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Functors F' : & — .o/ model behaviour types of state-based systems
Final F'-coalgebra v F' = fully abstract behaviour domain for all F-coalgebras

Lambek’s Lemma. t:vF — F(vF) is a fixed point of F.

What if we are only interested in ,finite” coalgebras?
Then final semantics may not be satisfactory:

® Junk: vF contains behaviour not realized by any finite F'-coalgebra.

@ Confusion: two states may be identified even though they are not
behaviourally equivalent on the level of finite coalgebras

Solution: replace vF' by a coalgebra capturing precisely finite behaviours.
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This talk: three fixed points for ,finite-state” behaviour

‘—»QF—»?S‘FHVF

locally ffg fixed point locally finite fixed point

ratlonal fixed point

Theorem. Fis a proper functor on algebraic category iff

oF = oF = 9F — vF

New Result. A universal property of o F' as an F-algebra.



Examples of Rational Fixed Points
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Further examples ...
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...of 9F

Rational formal power-series for every semiring
Context-free Languages

Real-time deterministic context-free languages

Context-free formal power series

The monad of Courcelle's algebraic trees



The Setting: Algebraic Categories S === W

Assumptions.
- o/ an algebraic category, i.e. & = Set” for a finitary monad 7" on Set

- I o/ — o/ finitary and presetvesteHexive eoeqdatizers

\ for F a lifting:
Examples. Precisely the finitary varieties of algebras, e.g. < ——<
sets, monoids, groups, vector spaces, etc. Ul JU

Three notions of ,finite” objects:

1. free finitely generated (ffg) algebras, i.e. T'X for X a finite set

2. finitely presentable (fp) algebras, i.e. coequalizers TX = TY — C
for X, Y finite sets

3. finitely generated (fg) algebras, i.e. quotients TX — A for X a finite set

Remark: ffg = fp = fg  but not conversely



Three ,finite state‘ behaviour domains

FRIEDRICH-ALEXANDER

Coalgg, F' — Coalgg, F' — Coalgg, F' — Coalg F

alTX — FTX allA— FA alA— FA
with X finite with A fp with A fg
¢

Constructions.  pF = F(pF) := colim(Coalgg, F' — Coalg F')
oF 5 F(oF) := colim(Coalgg, ' — Coalg F)
IF 5 F(9F) := colim(Coalgg, I — Coalg F')

Theorems. 1. All three coalgebras are fixed points of F.

2. The rational fixed point oF' is the final locally fp coalgebra
and the initial iterative algebra.

3. The locally finite fixed point 9 F is the final locally fg coalgebra
and the initial fg-iterative algebra.
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Relationship of the Three

Theorem. For F preserving injections and surjections:
1. OF — oF — OF ~— vF
2. oF =2 oF Z29F — vF if and only if F'is proper.

Example. ...where all four fixed points o F, oF, 9F and v F' differ.



An interesting locally ffg fixed point S F==s e L
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Example. ./ = sets with one unary operation
F =1Id: .o/ — < identity functor

oF =9F =vF =1 aretrivial

oI = colimit of all F-coalgebras T'X X T X, with X, finite

Free algebra on set of generators Xo:
TXyo=Nx Xy with wu(n,z)=Mn+1,z)

TXe L TX, ing ew Xg—NxX, inSet
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An interesting locally ffg fixed point ==

Two eventually periodic streams of natural numbers:

S = S80,..-,Sk, S1y.++5Sp, S1y.+4ySp, \‘eq‘
t=to,.... 1, f,.. o, .. t\?\\@..
are called equivalentif -, s =3, . 6066 @
For example s =154, 1,2,3, 1. ‘),\ﬂ
t=1,37,42, 229@8
Carrier: |oF| = en- \ Q . classes of eventially periodic streams
Unary opn: “e( “82, ) =lso+ 1,51+ 1,80+ 1,...]

Coalge'ﬂ\\)‘\ are: id: goF — @F

\N ality: every constant map is an F-coalgebra morphism
fromTX & TX to oF LN ©F.



Recap: Iterative Algebras S T=s BN

Definition. fg-iterative
An F-algebra FA < Ais called itessttre if every equation morphism
X S5 FX + Awith X #erhas a unique solution:

J \3
FX+A— (\e%fA-FA
({\0\‘)
Theorem. ( \)

1. The \Ne\‘ .~ed point, viewed as F'-algebra F(oF) — oF
«wal iterative algebra.
2. Tne locally finite fixed point, viewed as F-algebra F(JF) — JF
Is the initial fg-iterative algebra.



FFG-Elgot Algebras
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ldea. Inlieu of unigue solutions assume a choice of canonical solutions.

Definition. An ffg-Elgot algebra is a triple (A, «, T) where

e FA S Alis an F-algebra

e t assigns to every equation morphism X = FX + A with X ffg

. T
a solution X == A:
BT

X y A
eJ T[Q,A]
FX+ A y FA+ A
FeT—I—A

subject to two natural axioms:

weak functoriality and

compositionality:
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Two natural axioms of dagger
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Notation. 1. Given X S FX +Y andY £> A form

hee= (X5 FX+Y 2280 px 4 A)

Weak Functoriality.
Given equation morphisms X % FX + Z,Y L5 FY + Z with X, Y, Z ffg:

X———FX+Z X e
\A forall z % A

mJ [z — m}L/

YT>FY—|—Z (hef)t
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Two natural axioms of dagger
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Notation. 1. Given X S FX +Y andY £> A form

hee= (X5 FX+Y 2280 px 4 A)

2. Given X S FX+YandY L FY + A form

fue=(X+v " px oy P px L PY A S B(X YY) 4 A)

Compositionality.
Forevery X % FX +Y and Y & FY + A with X, Y ffg:

(fue)t = [(ftee)t, /1] X +Y — 4



why ,,Effectful Iteration“? e L —
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Suppose that F : Set” — Set” is a lifted set functor: ~ Set” ——— Set”

Equivalently we have a distributive law  T'Fj A FoT J J

F,
Set — 2 3 Set

An F-algebra is given by two maps FyA = A< TA
where « is an Eilenberg-Moore algebra and o - Ta = a - Fya - A 4.

. . _ P finite set
An effectful recursive equationisamap Xy = T(FoXo+ A).
disjoint union
This gives an equation morphism T'Xy — FT X, © <51_|n Set” co;])ro duct
in Set’

whose solution TX, — A corresponds to a map X, —% A with

el

Xo > A
€0 TA
a,A
T(Foel+A) oA
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Theorem.  The algebra F(pF) — ¢F is an ffg-Elgot algebra.
Definition.  The category ffg-Elgot(F') has

objects = ffg-Elgot algebras (A4, a, ) for F
morphisms = solution-preserving morphisms (A4, a, 1) LN (B, 5,1):

eT
X / J/h
(h% B

Theorems.

1. The algebra F(pF) — ¢F is the initial ffg-Elgot algebra for F.

2. The forgetful functor  ffg-Elgot(F) — &/, (A,a,1)— A
Is monadic (in particular, it has a left-adjoint).

free ffg-Elgot algebra exist
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Main Results

Construction of free ffg-Elgot algebras:

Given a free object Y of .« form the locally ffg fixed point of F'(—) + Y:

Y := p(F(=)+Y) with Y3 F(®Y)+Y and f

[aYanY]

Define a solution operator w.r.t. F: given X = FX + A let

[inl,inr]

et =(XSFX+A——-FX+Y+A)

Theorem. Then (®Y,ay,I) Iis a free ffg-Elgot algebraonY
with the universal morphism Y - &Y.

Remark. For arbitrary objects Y in .7 this may not hold.
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Conclusions

e In algebraic categories three fixed points capture the behaviour of
Jfinite“ coalgebras:

ol — oF — VF — vF
locally ffg fixed point rational fixed point locally finite fixed point

e In general they are different, but for proper functors they coincide and
are fully abstract for standard behavioural equivalence.

® The locally ffg fixed point o F' is characterized as the initial ffg-Elgot
algebra for F', but fails to have a universal property as an F-coalgebra.

e Free ffg-algebras exist and are obtained as expected for free objects

e ffg-Elgot algebras are monadic over the base category.
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Future Work

e Find a coalgebraic construction for arbitrary free ffg-Elgot algebras.
e Investigate the properties of the free ffg-Elgot algebra monad.

e Show that the composite of the following functors is monadic:

ffg-Elgot(F) < Alg(F) — o — Set



