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Lambek‘s Lemma.  

What if we are only interested in „finite“ coalgebras?

Then final semantics may not be satisfactory:

 Junk:

 Confusion: two states may be identified even though they are not

behaviourally equivalent on the level of finite coalgebras

Solution:  
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This talk: three fixed points for „finite-state“ behaviour

Theorem.  F is a proper functor on algebraic category iff

rational fixed point
locally finite fixed point

Milius, CALCO 2017.

New Result. 

locally ffg fixed point



Examples of Rational Fixed Points
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Further examples …

Rational formal power-series for every semiring

Context-free Languages

Real-time deterministic context-free languages
(= stack machine behaviours)

Context-free formal power series

The monad of Courcelle‘s algebraic trees

On Algebras with Effectful Iteration  | CMCS | April 14-15, 2018
5

Milius, Pattinson, Wißmann, FoSSaCS 2016.



The Setting: Algebraic Categories
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Assumptions.  

Examples. Precisely the finitary varieties of algebras, e.g.

sets, monoids, groups, vector spaces, etc.

Three notions of „finite“ objects:  

Remark:



Three ‚finite state‘ behaviour domains
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Constructions.  

Theorems.  

Urbat, CALCO 2017.

Adámek, Milius, Velebil, MSCS 2006.

Pattinson, Milius, Wißmann, FoSSaCS 2016.



Relationship of the Three
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Theorem.     

Example.

Milius, CALCO 2017.



An interesting locally ffg fixed point
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Example.



An interesting locally ffg fixed point

On Algebras with Effectful Iteration  | CMCS | April 14-15, 2018
13

Carrier: 

Unary opn: 

Coalgebra structure: 

No Finality:



Recap: Iterative Algebras
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Definition. 

Theorem. 



FFG-Elgot Algebras

On Algebras with Effectful Iteration  | CMCS | April 14-15, 2018
15

Idea.  

Definition.  



Two natural axioms of dagger
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Notation.  

Weak Functoriality.  



Two natural axioms of dagger
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Notation.  

Compositionality.  



Why „Effectful Iteration“?
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Main Results

On Algebras with Effectful Iteration  | CMCS | April 14-15, 2018
19

Theorem.

Theorems.

Definition.



Main Results
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Construction of free ffg-Elgot algebras:

Theorem.

Remark.



Conclusions

● In algebraic categories three fixed points capture the behaviour of

„finite“ coalgebras: 

● In general they are different, but for proper functors they coincide and

are fully abstract for standard behavioural equivalence.

●

● Free ffg-algebras exist and are obtained as expected for free objects

● ffg-Elgot algebras are monadic over the base category. 
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rational fixed point
locally finite fixed pointlocally ffg fixed point



Future Work

● Find a coalgebraic construction for arbitrary free ffg-Elgot algebras.

● Investigate the properties of the free ffg-Elgot algebra monad. 

● Show that the composite of the following functors is monadic:
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