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Dual Adjunctions
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B C € D® D1
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0:LP— PB

@ Generic framework for coalgebraic modal logics

@ Can we build on top of it to model coalgebraic fixpoint logics?
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Outline

© 'Dissect’ a fixpoint logic

@ Formalize what we find
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Looking at PDL

a,fu=mely|aUpB|a;B|skip]| fail | a*
¢, i=peProp[ L[ T[N |dVY[(a)]—d

Unfolding

(aUB)p = (a)pV (B)
(a; B)o = () (B)o
(skip)p — ¢
(fail)p — L
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Formalizing the components
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@ Positive propositional logic
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Formalizing the components

@ Positive propositional logic
@ 'One-step’ modal logic
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Formalizing the components

Positive propositional logic
‘One-step’ modal logic

Unfolding transformation

Quarantined negations
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Positive logical connections

@ Enrich D in Posets

e Homp(A, PX) is a complete lattice
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Positive modal logic

P
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Positive modal logic

T
B8 Sets 1 DL*® _ Do
~_

-
0:LoP— PB

BX := P(Prop) x P(X)™
LoA := Free(PropU{(m)a | m € My, a € A})

5:{w{(m,u)1pem}
(MU = {(m,u) | u(p) N U # 2}
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Unfolding systems

Staying with PDL: why not take L : D — D as

LA := Free(PropU{{(ax)a | o any program,a € A})/ ~
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Unfolding systems

Staying with PDL: why not take L : D — D as

LA := Free(PropU{{(ax)a | o any program,a € A})/ ~

Problem

There's no 6 : LP — PB; because o™ can look ‘arbitrarily’ deep in the
model

Recall unfolding

(@UB)¢ = ()pV (B)o

This defines a natural transformation

L — Term(Lo + L)

(@)¢ = oV (a){a”)¢

v
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Unfolding systems I

An unfolding system for B : C — C is...
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Unfolding systems I

An unfolding system for B : C — C is...
@ A Poset-enriched logical connection P 4 Q : D°° — C
@ A one-step logic Lo : D — D with § : LoP — PB
e Afunctor L: D — D

@ A natural transformation

u: L >Ferm{to+1L)
id—+toTerm{Lo—+Lt)
id+ LoL

We write o : L® — & for the initial L-algebra (the algebra of formulas)
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Semantics of unfolding systems

Rather than being a unique algebra map, [—] is a least solution satisfying
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Semantics of unfolding systems

Rather than being a unique algebra map, [—] is a least solution satisfying

® 1] PX
- [PX,Pr]
Lo PX + PBX
y
b+ LolD PX+6
id+Loa
[+ Lol

O+ Lod 2 PX 4 [oPX
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@ 'Correctness’ of the semantics
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Results

@ ‘Correctness’ of the semantics
e PDL
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Results

@ ‘Correctness’ of the semantics

e PDL
o Alternation-free (coalgebraic) u-calculus

@ Invariance under behavioral equivalence

@ Initial algebra semantics
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Open questions

@ Incorporate fixpoint alternation
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Open questions

Incorporate fixpoint alternation
Other kinds of fixpoints
Axiomatizations

Model theory

E. Schoen et al. Coalgebraic Fixpoint Logic April 6, 2024 11/12



Thank you!
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