〉 is a well-defined morphism. Finally, it is straightforward to
check that the construction of α and β from κ is mutually inverse with (12).
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Coinduction in concurrent timed systems
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Abstract

An important class of timed transition systems can be modeled by deterministic weighted automata,
which are essentially partial Mealy automata, and their extensions using synchronous compositions
defined over extended alphabets. From a coalgebraic viewpoint, behaviours of deterministic partial
Mealy automata are causal and length preserving partial functions between finite and infinite
sequences of inputs and outputs, called stream functionals. After a study of fundamental properties
of functional stream calculus an application to the definition by coinduction of the synchronous
product of stream functionals is proposed.

Keywords: deterministic weighted automata, Mealy automata, final coalgebra, synchronous
product, coinduction

1 Introduction

Universal coalgebra as a general theory of (dynamical) systems offers defini-
tions and proofs by coinduction [16], which are complementary to classical
approaches based on induction and turned out to be valuable in simplifying
the definitions and proofs of many concepts and properties that are hard or
even impossible to formulate within the algebraic framework. The techniques
borrowed from coalgebra have proven their usefullness in many areas of theo-
retical computer science (e.g. functional and object orienting programming),
but also in control theory, in particular of discrete state transition systems
that are called in control community discrete-event systems. The reference
model for discrete-event systems are partial automata, which are coalgebras
of a functor on the category of sets. They have been studied in [15] as the
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model for control of discrete-event (dynamical) systems (DES) together with
the partial automaton of (partial) languages as the final coalgebra. Purely
logical DES in the form of partial automata have also been studied using
coalgebraic techniques in [10].

Deterministic weighted automata and more generally deterministic trans-
ducers are typical instances of state transition structures that can easily be
recasted as coalgebras of set functors. Actually, general nondeterministic
weighted automata may be viewed as coalgebras as well, but it is difficult
to put in use the corresponding final coalgebra [1], because the corresponding
set functor involves powerset (even though sometimes only finite powerset is
considered).

Deterministic (sequential) K-weighted automata with input alphabet A

and weights in a semiring K are essentially partial Mealy automata [7], where
the output alphabet is just replaced by a semiring K of weigths. The initial
and output functions of Weighted automata (WA) are neglected or viewed as
functions having values 0, 1 ∈ K defining initial and final states.

Mealy automata have been studied from a coalgebraic perspective in [18].
It has been shown that Mealy automata have final coalgebras, namely causal
functions between streams (infinite sequences) over the input alphabet and
streams over the output alphabet. This can be extended to the case of partial
Mealy automata, which are Mealy automata with transition function that is
only partially defined. Such a case is motivated by applications in control the-
ory, where state-transition functions are partial functions corresponding e.g.
to automata models of manufacturing systems. These are often represented by
(timed) Petri nets [19] and can be translated into deterministic (weighted) au-
tomata using reachability graphs of (labelled) Petri nets, which are naturally
partial automata.

It will be shown that the final coagebra of partial Mealy automata is formed
by causal partially defined and length preserving functions between finite or
infinite sequences over input alphabet and finite or infinite sequences over
output set (semiring K).

WA model state transition systems with a quantitative information en-
coded by output values of transitions that can be e.g. cost of a transition,
a timing information (like duration of executing a transition) or probability
of a transition between given states. The underlying semiring is then typi-
cally the (R∪ {∞},min,+), (R∪ {−∞},max,+) or the probability semiring
(< 0, 1 >,+, .), respectively.

As for timed transition systems, there are two basic ways of represent-
ing complex timed systems with concurrency (i.e. simultaneous occurrence of
events) by WA: use of nondeterminism and synchronous product constructs.
The first one relies on nondeterminism. Indeed, it is well known that unlike
logical automata, nondeterministic WA have significantly higher expressive
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power compared to deterministic ones. More specifically, it is known from [9]
that nondeterministic (max,+)-automata have a strong expressive power in
terms of timed Petri nets: every 1-safe timed Petri net can be represented by
a special (max,+) automaton, called heap model. The advantage of nondeter-
ministic WA is that these are typically much smaller than their deterministic
counterparts with the same behavior (if these happen to exist at all as finite
WA). However, this approach is not easy to apply, because of problems with
determinization and decidability issues [14].

The second way of modeling complex timed transition systems is using
explicit product constructs. Partial Mealy automata with a suitable (number
or interval based) semiring as an output set naturally model a simple class of
timed transition systems: deterministic one clock timed automata or equiva-
lently timed state graphs (machines). Timed state graphs are timed Petri nets,
where no synchronization is allowed: every transition has exactly one upstream
and one downstream place. The corresponding Mealy automata are simply
formed using reachability graphs, where duration of a transition in the timed
Petri net is exactly the output value of the associated transition in the Mealy
automaton. In fact, such a Mealy automaton may be viewed as a one clock
timed automaton [2], where the single clock is implicite and is replaced by the
corresponding (exact) duration or interval duration from the underlying semir-
ing (typically the so called (max,+) semiring Rmax = (R∪ {−∞},max,+) or
the associated interval semiring). Such systems are intrinsically sequential,
because the duration of consecutive events are simply added (the classical ad-
dition is the multiplication of (R ∪ {−∞},max,+) to compute the execution
times of event sequences (words). Therefore, explicit synchronous product is
needed to model more complex timed behaviors (corresponding to multi-clock
timed automata). Another reason why synchronous product of deterministic
weighted automata is needed comes from applications, e.g. in manufactur-
ing systems, where the underlying timed Petri nets models are formed by
elementary timed state graphs that are composed using shared synchroniza-
tion transitions. The overall system can then be modeled by the synchronous
product of elementary timed state graphs (components) as in [19].

We have proposed a (truly) synchronous composition of deterministic (max,+)-
automata based on tensor linear algebra and extended (multi-event set) al-
phabet in [12]. It turned out that there is no algebraic formula in terms of
local (algebraic) behaviors (formal power series), but only using linear (au-
tomata) representations. In this paper a coalgebraic definition is given using
coinductive definitions on stream functionals.

The paper is organized as follows. In Section 2 Mealy automata as coalge-
bras are recalled and partial Mealy automata are proposed. Final coalgebras
of partial Mealy automata are studied and two theorems of functional stream
calculus are stated. Section 3 is an introduction to deterministic (max,+) au-
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tomata and their algebraic and coalgebraic behaviors. The notion of a timed
language is recalled and compared to formal power series and causal stream
functions. In section 4 coinductive definition of synchronous product of causal
stream functions is proposed. An example is presented that illustrates the
coalgebraic approach to concurrent timed systems. Finally, section 5 proposes
a discussion and hints for future investigations.

2 Partial Mealy automata and deterministic weighted
automata

In this section we recall from [18] Mealy automata as coalgebras and ex-
tend them to the case of partially defined transition function. A fundamental
theorem of functional stream calculus is proposed that is the counterpart of
fundamental theorem of (ordinary) stream calculus presented in [17]. Other
properties of stream functions called stream functionals by analogy with math-
ematical analysis are stated.

Let A,K be arbitrary sets (typically finite and referred to as the set of
inputs or events). The empty string will be denoted by λ. Further notation is
1 = {∅} to denote a special one element set that will encode partiality of the
transition function (when no transition is defined).

Definition 2.1 A partial Mealy automaton with inputs in A and outputs
in K is the structure (S, t), where S is the set of states and the transition
function is t : S → (1 + (K × S))A. This function maps any state s ∈ S a
function t(s) : A → (1 + (K × S)) that associates to any input event A either
a pair 〈k, s′〉 consisting of the new state and the output k ∈ K or the symbol
∅ ∈ 1. The latter case means that there is no transition from s to s′ labeled
by a and this is donoted by s 6

a
→.

Thus, Mealy automata with partially defined transition functions are coal-
gebras on the category Set of the functor F : Set → Set given by F (S) =
(1 + (K × S))A.

The following notation, borrowed from [18], will be used: s
a|k
→ s′ iff

t(s)(a) = 〈k, s′〉. The fact that there is no transition labeled by a from s

to any state is denoted by s 6
a
→. Since we work with deterministic Mealy

machines this notation is justified and is equivalent to the absence transition
labeled by a from s to any s′ ∈ S.

Remark 2.2 IfK is a semiring, i.e. K is endowed with addition and multipli-
cation satisfying the semiring axioms, one may view partial Mealy automata
as deterministic weighted automata. Typically, weighted automata are non-
deterministic and have also quantitative initial and final functions that may
represent cost, probability or duration (time) and associate to any state the
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initial or final value in the corresponding semiring (i.e. (R ∪ {∞},min,+)-
semiring, probability semiring or (R∪{−∞},max,+)-semiring), respectively.
In other cases only logical initial and final functions are considered that de-
termine simply initial or final states. The initial state and final states play
no role in this study. It is implicitly assumed that any state is final and that
there is exactly one initial state. Note that unlike weighted automata, where
the fact that there is no transition from s to s′ labeled by a is expressed by
the zero value of the corresponding output from the semiring K, in our case
the absence of transitions is encoded using special symbol ∅. Only later we
will get rid of this symbol and represent partiality of transition functions by
(only) partially defined stream functionals.

The basic cornerstones of coalgebras of partial Mealy automata are stated:
homomorphisms and bisimulation relations. A homomorphism between two
partial Mealy automata S = (S, t) and S ′ = (S ′, t′) is a function f : S → S ′

such that for all s ∈ S and a ∈ A: if s
a|b
→ s′ then f(s)

a|b
→ f(s′), which can be

captured by the equality F (f) ◦ t = t′ ◦ f corresponding to the commutative
diagram below:

(1 + (K × S))A �
t

S

(1 + (K × S ′))A
?

F (f)

�
t′

S ′

f

?

Definition 2.3 A bisimulation between two partial Mealy automata S =
(S, t) and S ′ = (S ′, t′) is a relation R ⊆ S × S ′ such that for all s ∈ S and
s′ ∈ S ′: if 〈s, s′〉 ∈ R then

(i) ∀a ∈ A : s
a|b
→ q ⇒ s′

a|b′

→ q′ such that 〈q, q′〉 ∈ R, and b = b′, and

(ii) ∀a ∈ A : s′
a|b′

→ q′ ⇒ s
a|b
→ q such that 〈q, q′〉 ∈ R, and b = b′.

(iii) ∀a ∈ A: s 6
a
→ iff s′ 6

a
→

As usual, we write s ∼ s′ whenever there exists a bisimulation R with
〈s, s′〉 ∈ R. This relation is the union of all bisimulations, i.e. the greatest
bisimulation also called bisimilarity.

2.1 Final partial Mealy machine

First we consider causal functions between infinite sequences over A and infi-
nite sequences over 1 +K. Only later these will be formulated in a different
way, where partiality of the transition function on stream functions will be
expressed without using special symbol ∅ ∈ 1. Partial functions between fi-
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nite or infinite sequences over A and finite or infinite sequences over K will
be considered instead.

The set of all infinite sequences (streams) over a set A is denoted by Aω.
Similarly, the set of finite or infinite sequences (streams) over a set A is denoted
by A∞, i.e. A∞ = Aω ∪A+, where A+ stands for A∗ \ {λ}. The empty string
λ is excluded from A∞, because Mealy automata have no output on empty
input (unlike Moore automata).

The elements of stream calculus as coinductive study of infinite sequences
over a semiring K are first recalled from [17]. It relies on the fact that streams
from Kω together with the initial value (the initial output from K, also called
head of the stream) and the stream derivative (also known as tail of the
stream) form the final coalgebra (Kω, 〈head, tail〉) of the set functor F (S) =
K × S. Formally, for s = (s(0), s(1), s(2), s(3), . . .) ∈ Kω : head(s) = s(0)
and tail(s) = s′ = (s(1), s(2), s(3), . . .).

The notion of stream derivative applies to both infinite and finite se-
quences. For a sequence s = (s(0), s(1), s(2), s(3), . . . , s(k)) ∈ A+ its stream
derivative, denoted s′ ∈ A∗, is defined by s′ = (s(1), s(2), s(3), . . . , s(k)). Oth-
erwise stated, for k = 0, 1, 2, . . . s′(k) = s(k + 1). Obviously, s′ does not pre-
serve the length of finite sequences. For a ∈ A and σ = (σ(0), σ(1), . . . , σ(k), . . .) ∈
A∞ the following notation is adopted: a : σ = (a, σ(0), σ(1), . . .).

The notion of causality [18] applies to functions between both finite and
infinite sequences. f is causal means that for any σ ∈ A∞ the n-th element
of the stream f(σ) ∈ K∞ depends only on the first n elements of σ ∈ A∞.
Formally, f : A∞ → K∞ is causal if ∀n ∈ N, σ, τ ∈ A∞: ∀i : i ≤ n:
σ(i) = τ(i) then f(σ)(n) = f(τ)(n).

Unlike [18], where Mealy machines with complete transition functions are
studied another property (that we call consistency of f) is required. Finally,
f : A∞ → (1+K)∞ is called consistent if for any stream σ ∈ Aω the sequence
f(σ) ∈ (1 + K)ω has the property that the symbols ∅ must only be placed
on the rightmost part of the stream. Formally, f is consistent if σ ∈ Aω:
f(σ)(k) = ∅ then f(σ)(n) = ∅ for any n > k. The concept of consistency is
close to prefix closedness of languages.

The initial output and functional stream derivative of f are defined in
the same way as in [18]. Hence, f [a] = f(a : σ)(0), which is well defined
(independent of σ) due to causality. The functional stream derivative fa :
A∞ → (1+K)∞ is defined by fa(σ) = f(a : σ)′. There seems to be a problem
with defining stream derivative of a sequence of length 1. Fortunately, we only
need the stream derivatives of finite sequences in the context of functional
stream derivatives of [18], i.e. f(a : σ)′. Since σ ∈ A∞ is of length at least
one, a : σ is of length at least two, hence f(a : σ)′ ∈ (1 + K)∞ is either of
length at least one or is undefined.

It has been shown in [18] that causal functions from streams over A to
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streams overK, where functional stream derivative plays the role of the transi-
tion function form final coalgebra of Mealy machines with complete transition
functions.

Now we are ready to propose the following (universal) partial Mealy au-
tomaton.

Definition 2.4 Let us define the partial Mealy automaton F = (F , tF) with
the carrier set F = {f : Aω → (1 +K)ω |f is causal and consistent}.

The first output and functional stream derivative endow F with partial
Mealy automaton structure (F , tF), where tF : F → (1+(K×F))A is defined
by

tF(f)(a) =







〈f [a], fa〉 if f [a] 6= ∅ ∈ 1,

∅ otherwise,

The definition of derivative can be extended to strings using the classical
chain rule: for w ∈ A∗ and a ∈ A: (fw)a = fwa.

Below we point out that to any state of any partial Mealy automaton we
can associate its behavior from F such that the mapping f : S → F be a
homomorphism of partial Mealy automata.

Proposition 2.5 The partial Mealy automaton (F , tF) is a final partial Mealy
automaton: for every partial Mealy automaton (S, t) (with inputs in A and
outputs in K), there exists a unique homomorphism l : (S, t) → (F , tF).

Proof. For any Mealy automaton (S, t) we define a function l : S → F . It
associates to a s0 ∈ S the function l(s0) : A

ω → (1+K)ω in the following way:
for σ ∈ Aω and n ∈ {0, 1, 2, . . .}, the sequence of transitions corresponding

to σ is considered (if it exists), i.e. s0
σ(0)|k0
→ s1

σ(1)|k1
→ s2 . . .

σ(n)|kn
→ sn+1. We

define in this case l(s0)(σ)(n) = kn. If there is no such a transition along the
path labeled σ(0) . . . σ(n), then we put l(s0)(σ)(n) = ∅. Otherwise stated, l
maps any input sequence σ ∈ Aω to the stream (k0, k1, k2, . . .) ∈ (1 +K)ω of
outputs observed along this input starting in s0. Then no transition possible
starting from σm is expressed by putting special symbols encoding ”empty”
obervation: kl = ∅ for l ≥ m.

It is immediately seen that l(s0) is consistent, because clearly l(s0)(σ)(n) =
∅ for any n > m whenever l(s0)(σ)(m) = ∅. It is not difficult to verify that
l(s0) is causal and that l is a homomorphism, which is moreover a unique one
(up to isomorphism). 2

The stream function l(s0) above is called the (input-output) behavior of
s0. Final coalgebra F has the property that bisimulation on F implies (and
henceforth is equivalent to) equality. This opens the possibility of proving
equality of two causal and consistent stream functions f, g ∈ F by coinduction,

190



Komenda

which amounts to showing that f ∼ g: there exists a bisimulation relation
R ⊆ F ×F such that 〈f, g〉 ∈ R. Since the transition function of F is defined
using the tuple of the first output and functional stream derivative, the proof
of R being a bisimulation (used further) consists of two steps. Firstly, it is
shown that first outputs for any input coincide on all related pairs of stream
functions, and secondly it is to be shown that the functional stream derivatives
with respect to all input events are again related by R.

Now the final coalgebra F is formulated in an equivalent way, where ∅
is not needed, but both infinite and finite sequences of inputs and outputs
are considered and the function between them must preserve their length.
We will consider causal partial (partially defined) functions from finite or
infinite sequences over A to finite or infinite sequences over K that are length
preserving, i.e. finite sequences over A are mapped to finite sequences over
K of the same length and infinite sequences over A are mapped to infinite
sequences over K. It is easily seen that F is isomorphic to the following
structure:

F∞ = {f : A∞ → K∞|f length preserving and causal with dom(f) prefix-closed}.

Note that the output set 1 +K is replaced by K and f is a partial function
between finite or infinite sequences over input and output set. The consistency
of f : Aω → (1 +K)ω enables to recast f as an element of F∞.

It follows from the construction below. First, it is shown how to ob-
tain from f ∈ F an element of F∞. Since f is consistent, there are two
possibilities: either for σ ∈ Aω and any n ∈ N we have f(σ)(n) ∈ K, i.e.
f(σ)(k) 6= ∅, or there is a k ∈ N such that f(σ)(k) = ∅. In the former case
f is automatically an element of F∞. In the latter case the consistency of f
means that f(σ)(n) = ∅ for n > k. Then it is useless to evaluate f in the
whole infinite sequence σ. It is then sufficient to consider only finite words
like σ(0)σ(1) . . . σ(k) ∈ A∗ and the corresponding finite words in the outputs
f(σ)(0).f(σ)(1) . . . f(σ)(k) ∈ K∗. It is clear that such a mapping f is only
partial (as we forget the value of f on suffixes of σ(0)σ(1) . . . σ(k)), and that
f is length preserving. Let us not here that intuitively, σ(0)σ(1) . . . σ(k) ∈ A∗

is in the (prefix-closed) language of the underlying partial Boolean automa-
ton that forgets the outputs, while σ(0)σ(1) . . . σ(k + 1) is already out of this
prefix-closed language. It is immediately seen that dom(f) is prefix-closed.

Conversely, to any length preserving and causal f : A∞ → K∞ with
prefix-closed domain we can construct a causal and consistent mapping f :
Aω → (1 + K)ω. Indeed, it is simply sufficient to extend the maximal (wrt
prefix-order) finite words for which f is defined to infinite words and complete
the image sequences by symbols ∅ that are placed on the rightmost part of
the streams f(σ). Naturally, f is again causal and consistent.

An important observation is that for f ∈ F∞ we have in fact f [a] = f(a)(0)

191



Komenda

whenever f is defined for a ∈ A. Otherwise, f [a] is undefined and there is no
a-transition in F∞ from f .

For each length preserving and causal function f ∈ F we define the initial
(first) value (of output) corresponding to a ∈ A simply by f [a] = f(a)(0).
Also, the functional stream derivative of f (with respect to input a) is defined
as the function fa : A∞ → (1+K)∞ given by fa(s) = f(a : s)′ if it is defined.
Clearly, fa is again causal and preserves the length of s, because prefixig a
finite sequence by a increases the length by 1 and f keeps the length, but
the derivatives reduces it back to the original length. The transition function
tF : F → (1 + (K × F))A is defined using the first output function and the
functional stream derivative, similarly tF∞

: F∞ → (1+(K×F∞))A is defined
by

tF∞
(f)(a) =







〈f [a], fa〉 if f [a] is defined

undefined otherwise,

2.2 Fundamental properties of stream functions

It is natural to call functions between streams by stream functionals to stress
the analogy with functional analysis. First we recall other elementary concepts
from stream calculus for streams over a semiring K = (K,⊕,⊗, 0, 1). The
constant stream corresponding to r ∈ K is given by [r] = (r, 0, . . .). The
notation X = (0, 1, 0, . . .) is important to describe any stream using constant
streams, addition and multiplication. The addition (sum) of streams is defined
using addition of K: For σ, τ ∈ Kω:

(σ ⊕ τ)(n) = σ(n)⊕ τ(n)

and Cauchy (convolution) multiplication of streams given by

(σ ⊗ τ)(n) =
n

⊕

k=0

σ(k)⊗ τ(n− k).

The symbol ⊗ for multiplication of streams is often left out as in the classical
calculus, cf. Xfσ(0)(σ

′)(0) below meaning X ⊗ fσ(0)(σ
′)(0) etc. The n-th

Cauchy power of X, i.e. Xn = (0, . . . , 0, 1, 0, . . .) with 1 being placed on the
n + 1-st place. Finally the notation σ(k) is used to denote the k-th stream
derivative of σ.

The following theorem is provided that is the counterpart of fundamental
theorem of stream calculus in functional stream calculus. Fundamental theo-
rem of stream functionals is stated in Theorem 2.6. Let us note that similarly
as in the stream calculus the sum ⊕ is formal, although it is well defined,
because there is only one element per component in ⊕ below.
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Theorem 2.6 For any f ∈ F and σ = (σ(0), σ(1), . . . , σ(k), . . .) ∈ Aω we
have:

f(σ) = f(σ)(0)⊕Xfσ(0)(σ
′)(0)⊕ . . . Xkfσ(0)...,σ(k−1)(ω

(k))(0)⊕ . . .

or equivalently,

f(σ) = f [σ(0)]⊕Xfσ(0)[σ(1)]⊕ . . . Xkfσ(0)...,σ(k−1)[σ(k)]⊕ . . .

Proof. It follows from the fundamental theorem of stream calculus, which
states that for any σ ∈ Aω it holds that σ = σ(0) ⊕ X.σ′, which can be
extended to σ = σ(0)⊕Xσ′(0)⊕X2σ′(0)⊕. . . Similarly, it sufficies to show that
f(σ) = f(σ)(0)⊕Xfσ(0)(σ

′), which is a direct consequence of the fundamental
identity on Kω for f(σ): f(σ) = f(σ)(0) ⊕ Xf(σ)′. Indeed, σ = σ(0) : σ′,
hence by definition of functional stream derivative we get: fσ(0)(σ

′) = f(σ(0) :
σ′)′ = f(σ)′. Hence, f(σ) = f(σ)(0)⊕Xfσ(0)(σ

′).

2

In the proof of Theorem 2.6 we did not make use of coinduction, but im-
plicitly : it relies on fundamental theorem of stream calculus, which can be
proven by coinduction. Let us also mention that similar fundamental theorem
holds for functionals from F∞. Now the set F∞ is considered. In the next re-
sults partiality of the functionals from F∞ is important. Functionals from F∞

have interesting properties and some of them are proven below by coinduction
on stream functions. Some of them are listed below. The fact that we can
evaluate these functionals on finite words that are prefixes of (potentially) in-
finite words (streams) has interesting consequences. For instance, the lemma
below.

Lemma 2.7 For any f ∈ F∞, ω ∈ A∞, and a ∈ A: f(a) : fa(ω) = f(aω).
More generally, for any u ∈ A+ and ω ∈ A∞: f(u) : fu(ω) = f(uω).

Proof. First we stress that the f(a) : fa(ω) is an element of K∞. Hence,
the equality can be shown by coinduction on streams [17] extended to finite
and infinite sequences, which is the final coalgebra of partial stream automata
given by the Set functor F : S → 1 + (K × S). Put

R = {〈f(a) : fa(ω), f(aω)〉 ∪ 〈σ, σ〉 | f ∈ F∞, σ ∈ K∞, and a ∈ A.}

This amounts to show that the heads (initial values) are the same and that
the stream derivatives are also related by R. Firstly, [f(a) : fa(ω)](0) =
f(a) and f(aω)(0) = f(a)(0) = f(a), because f is causal. Secondly, {f(a) :
fa(ω)}

′ = fa(ω) and f(aω)′ = fa(ω) from the very definition of functional
stream derivative. It is also easy to see that f(a) : fa(ω) can not make further
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transition iff f(aω) can not (namely iff f(a) is undefined), which shows the
partial stream counterpart of (iii) of Definition 2.3. 2

An interesting and useful observation is that the first output function at
first input f [a] = f(a)(0) can be seen as a simple stream functional. Indeed,
the initial output function can be seen as a particular partial stream functional
defined by

f∞[a](σ) =







f [a] if σ = a,

undefined otherwise: σ 6= a,

The following concatenation like multiplication (denoted by ⊙) of a stream
functional g with this special stream functional f∞[a] on the left, helps for-
mulating another fundamental identity of functional stream calculus.

Definition 2.8 For any f, g ∈ F∞, σ = (σ(0) : σ′) ∈ A∞, and a ∈ A we
define

(f∞[a]⊙ g)(σ(0) : σ′) =







f(σ(0)) : g(σ′) if a = σ(0) ∈ dom(f),

undefined otherwise,

Note that the multiplication on the right is just stream concatenation on
K∞ following the notation of [17]. We make the convention that f(a) : g(σ′) =
f(a) if g(σ′) is undefined. Addition on streams from K∞ induces addition on
F∞. Simply, one defines for fi ∈ F∞, i ∈ I: (

⊕

i∈I fi)(σ) =
⊕

i∈I(fi(σ)) .
Then we can write:

Theorem 2.9 For any f ∈ F∞ we have: f =
⊕

a∈A f∞[a]⊙ fa.

Proof. It can be shown by coinduction on F∞. We put

R = {〈
⊕

a∈A

f∞[a]⊙ fa, f〉 ∪ 〈f, f〉 | f ∈ F∞ and a ∈ A}.

Then R is a bisimulation on F∞. Indeed, for any b ∈ A we get (f∞[a]⊙fa)[b] =
(f∞[a]⊙ fa)(b)(0) = (f∞[a](b). Let us observe that according to definition of
f∞[a] we have either f∞[a](b) = f [b] or it is undefined, depending on b = a

or not. Hence,
⊕

a∈A(f
∞[a]⊙ fa)[b] = f [b] and the first outputs are equal for

⊕

a∈A(f
∞[a]⊙ fa) and f .

Now, let (
⊕

a∈A f∞[a]⊙ fa
b|k
→ f ′. Then f ′(σ) = (

⊕

a∈A f∞[a]⊙ fa)b(σ) =
⊕

a∈A{(f
∞[a] ⊙ fa)(bσ)}

′ = {f [b] : fb(σ)}
′ = fb(σ). Again, (f∞[a](b) = f [b]

in case b = a has been used. Finally, it is obvious that
⊕

a∈A f∞[a]⊙ fa 6
a
→ iff

f 6
a
→ (namely iff f [a] is undefined), which shows (iii) of Definition 2.3.

Hence, 〈(
⊕

a∈A f∞[a] : fa)b, fb〉 ∈ R, which was to be shown. 2
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This equality may be viewed as a functional stream counterpart of the fun-
damental theorem of (multivariable) formal power series (behaviors of Moore
automata): s = s(λ) +

∑

a∈A a.sa for s : A∗ → K. Therefore, multiplying a
stream functional f by the elementary functional given by f [a], i.e. f∞[a],
in the sense of definition 2.8 can be seen as a functional counterpart of for-
mal power series integration, which is given by aσ, i.e. Xσ for monovariable
streams over X = (0, 1, 0, . . .). This is expressed in the Proposition below.

Proposition 2.10 For any f ∈ F∞ and a ∈ A: (f∞[a]⊙ f)a = f

Proof. The equality is shown by coinduction on F∞. Let

R = {〈(f∞[a]⊙ f)a, f〉 ∪ 〈f, f〉 | f ∈ F and a ∈ A}.

Then R is a bisimulation on F∞. Indeed, for any b ∈ A we get (f∞[a]⊙f)a[b] =
{(f∞[a]⊙ f)(ab)}′(0) = (f∞[a]⊙ f)(ab)(1)={f(a) : f(b)}(1) = f(b).

Now, let (f∞[a] ⊙ f)a
b|k
→ f ′. Then f ′(σ) = (f∞[a] ⊙ f)ab(σ) = {(f∞[a] ⊙

f)(abσ)}′′ = {f(a) : f(bσ)}′′ = f(bσ)′ = fb(σ). Hence, (f
∞[a]⊙ f)ab = fb and

therefore 〈(f∞[a] ⊙ f)ab, fb〉 ∈ R. Also, it is easy to see that (f∞[a] ⊙ f)a 6
a
→

iff f 6
a
→ (namely iff f [a] is undefined), which shows (iii) of Definition 2.3.

2

Remark 2.11 In section 4 we need a semiring structure on K in order to
introduce the synchronous product operation on causal and length preserving
functions that are behaviours of deterministic time-weighted automata.

Finally, let us mention that the behavior of Mealy automata are typically
described in the literature as formal power series f : A+ → K. Still we
prefer to work with F , because as is shown in the next section, in the case
of deterministic time-weighted automata coalgebraic behaviors are similar to
timed languages from timed automata theory.

3 Deterministic weighted automata and timed languages

In this section deterministic (max,+) and interval automata without initial
and final delays are considered and three representations of their behaviors
are discussed: formal power series, timed languages and functions between
finite or infinite sequences of inputs and outputs.

Let us start with the definition of deterministic K-weighted automata. Let
K = (K,⊕,⊗) be a semiring.

Definition 3.1 A deterministic K-weighted automaton over the input alpha-
bet A and with weights in K is the Mealy automaton (S, t), where S is the
set of states and the transition function is t : S → (1 + (K × S))A.
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Two important cases of semiring K are considered in this paper. A de-
terministic (max,+)-automaton is a deterministic K-weighted automaton with
K = Rmax = (R ∪ {−∞},max,+). The zero element, i.e. −∞ of Rmax is
denoted by ε in accordance with idempotent semiring notation [8] and the unit
element is denoted by e = 0. A deterministic interval automaton is a deter-
ministic K-weighted automaton with K = Imax

max = (R×R ∪(−∞,−∞),⊕,⊗),
where ⊕ is the componentwise maximum and ⊗ is the componentwise (con-
ventional) addition.

At the first sight our deterministic K-weighted automata might seem very
different from (non)deterministic K-weighted automata in algebra, which are
defined by G = (Q,A, α, µ, β), where Q is a finite set of states, A is the set of
events, and the linear triple consists of α : Q → K, t : Q× A×Q → K, and
β : Q → K, called input, transition, and output delays, respectively. Let us
recall that t can be algebraically viewed as a collection of matrices

µ : A → KQ×Q, µ(a)q q′ , t(q, a, q′).

Since the definition µ can be extended from a ∈ A to w ∈ A∗ using the
morphism property, i.e.

µ(a1 . . . an) = µ(a1)⊗ . . .⊗ µ(an),

µ is often called a morphism matrix. Such a triple (α, µ, β) is called a lin-
ear representation of G. In this algebraic representation there is no need of
using special symbols to express partiality of the transition function, because
t(q, a, q′) = 0 ∈ K means there is no transition from q to q′ labeled by a.
The transition function associates to a state q ∈ Q, a discrete input a ∈ A

and a new state q′ ∈ Q, an output value t(q, a, q′) ∈ K corresponding to the
a−transition from q to q′.

As our K-weighted automata (viewed as coalgebras) are assumed to be
deterministic, there is exactly one initial state and t is deterministic, i.e. t :
Q × A → (1 + K × Q). Note that in this deterministic transition function
t the set ∅ ∈ 1 is needed to encode the partiality of the transition function,
unlike the nondeterministic transition function, where the zero element of K,
i.e. 0 ∈ K encodes the fact that there is no transition between two given states
with a given label. It is immediately seen that this deterministic transition
function can be recasted in the coalgebraic form in terms of the set functor
F (S) = (1 + (K × S))A, cf. Definition 3.1.

Essentially, our attention is restricted to transition function, while initial
and final weights (called delays in timed systems) are discarded, or at least
α and β take their values in the Boolean subsemiring of K: e.g. ∀q ∈ A :
α(q) ∈ {0, 1} meaning α(q) = 1 iff q is the initial state. Initial and final state
play no role in our study, because from a coalgebraic perspective any state can

196



Komenda

play a role of an initial state in the sense that the behavior homomorphism
l : S → F evaluated in s ∈ S gives the behavior of S, where s is the initial
state.

Below it is assumed that K = Rmax. From an algebraic viewpoint, behav-
iors of timed systems are timed languages or formal power series. Below the
notion of a timed language is recalled from the theory of timed automata [2].

Definition 3.2 A timed word st is a (finite or infinite) sequence over the
alphabet A × R, i.e. st ∈ (A × R)∞, where (σ1, t1) . . . (σn, σn) . . . means that
the execution time of an event ai is achieved at time ti, i = 1, 2, . . .. A timed
language is a subset of timed words, i.e. Lt ⊆ (A× R)∗.

It is easy to see the relationship between elements of the final coalgebra
F or its equivalent presentation F∞ from the previous section and timed
languages. In fact, timed languages give the cumulated execution time of a
sequence, which is the sum of durations of individual events in the sequence.
This subsumes that the multiplication of the underlying output alphabet,
which is the semiring Rmax is the conventional addition. In particular, it
means that the sequence of execution times t1 . . . tn . . . from Definition 3.2 is
nondecreasing.

On the contrary, for any partial, length preserving, and causal function
f : F∞ and σ ∈ A∞ the value f(σ) gives the sequence of duration times
of individual events from σ, which is naturally not nondecreasing in general.
For a given f ∈ F∞ it is easy to obtain the corresponding timed language
by simply making the sum of the duration of consecutive events from the
initial event up to a given one. For instance, the function f : A+ → R

+
max

that maps the sequence a, b, c, b to the sequence 1, 2, 4, 3 and is only defined
on nonempty prefixes of a, b, c, d (e.g. a, b is mapped to the time sequence
1, 2) corresponds to the finite timed language given by a single timed word
(a, 1)(b, 3)(c, 7)(b, 10). The timed words and such simple stream functionals
are easy to obtain from one another. However, timed languages (subsets of
timed words) are strictly more expressive than our stream functionals. This
is natural, because timed words can express concurrent timed behaviors of
general timed automata, while stream functionals are tailored to sequential
(single clock) timed systems. Still it will be shown in section 4 that there
is a class of concurrent timed behaviors that can be expressed by stream
functionals using synchronous product based on extended alphabets.

Let us note that timed words are even closer to formal power series than
stream functionals, but in general formal power series may hide some timing
information. In the example above, the corresponding formal power series
is 1a ⊕ 3ab ⊕ 7abc ⊕ 10abcb. However, for another formal power series 1a ⊕
7abc⊕10abcb there is no information about the execution time of ab, but only
the one about abc is specified and we only know that ab is executed in time
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interval (1, 7).

But timed languages have no such a nice and rich structure as partial,
length preserving, and causal functions from F∞. This feature is important for
our main goal: coinductive definition of synchronous product of deterministic
weighted automata. Therefore, we only work with behaviors from F∞ in the
rest of this paper.

4 Behaviors of concurrent deterministic (max,+) au-
tomata

In this section the main result of this paper is presented: coinductive definition
of synchronous product of behaviors of deterministic time-weighted automata,
i.e. functions from F∞, is proposed and discussed in detail.

Let us first recall the automaton based definition of synchronous product
proposed in [12]. It is assumed that a distributed timed system is given by two
deterministic (max,+)-automata. Let G1 = (S1, t1) and G2 = (S2, t2) be two
(max,+)-automata defined over local alphabets A1 and A2. Then associated
natural projections are P1 : (A1 ∪ A2)

∗ → A∗
1 et P2 : (A1 ∪ A2)

∗ → A∗
2. We

also need the Boolean matrices associated to morphism matrices :

[Bµ(a)]ij =







e = 0, if [µ(a)]ij 6= ε

ε = −∞, else

In order to avoid heavy notation, Bµ(a) is in the sequel denoted by B(a).
This notation can be extended to a (Boolean) morphism on words from B :
A∗ → {0,−∞}n×n using morphism property B(a1 . . . an) = B(a1) . . . B(an).

The synchronous composition of two (max,+)- automata is based on an
extended alphabet composed of two types of events. Firstly, it includes all
shared events. Secondly, it includes pairs of local sequences in between the
synchronization event. Formally, A = (A1 ∩ A2) ∪ (A1 \ A2)

∗ × (A2 \ A1)
∗.

The problem is that the alphabet actually depends on the particular dis-
tributed timed system under consideration in the sense that not all pairs of
local sequences (which would make the extended alphabet infinite) need to be
included in A. It suffices to include those pairs from (A1 \ A2)

∗ × (A2 \ A1)
∗

that are actually executed by the automata. In fact, we need to include in A
exactly the pairs of maximal local strings (maximality is with respect to pre-
fix order) in between two consecutive synchronization events. Note that this
means that A can in general be infinite, but only in the case, where at least
one local automaton G1 or G2 has no loops consisting of private events only
A1\A2 or A2\A1, respectively. It is then natural to exclude this possibility by
assuming that local (max,+)-automata G1 and G2 have no loops consisting of
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private events. Otherwise stated, any loop in local subsystems must contain
at least one shared (synchronization) event. In such a case the alphabet A for
given distributed timed system is finite.

In order to define the synchronous product on behaviors from F∞ it is
necessary to use extended alphabet A.

The Kronecker (tensor) product of matrices denoted by ⊗t is involved. If
A = (aij) is a m × n matrix and B is a p × q matrix over K, then their
Kronecker (tensor) product A⊗t B is the mp× nq block matrix

(A⊗t B)ik,jl = aij ⊗ bkl.

The parallel products of weighted automata à la A. Arnold [3] or P.
Bucholtz [4] is not suitable for timed systems, because if these are applied
to(max,+)-automata, their product as product of weighted automata remains
a sequential model.

In the logical setting trace theory has been developed, where events that
may occur simultaneously are related by independence relation. However, it
is not clear how to extend the trace theory into the timed transition sys-
tems setting. Let us recall that classical composition of weighted automata
[3] is simply given by tensor product of their linear representations. This cor-
responds to classical synchronous product of underlying Boolean automata,
but the duration of a transition in the synchronous product is the product
(i.e. conventional sum in Rmax)of the durations of participating transitions.
This is not suitable for timed systems modeled by (max,+)-automata, unless
there is no concurrency between events: e.g. the alphabets of subsystems are
equal. Indeed, one would need to distinguish simultaneously executed events
or strings and in the extreme case the duration of a global string is the sum of
durations of corresponding (projected or local) strings. Therefore, definition
below has been proposed, which corresponds to the intuition that in between
two synchronizing transitions the local strings are executed in parallel, i.e. the
duration of a string v of non shared events equals the maximum of durations of
its projections P1(v) and P2(v) in local automata. A much simple coalgebraic
counterpart of this definition will be given later in this section.

Definition 4.1 Synchronous Composition of (max,+)-automata
G1 = (Q1, A1, α1, µ1, β1) and G2 = (Q2, A2, α2, µ2, β2), is the following interval
automaton defined over the alphabet

A = (A1 ∩ A2) ∪ [(A1 \ A2)
∗ × (A2 \ A1))

∗]

G1‖G2 = G = (Q1 ×Q2,A, α, µ, β)

with Q1 × Q2 set of states, A set of events, α = α1 ⊗
t α2 the initial delay

, µ : A∗ → R
|Q|×|Q|
max the morphism matrix and β = β1 ⊗

t β2 final delay. The
morphism matrix is defined by :
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µ(v) =



















µ1(v)⊗
t B2(v)⊕B1(v)⊗

t µ2(v), if v = a ∈ A1 ∩ A2

µ1(P1(v))⊗
t B2(P2(v))⊕B1(P1(v))⊗

t µ2(P2(v)), if v = (P1(v), P2(v)) ∈

(A1 \ A2)
∗ × (A2 \ A1)

∗

Let us now explain the intuition behind this seemingly complicated defi-
nition. The interval automata G1 and G2 are synchronized over the shared
events set: A1 ∩A2, but in between two consecutive synchronizations the au-
tomata G1 and G2 are free to execute their respective private events belonging
to A \ (A1 ∩A2). These private events are represented by pairs of correspond-
ing local strings P1(v) ∈ (A1\A2)

∗ and P2(v) ∈ (A2\A1)
∗. Not all events of A

are needed in concrete synchronous products. In fact, only those pairs of local
events are included that actually occur in local subsystems between two syn-
chronizing events. The extended alphabet A is still potentially infinite, which
is the main drawback of our approach. Fortunately, this may only happen if
there are loops of private events in one of the subsystems and the subsystems
are unable to synchronize. If this case is excluded a finite extended alphabet
A can be found.

In [12] we could not find any algebraic definition compatible with this
automata definition that would be based on formal power series l1 = l(G1) and
l1 = l(G1), i.e. independent of the linear representationG1 of l1 andG2 of l2. A
definition for behaviors is only possible if automata representations are fixed,
but there is no algebraic definition independent of automata representation.
Yet, the formula for behavior of the synchronous product from [12] is very
complex and not practical to use, because for a given word over A1∪A2 it is the
sum of a number of terms that is exponential in the number of synchronization
events in this word. Still, even in the case of infinite alphabet A, we have
been able to compute the (algebraic) behavior of G1‖G2 on finite words from
A = A1 ∪A2. Indeed, any w ∈ A∗ can be decomposed as w = v0a1v1 . . . anvn,
where ai ∈ A1 ∩ A2, i = 1, . . . , n are shared (synchronization) events and
vi ∈ (A \ (A1 ∩ A2))

∗, i = 0, . . . , n are sequences of private local events. For
such a vi the corresponding local strings in G1 and G2 are given by natural
projections P1(vi) ∈ A∗

1 and P2(vi) ∈ A∗
2, respectively. This way, any word

over distributed (global) event set A∗ can be seen as the word w = P1(v0) ×
P2(v0)a1P1(v1)× P2(v1) . . . anP1(vn0)× P2(vn) over the extended alphabet A.
The duration of private strings vi ∈ (A \ (A1 ∩ A2))

∗ is simply given by the
maximum of the durations of local strings P1(v) and P2(v).

In this paper such a definition for behaviors is given using finality of F∞

formed by causal and length preserving functions between A∞ and K∞ with
prefix closed domains. They are endowed by partial Mealy automaton struc-
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ture as in section 2, where A is just replaced by the extended alphabet A.
The first output function of (l1‖l2) will be defined using first output functions
of l1 and l2 extended to strings. The following concept is now needed. For
li ∈ F∞ over Ai and vi = a1 . . . ak ∈ A+

i we define for i = 1, 2:

(li)[vi] = (li)[a1]⊗ (li)a1 [a2]⊗ . . .⊗ (li)a1...ak−1
[ak].

This is needed, because the whole local vi string playing the role of Pi(v) from
definition below is executed in Gi in a sequential way: the duration of its
execution is simply the usual sum, i.e. ⊗, of execution times of individual
events a1, . . . ak from vi.

Definition 4.2 Define the following binary operation on F over A: for l1, l2 ∈
L and ∀v ∈ A:

(l1‖l2)v = (l1)P1(v)‖(l2)P2(v) and

(l1‖l2)[v] = l1[P1(v)]⊗ Bl2[P2(v)]⊕ Bl1[P1(v)]⊗ l2[P2(v)].

Note that equivalently one can write:

(l1‖l2)[v] =







max(l1[P1(v)], l2[P2(v)]) if li[Pi(v)] 6= ε for i = 1, 2

ε else, i.e. ∃i = 1, 2 : li[Pi(v)] = ε
(1)

This definition is similar to the coinductive definition of synchronous product
[15] of partial languages (behaviors of partial automata). Indeed, our func-
tional input derivative for a shared event has the same form as the input
derivative for languages. As for private events, the extended alphabet con-
tains strings of these events (typically a finite number of them), but clearly
our definition of functional input derivative is formally of the same form as the
input derivative from the language definition [15] extended to strings. Namely,
for partial languages L1 = (L1

1, L
2
1), L2 = (L1

2, L
2
2), and w ∈ A∗ we have in

fact (L1‖L2)w = (L1)P1(w)‖(L2)P2(w). Of course, the first output function is
specific to the timed setting, but it is easy to understand from the equivalent
form (1). This formal simplicity of Definition 4.2 is another advantage of the
coalgebraic approach compared to the algebraic one, where it is only possible
to give automata definitions. It seems that there is no algebraic formula in
terms of local (algebraic) behaviors (formal power series), but only using linear
(automata) representations. Coalgebraic framework makes it simpler due to
the fact that final coalgebras are endowed with the same automaton structure
as another automaton of a given functor. In fact, algebraic behaviors (formal
power series) formal power series can also be endowed with a coalgebra struc-
ture [17], but only for the Moore automata functor. Maybe for this reason the
algebraic definition of synchronous product is not so elegant and it seems to
works on automata representations only: we could not find any definition for
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formal power series.

Let us mention another two points. Firstly, in the definition of functional
stream derivatives it is not necessary to distinguish the type of extended event.
Secondly, the first output function can equivalently be written as follows,
where we recall ε = −∞ is the zero element of Rmax. The value ε in equation
(1) can be viewed as undefined. In the special case with full synchronization,
i.e. A1 = A2 there is no need for using extended alphabet, in fact in this case
A = A1 = A2. Note that for any v = a ∈ A we have in fact P1(v) = P2(v) = a.

Thus, we obtain for l1, l2 ∈ L and ∀a ∈ A:

(l1‖l2)a = (l1)a‖(l2)a

and (l1‖l2)[a] = l1[a]⊗Bl2[a]⊕Bl1[a]⊗ l2[a]. Interestingly, synchronous prod-
uct differs from sum or Hadamard product of two functionals (with obvious
definitions) in the initial condition, which is different from both sum and the
Hadamard product.

4.1 Example

In this section the coinductive definition of the last section is applied to a
concrete example. We consider a simple distributed timed system consisting
of two subsystems: (max,+)-automata G1 and G2 over the alphabets A1 =
{a, b, d} and A2 = {a, c}, respectively, drawn in figure 1. Their synchronous
product is by Definition 4.1 the following (max,+)-automaton :

G1‖G2 = G = (Q1 ×Q2,A, α, µ, β),

where Q1 ×Q2 is the set of states,

A = {a, (be, c), (d, c)} ⊆ (A1 ∩ A2) ∪ (A \ (A1 ∩ A2))
∗,

α = α1 ⊗
t α2, β = β1 ⊗

t β2, and

ν(v) =



















µ1(a)⊗
t B2(a)⊕ B1(a)⊗

t µ2(a), if v = a ∈ A1 ∩ A2

µ1(be)⊗
t B2(c)⊕ B1(be)⊗

t µ2(c), if v = (be, c)

µ1(d)⊗
t B2(c)⊕ B1(d)⊗

t µ2(c), if v = (d, c)

can easily be computed. The synchronous product G1‖G2 is drawn in figure
1 on the right.

The behavior of the composed automaton is the synchronous product of
behaviors of local components over A1 = {a, b, d, e} and A2 = {a, c}, which
are l1 : (A1)

∞ → (Rmax)
∞ and l2 : (A2)

∞ → (Rmax)
∞.
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Fig. 1. G1, G2 and G1‖G2

An important feature is that the extended alphabet is based on the un-
derlying untimed partial automata and it includes only those sequences of
private events that can occur in between two synchronization events (a). In
our case these are sequences bec, bce, cbe (not to be distinguished one from
another) represented by their projections to the local alphabets, i.e. (be, c).
and sequences dc, cd represented by (d, c). Hence, the extended alphabet is
A = {a, (be, c), (d, c)}. Note that P1(be, c) = be ∈ A∗

1, P2(be, c) = c ∈ A∗
2, and

similarly for (d, c). Hence, the differential equation for (l1‖l2)v, v ∈ A makes
sense. The first output and derivative for v = a are as follows:

(l1‖l2)a = (l1)a‖(l2)a and

(l1‖l2)[a] = l1[a]⊗Bl2[a]⊕ Bl1[a]⊗ l2[a].

Let us mention that (l1‖l2)(a) = (l1‖l2)(a)(0) = 5 = (l1‖l2)[a], because
(l1‖l2) is length preserving and a ∈ A∞ is of length 1. Now, according to the
fundamental theorem of functional stream calculus we get

(l1‖l2)(a(d, c)) = (l1‖l2)(a(d, c))(0)⊕ (l1‖l2)a(d, c)(0).

Direct application of the formulas for derivative and first output function
yields

(l1‖l2)a(dc) = ((l1)a‖(l2)a)(dc) = ((l1)a‖(l2)a)(dc)(0) = ((l1)a‖(l2)a)[dc]

= (l1)a[d]⊗B(l2)a[c]⊕B(l1)a[d]⊗ (l2)a[c] = (l1)(ad)(1)⊗B(l2)(ac)(1)⊕

B(l1)(ad)(1)⊗ (l2)(ac)(1) = 8⊗ 0⊕ 0× 7 = 8.

The second last equality follows from fa[d] = fa(d)(0) = f(a : d)′(0) =
f(ad)(1) for any f ∈ F∞.

Similarly, we get (l1‖l2)(a(be, c)) = (l1‖l2)(a(be, c))(0)⊕ (l1‖l2)a((be, c))(0),
where (l1‖l2)a(be, c) = . . . = (l1)(a(be))(1) ⊗ B(l2)(ac)(1) ⊕ B(l1)(a(be))(1) ⊗
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(l2)(ac)(1) = 5⊗0⊕0×7 = 7. These lines shows that the synchronous product
is easy to compute and moreover if the composed automaton is drawn, its
behavior is very intuitive and can directly be written down, cf. Figure 1.

The behavior functional l1‖l2 ∈ F∞ is only partially defined: essentially
it is not defined for words that are outside the (prefix-closed) language of
the underlying partial automaton and all infinite suffixes of such words. For
instance, for w = aa or w = aω. On the other hand we have (l1‖l2)(a(d, c))

ω =
(5 8 5 8 . . .) = (5 8)ω.

The conclusion for this example is that both algebraic and coalgebraic
framework can be used to compute the behaviors of synchronous product
of (max,+)-automata. However, the coalgebraic approach does not use large
matrices (but scalar behaviors), while the algebraic framework needs automata
representations.

Remark 4.3 Two points are stressed. Firstly, our approach can be extended
to more than two local components as described in [12], but it becomes quite
complex. Secondly, synchronous product of interval automata, i.e. determin-
istic weighted automata with weights in Imax

max , can be introduced in a similar
way as the synchronous product of (max,+)-automata. Interval automata has
been studied as Büchi automata over interval based alphabets in [6] and their
synchronous product are known as Product Interval Automata (PIA). The
same construction based on extended event alphabet can be applied to inter-
val automata and synchronous product of their behaviors can be defined by
coinduction.

PIA correspond to an important class of timed automata, where the clocks
are read (i.e. compared to constants in transition guards) and reset in a par-
ticular fashion: there are n clocks (one per component) and during a transition
in a PIA only clocks that correspond to the components that are active in a
transition are read and reset. This way the reading and reseting of clocks is
compatible with the distributed event set structure. Thus, the usage of clocks
can be completely avoided and PIA can be described by symbolic purely al-
gebraic methods.

PIA are capable of modeling many interesting applications like asynchronous
circuits. Hence, they represent a nice trade off between tractability (all funda-
mental problems are known to be decidable for this class of timed automata)
and modeling power.

5 Concluding discussion

In this paper deterministic (sequential) weighted automata has been studied
coalgebraically as partial Mealy automata. We have recasted their behaviors
(causal and consistent stream functions) as partial, length preserving functions
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(also called stream functionals) and extended basic results of stream calculus
into functional stream calculus.

The main advantage of the coalgebraic approach is the possibility to use
coinductive definitions and proofs that are known to be pertinent in many
applications. Moreover, final coalgebra itself is endowed with the same struc-
ture as another coalgebra of a given functor. This helps defining operations
on behaviors of state transition systems, e.g. streams, (partial) languages or
(partial) stream functions, because these behaviors are seen as corresponding
types of automata, e.g. stream automata, (partial) automata or Mealy au-
tomata. The corresponding definitions on automata are then simplified into
coinductive definitions on behaviors.

In this work another application demonstrating power of coinductive def-
initions compared to definitions by induction is given: synchronous product
of behaviors of deterministic weighted automata are defined by coinduction.
The main advantage of our approach is that the composed automaton remains
deterministic. On the other hand, the composed system has many states and
decentralized approaches must be used in order to avoid the state explosion
problem. Since our approach is compositional by construction, it is tailored
to decentralized (component-wise) techniques.

Recently we have developed supervisory control theory for (max,+) au-
tomata that is applicable to nondeterministic (max,+) automata as well [11]
(because determinism plays no essential role.) However, a major problem is
that the resulting controller series computed within a behavioral (i.e. formal
power series framework) need not be (max,+)-rational. Recall that a series
is (max,+)- rational (respectively (min,+)- rational) if it is in the rational
closure of series with finite supports, i.e. if it can be formed from polynomial
series (i.e. those with finite support) by rational operation ⊕ (corresponding
to max, respectively to min), ⊗, and the Kleene star. A notion close to that
of a deterministic series is a unambiguous series, which is a series recognized
by unambiguous automata, i.e. automata in which there is at most one suc-
cessful path labeled by w for every word w. It is known from Lombardy and
Sacharovitch [14] that the class of formal power series that are at the same time
(max,+) and (min,+) rational coincides with unambiguous series. Moreover,
for these families of series, the equality (and inequality) of series is proven to
be decidable. Let us recall that sequentialization of weighted automata (i.e.
their determinizing) and its decidability status is not known for formal power
series over idempotent semirings (unlike the ring case, which is not so inter-
esting for applications in distributed timed systems). The results of [14] show
that essentially, beyond the class of deterministic series (i.e. those for which
deterministic representations exist) and hence deterministic representations of
the timed systems and their (control) specifications there is a little chance of
obtaining a rational (i.e. finite state) controller automaton. Also, equality of
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nondeterministic (max,+)-series is is known to be undecidable [13]. This is
a major motivation for our study that consists in coding concurrent (non se-
quential) timed systems using synchronous product construct instead of using
nondeterministic representations à la heap automata.

Among plans for further research, we plan to apply the coinductive defini-
tions presented in this paper in the study of decentralized control (as in [10])
of distributed timed systems that are formed as synchronous compositions of
sequential (i.e. one clock) systems. This would lead to an exponential sav-
ing of complexity of control synthesis compared to global control synthesis of
distributed timed systems.
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