
A Categorical Approach to Coalgebraic Fixpoint Logic

Ezra Schoen , Clemens Kupke , Jurriaan Rot , Ruben Turkenburg

April 6, 2024

E. Schoen et al. Coalgebraic Fixpoint Logic April 6, 2024 1 / 12



Dual Adjunctions

C DopB

P

L

Q

⊢

δ : LP → PB

Generic framework for coalgebraic modal logics

Can we build on top of it to model coalgebraic fixpoint logics?
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Outline

1 ‘Dissect’ a fixpoint logic

2 Formalize what we find
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Looking at PDL

α, β ::= π ∈ Π0 | α ∪ β | α;β | skip | fail | α∗

ϕ, ψ ::= p ∈ Prop | ⊥ | ⊤ | ϕ ∧ ψ | ϕ ∨ ψ | ⟨α⟩ϕ | ¬ϕ

Unfolding

⟨α ∪ β⟩ϕ 7→ ⟨α⟩ϕ ∨ ⟨β⟩ϕ
⟨α;β⟩ϕ 7→ ⟨α⟩⟨β⟩ϕ
⟨skip⟩ϕ 7→ ϕ

⟨fail⟩ϕ 7→ ⊥
⟨α∗⟩ϕ 7→ ϕ ∨ ⟨α⟩⟨α∗⟩ϕ

E. Schoen et al. Coalgebraic Fixpoint Logic April 6, 2024 3 / 12



Looking at PDL

α, β ::= π ∈ Π0 | α ∪ β | α;β | skip | fail | α∗

ϕ, ψ ::= p ∈ Prop | ⊥ | ⊤ | ϕ ∧ ψ | ϕ ∨ ψ | ⟨α⟩ϕ | ¬ϕ

Unfolding

⟨α ∪ β⟩ϕ 7→ ⟨α⟩ϕ ∨ ⟨β⟩ϕ
⟨α;β⟩ϕ 7→ ⟨α⟩⟨β⟩ϕ
⟨skip⟩ϕ 7→ ϕ

⟨fail⟩ϕ 7→ ⊥
⟨α∗⟩ϕ 7→ ϕ ∨ ⟨α⟩⟨α∗⟩ϕ

E. Schoen et al. Coalgebraic Fixpoint Logic April 6, 2024 3 / 12



Looking at PDL

α, β ::= π ∈ Π0 | α ∪ β | α;β | skip | fail | α∗

ϕ, ψ ::= p ∈ Prop | ⊥ | ⊤ | ϕ ∧ ψ | ϕ ∨ ψ | ⟨α⟩ϕ | ¬ϕ

Unfolding

⟨α ∪ β⟩ϕ 7→ ⟨α⟩ϕ ∨ ⟨β⟩ϕ
⟨α;β⟩ϕ 7→ ⟨α⟩⟨β⟩ϕ
⟨skip⟩ϕ 7→ ϕ

⟨fail⟩ϕ 7→ ⊥
⟨α∗⟩ϕ 7→ ϕ ∨ ⟨α⟩⟨α∗⟩ϕ

E. Schoen et al. Coalgebraic Fixpoint Logic April 6, 2024 3 / 12



Looking at PDL

α, β ::= π ∈ Π0 | α ∪ β | α;β | skip | fail | α∗

ϕ, ψ ::= p ∈ Prop | ⊥ | ⊤ | ϕ ∧ ψ | ϕ ∨ ψ | ⟨α⟩ϕ | ¬ϕ

Unfolding

⟨α ∪ β⟩ϕ 7→ ⟨α⟩ϕ ∨ ⟨β⟩ϕ
⟨α;β⟩ϕ 7→ ⟨α⟩⟨β⟩ϕ
⟨skip⟩ϕ 7→ ϕ

⟨fail⟩ϕ 7→ ⊥
⟨α∗⟩ϕ 7→ ϕ ∨ ⟨α⟩⟨α∗⟩ϕ

E. Schoen et al. Coalgebraic Fixpoint Logic April 6, 2024 3 / 12



Looking at PDL

α, β ::= π ∈ Π0 | α ∪ β | α;β | skip | fail | α∗

ϕ, ψ ::= p ∈ Prop | ⊥ | ⊤ | ϕ ∧ ψ | ϕ ∨ ψ | ⟨α⟩ϕ | ¬ϕ

Unfolding

⟨α ∪ β⟩ϕ 7→ ⟨α⟩ϕ ∨ ⟨β⟩ϕ
⟨α;β⟩ϕ 7→ ⟨α⟩⟨β⟩ϕ
⟨skip⟩ϕ 7→ ϕ

⟨fail⟩ϕ 7→ ⊥
⟨α∗⟩ϕ 7→ ϕ ∨ ⟨α⟩⟨α∗⟩ϕ

E. Schoen et al. Coalgebraic Fixpoint Logic April 6, 2024 3 / 12



Formalizing the components

Positive propositional logic

‘One-step’ modal logic

Unfolding transformation

Quarantined negations
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Positive logical connections

C Dop

P

Q

⊢
Enrich D in Posets

HomD(A,PX ) is a complete lattice
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Sets DLop
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Positive modal logic

C DopB

P

L0

Q

⊢

δ : L0P → PB

PDL

BX := P(Prop)× P(X )Π0

L0A := Free(Prop∪{⟨π⟩a | π ∈ Π0, a ∈ A})

/ ≈

δ :

{
p 7→ {(m, u) | p ∈ m}
⟨π⟩U 7→ {(m, u) | u(p) ∩ U ̸= ∅}
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Unfolding systems

Staying with PDL: why not take L : D → D as

LA := Free(Prop∪{⟨α⟩a | α any program, a ∈ A})/ ≈

Problem

There’s no δ : LP → PB; because α∗ can look ‘arbitrarily’ deep in the
model

Recall unfolding

⟨α ∪ β⟩ϕ 7→ ⟨α⟩ϕ ∨ ⟨β⟩ϕ
...

⟨α∗⟩ϕ 7→ ϕ ∨ ⟨α⟩⟨α∗⟩ϕ

This defines a natural transformation

L → Term(L0 + L)
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Unfolding systems II

An unfolding system for B : C → C is...

A Poset-enriched logical connection P ⊣ Q : Dop → C
A one-step logic L0 : D → D with δ : L0P → PB

A functor L : D → D
A natural transformation

u : L →

We write α : LΦ → Φ for the initial L-algebra (the algebra of formulas)
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Semantics of unfolding systems

Rather than being a unique algebra map, J−K is a least solution satisfying

Φ PX

LΦ PX + PBX

Φ+ L0LΦ

Φ+ L0Φ PX + L0PX

α−1

J−K

u

[PX ,Pγ]

id+L0α

J−K+L0J−K

PX+δ
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Results

‘Correctness’ of the semantics

PDL
Alternation-free (coalgebraic) µ-calculus

Invariance under behavioral equivalence

Initial algebra semantics
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Open questions

Incorporate fixpoint alternation

Other kinds of fixpoints

Axiomatizations

Model theory
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Thank you!
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