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Outline for today

• Setting the scene:  
– how and why people tame logics 

• A brief history of Description Logics (DLs) 
• Meet        , a DL 

– syntax & semantics 
– relationship to FOL & Modal Logic 
– core reasoning problems/services  
– tableau (chase) for 

• Dessert:  
– explanation of entailments/inferences 
– modularity in DLs 

ALC
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Why/how we tame logics?



Logics for Knowledge Representation

We want to make our complex domain knowledge  
• e.g., about medicine,  
• usable by a software system 
• shareable by different people
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We want to formulate our  
complex domain knowledge  
in a knowledge base that is   
• usable by a software system 
• shareable by different people 
• understandable  
• trustable 
• reusable 
• maintainable  
• … 



Operation
Healing

Drug 
Disease 

      Patient

Leg
Anatomy

Foot

We want to formulate our  
complex domain knowledge  
in a knowledge base that is   
• usable by a software system 
• shareable by different people 
• understandable  
• trustable 
• reusable 
• maintainable  
• … 

Wishlist:  

• clear, understandable semantics 

• good expressive power for 

• domain experts 

• tools 

• needs to work for SEs 

• stable syntax 

• annotations 

• …
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• Semantic Networks



How it all began…
• Semantic Networks

Questions:  
• is every Whale an Animal?  
• can Cats have other things than Fur? 
• do Cats have a Vertebra? 
• ….



Logic to the rescue!

• Describe meaning of pictures/networks 
by translating them to logic 
– gives well-defined semantics!  

• mid-80s Brachmann & Schmolze’s KL-ONE 
– a powerful, logic-based KR formalism 
– with tools, reasoners, … 

• 1989 Schmidt-Schauß:  
   “KL-ONE is undecidable!” 
– not good expressive power  

for tools 
• too high 
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Logic to the rescue!

• Describe meaning of pictures/networks 
by translating them to logic 
– gives well-defined semantics!  

• mid-80s Brachmann & Schmolze’s KL-ONE 
– a powerful, logic-based KR formalism 
– with tools, reasoners, … 

• 1989 Schmidt-Schauß:  
   “KL-ONE is undecidable!” 
– not good expressive power  

for tools 
• too high 

• We need to tame underlying logic 



How to tame logic

• Reduce non-determinism 
– Horn fragments/clauses 

• Restrict size of universe 
– no existentials in the head  
– Logic Programming 

• Restrict number of variables 
– L2, C2 

• Restrict quantifier alternation  
– Bernays–Schönfinkel class  

• Restrict shape of universe/localise quantifiers  
– Modal Logic 
– Description Logic 
– Guarded Fragment
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Description Logics 
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Description Logics
• are designed for Knowledge Representation 
• started in mid-80s with Brachmann & Schmolze’s KL-ONE 

– a powerful, logic-based KR formalism 
– with tools, reasoners, … 
– terminological knowledge representation systems 
– concept languages 

• now a relevant part of KR&R  
– logic foundations of  

• Semantic Web 
• ontology languages 

• have common off-springs with LP 
– Datalog+/-,  
– Datalog with (limited) existentials in the head



Description Logics
• are designed for Knowledge Representation 
• ontology (a DL Knowledge Base) consists of  

➟TBox for terminological knowledge 
 
 
 
 
 
 

Patient             ≡  Person ⊓ ∃suffersFrom.Disease 
Inflammation   ⊑  Disease 
HeartDisease  ≡  Disease ⊓ ∃hasLoc.Heart 
Endocarditis    ≡  Inflammation ⊓ ∃hasLoc.Endocardium 
Endocardium  ⊑  Bodypart ⊓ ∃isPartOf.Heart 
hasLoc o isPartOf ⊑ hasLoc 



Description Logics
• are designed for Knowledge Representation 
• ontology (a DL Knowledge Base) consists of  

➟TBox for terminological knowledge 
 
 
 
 
 
 

➟ABox for assertions or facts

Patient             ≡  Person ⊓ ∃suffersFrom.Disease 
Inflammation   ⊑  Disease 
HeartDisease  ≡  Disease ⊓ ∃hasLoc.Heart 
Endocarditis    ≡  Inflammation ⊓ ∃hasLoc.Endocardium 
Endocardium  ⊑  Bodypart ⊓ ∃isPartOf.Heart 
hasLoc o isPartOf ⊑ hasLoc 

Bob:(Person ⊓  
         ∃suffersFrom.(Inflammation ⊓ ∃hasLoc.Endocardium)) 



Description Logics

• sit nicely/mostly between Propositional and FO-Logic 
• can be translated into FOL 

TBox
DL:              Inflammation   ⊑  Disease  

FOL:  8x.Inflammation(x) ) Disease(x)
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DL:             HeartDisease  ≡  Disease ⊓ ∃hasLoc.Heart 

FOL: 8x.HeartDisease(x) , (Disease(x) ^
9y.(hasLoc(x, y) ^ Heart(y))
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DL:                                  hasLoc o isPartOf ⊑ hasLoc 

FOL: 8x, y, z.hasLoc(x, y) ^ isPartOf(y, z) ) hasLoc(x, z)
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Description Logics

• sit nicely/mostly between Propositional and FO-Logic 
• can be translated into FOL 

ABox: 

DL:     Bob:(Person ⊓ ∃suffersFrom.Endocarditis)   

FOL: Person(Bob) ^ 9y.su↵ersFrom(Bob, y) ^ Endocarditis(y)
<latexit sha1_base64="CXfHkTAEQ5zSQagsDBnn66JDeiI="></latexit>

DL:     (Bob,Mary):hasMother  

FOL: hasMother(Bob,Mary)
<latexit sha1_base64="xnZI+qLhfpTujCQ4HyJ3FSXdl30=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDpTRV0W3bgpVLAPaIeSSTOd0EwyJBmhDPMZbvwVNy4Ucdudf2P6Am09EDg5517uvceLGFXatr+tzMrq2vpGdjO3tb2zu5ffP2goEUtM6lgwIVseUoRRTuqaakZakSQo9BhpeoO7sd98IlJRwR/1MCJuiPqc+hQjbaRu/rwTIh0oPwmQqgodEJkW59Kt8NKz+aeK5DA9hd18wS7ZE8Bl4sxIAcxQ6+ZHnZ7AcUi4xgwp1XbsSLsJkppiRtJcJ1YkQniA+qRtKEchUW4yOSyFJ0bpQV9I87iGE/V3R4JCpYahZyonay56Y/E/rx1r/8ZNKI9iTTieDvJjBrWA45Rgj0qCNRsagrCkZleIAyQR1ibLnAnBWTx5mTTKJeeiVH64LFSuZnFkwRE4BkXggGtQAfegBuoAg2fwCt7Bh/VivVmf1te0NGPNeg7BH1ijHwfvoPI=</latexit>



Description Logics

• sit nicely/mostly between Propositional and FO-Logic 
• can be translated into FOL   
• are also closely related to modal logics 

• thus to 2-variable/guarded fragment

DL: Endocarditis   ⊑ Inflammation ⊓ ∃hasLoc.Endocardium 

DL: HeartDisease ≡   Disease ⊓ ∃hasLoc.Heart 

[u](¬HeartDisease _ (Disease ^ hhasLociHeart)
HeartDisease _ ¬(Disease ^ hhasLociHeart))

<latexit sha1_base64="L0S6mIaR4swNU82zz+qYDu4E4Ek="></latexit>

ML:

ML:

[u](¬Endocarditis _ (Inflammation ^ hhasLociHeart))
<latexit sha1_base64="92dQFOB0/SPrKwY70J+WRLr3oTE="></latexit>



Description Logics

• sit nicely/mostly between Propositional and FO-Logic 
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Description Logics

• sit nicely/mostly between Propositional and FO-Logic 
• can be translated into FOL 
• with its own terminology

Patient             ≡  Person ⊓ ∃suffersFrom.Disease 
Inflammation   ⊑  Disease 
HeartDisease  ≡  Disease ⊓ ∃hasLoc.Heart 
Endocarditis    ≡  Inflammation ⊓ ∃hasLoc.Endocardium 
Endocardium  ⊑  Bodypart ⊓ ∃isPartOf.Heart 
hasLoc o isPartOf ⊑ hasLoc 

Bob:(Person ⊓  
         ∃suffersFrom.(Inflammation ⊓ ∃hasLoc.Endocardium)) 

unary pred.: 
Concept

binary pred.: 
Role

constant: 
Individual



Description Logics

• sit nicely/mostly between Propositional and FO-Logic 
• can be translated into FOL 
• come with classical FOL semantics 

Patient             ≡  Person ⊓ ∃suffersFrom.Disease 
Inflammation   ⊑  Disease 
HeartDisease  ≡  Disease ⊓ ∃hasLoc.Heart 
Endocarditis    ≡  Inflammation ⊓ ∃hasLoc.Endocardium 
Endocardium  ⊑  Bodypart ⊓ ∃isPartOf.Heart 
hasLoc o isPartOf ⊑ hasLoc 

⊨ Endocarditis ⊑ HeartDisease   
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Description Logics

• sit nicely/mostly between Propositional and FO-Logic 
• can be translated into FOL 
• come with classical FOL semantics 

Patient             ≡  Person ⊓ ∃suffersFrom.Disease 
Inflammation   ⊑  Disease 
HeartDisease  ≡  Disease ⊓ ∃hasLoc.Heart 
Endocarditis    ≡  Inflammation ⊓ ∃hasLoc.Endocardium 
Endocardium  ⊑  Bodypart ⊓ ∃isPartOf.Heart 
hasLoc o isPartOf ⊑ hasLoc 

Bob:(Person ⊓  
         ∃suffersFrom.(Inflammation ⊓ ∃hasLoc.Endocardium)) 

⊨ Bob:Patient ⊓ ∃suffersFrom.HeartDisease 



Description Logics Reasoning Tasks
Given an ontology O 
• test whether there is an interpretation I with I ⊨ ⍺ for each ⍺ ∈ O
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Description Logics Reasoning Tasks
Given an ontology O 
• test whether there is an interpretation I with I ⊨ ⍺ for each ⍺ ∈ O

• a concept A, test whether O ⊨ A ⊑ ⊥     

• two concepts A, B, test whether O ⊨ A ⊑ B     

• individual b, concept name A,  test whether O ⊨ b:A    

Satisfiability

Subsumption

Instanceship

Consistency



Description Logics Reasoning Tasks
Classification  given ontology O, test 

– consistency of O                                                        
– for each concept name A ,                     whether O ⊨ A ⊑ ⊥      
– for each concept names A, B,                whether O ⊨ A ⊑ B 
– for each individual b, concept name A,  whether O ⊨ b:A   
➟ inferred concept hierarchy        
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Description Logics Reasoning Tasks
Classification  given ontology O, test 

– consistency of O                                                        
– for each concept name A ,                     whether O ⊨ A ⊑ ⊥      
– for each concept names A, B,                whether O ⊨ A ⊑ B 
– for each individual b, concept name A,  whether O ⊨ b:A   
➟ inferred concept hierarchy        

    entailment  
tests
n2
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Description Logics Reasoning Tasks
Classification  given ontology O, test 

– consistency of O                                                        
– for each concept name A ,                     whether O ⊨ A ⊑ ⊥      
– for each concept names A, B,                whether O ⊨ A ⊑ B 
– for each individual b, concept name A,  whether O ⊨ b:A   
➟ inferred concept hierarchy         

• complexity of each entailment test O ⊨?… is 
– between AC0 

– via polynomial 
– to NExpTime-complete

    entailment  
tests
n2
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Name Meaning 

Undecidable no sound, complete & 
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NExpTime non-det. exponential 
time

ExpTime exponential time
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NP non-det. polynomial 
time

P polynomial time
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Complexity of Entailment Checking
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First Order 
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Description Logics Reasoning Tasks
• classification: given ontology O, test 

– consistency of O                                                        
– for each concept name A ,                     whether O ⊨ A ⊑ ⊥      
– for each concept names A, B,                whether O ⊨ A ⊑ B 
– for each individual b, concept name A,  whether O ⊨ b:A   
➟ inferred concept hierarchy         

• complexity of each entailment test O ⊨?… is 
– between AC0 

– via polynomial 
– to NExpTime-complete 

• specialised DL reasoners are implemented & optimised 
– ORE reasoner competitions:  

• > 10 top notch reasoners 
• able to classify large, complex ontologies with >300K terms

    entailment  
tests
n2
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Description Logic Models

• as FOL fragments, they have structured models
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Description Logic Models

• as FOL fragments, they have structured models:  
– most DLs have a tree model property 

• despite constants, transitive roles 
– some have the finite model property: 

– ALC: ⊓, ⊔, ¬, ∃, ∀ 
– others lack it: ALC extended with  

• inverse/converse roles and  
        e.g., both hasLoc and isLocatedIn  

• number restrictions can enforce infinite models  
        e.g., (≤ 1 hasMother)



Description Logics 
- 

, a basic DLALC
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        , a basic Description Logics
Syntax: 
• Ontology:                         finite set of axioms 
• Axioms:                            C ≡ D, C ⊑ D, a:C 

• Concepts C, D:                C ⊓ D, C ⊔ D,￢C (full Booleans), 
                                        ∃r.C, ∀r.C
Patient             ≡  Person ⊓ ∃suffersFrom.Disease 
Inflammation   ⊑  Disease 
HeartDisease  ≡  Disease ⊓ ∃hasLoc.Heart 
Endocarditis    ≡  Inflammation ⊓ ∃hasLoc.Endocardium 
Endocardium  ⊑  Bodypart ⊓ ∃isPartOf.Heart

Bob:(Person ⊓  
         ∃suffersFrom.(Inflammation ⊓ ∃hasLoc.Endocardium ⊓ 
                                 ∀causedBy.BactInfection)) 

ALC
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Semantics: based on interpretations I = (Δ,・I) with 
• Δ being a non-empty set 
• AI ⊆ Δ 
• rI ⊆ Δ × Δ

Syntax Interpretation
Human ⨅ Male HumanI ∩ MaleI

Doctor ⨆ Lawyer DoctorI ∪ LawyerI

¬Male Δ \ MaleI

∃isPartOf.Heart {e ∈ Δ | there is some f:  
            (e,f) ∈ isPartOfI  and f ∈ HeartI}

∀causedBy.BactInf {e ∈ Δ | for all f ∈ Δ: if   
            (e,f) ∈ causedByI  then f ∈ BactInfI}

AI
v

x

y z

w

BI

R
R

R

R

        , a basic Description LogicsALC
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Semantics: based on interpretations I = (Δ,・I) with 
• Δ being a non-empty set 
• AI ⊆ Δ 
• rI ⊆ Δ × Δ

Axioms Interpretation: for I to be a model of …it 
has to satisfy 

A ⊑ B AI  ⊆ BI  

A ≡ B AI  = BI 

b:B or B(b) bI ∈ BI 

        , a basic Description LogicsALC
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Reminder: 
Given an ontology O  
• test whether there is an interpretation I with I ⊨ ⍺  

                                                           for each ⍺ ∈ O 

• a concept A, test whether O ⊨ A ⊑ ⊥      

• two concepts A, B, test whether O ⊨ A ⊑ B      

• individual b, concept name A,  test whether O ⊨ b:A    

Satisfiability

Subsumption

Instanceship

Consistency

a model of O

AI ≠ ∅ in some 
model I of O

AI ⊆ BI in each 
model I of O

b ∈ AI  in each 
model I of O



Some Exercises

Create an ontology   
1. that is consistent.  
2. that is not consistent.  
3. with an unsatisfiable  

  concept. 
4. that entails but does not  

 contain C ⊑ D.  
5. that entails but does not  

 contain a:C. 



Description Logic Reasoning
• classification: involves      entailment tests       

• complexity of each entailment test O ⊨?… is high 
• specialised DL reasoners are implemented & optimised 

– ORE reasoner competitions:  
• > 10 top notch reasoners, able to  
• classify complex ontologies  

with >300K terms

n2
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Big 
OntologyInferred  

Concept  
Hierarchy 



• For ,  
all reasoning tasks can be reduced to (in)consistency 
➡ we only need a consistency checker 😀

ALC
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Description Logics Reasoning



A Tableau Algorithm for

• …similar to chase  
• a decision procedure for consistency of  ontologies 

– sound 
– complete 
– terminating 

• takes input ontology  
– transforms all concepts in    into NNF 
– works on set of ABoxes 
– starts with        and applies tableau rules until 

• no more rules apply - complete - or  
• clash occurs    

– returns “    is consistent” if complete, clash-free ABox was built 
• this ABox can then be unravelled into an infinite model of input

ALC
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DeMorgan’s law, 
duality between 
∀, ∃

O = T [A
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O
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O
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{A}
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ALC
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A Tableau Algorithm for ALC
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Observations:  
• all rules add things 
• ⊔-rule is non-

deterministicA Tableau Algorithm for ALC
<latexit sha1_base64="e3z4LfSd4bkZZsgfNo3TDry4ipc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GuZRtO6q3bhwUcE+oB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6YdQUUPBA7n3Ms9OX7MqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/qSR+Z0pEZJG/E7NYuKFaMRpQDFSWvL6IVJjjFh6edOYD8oVy3SqTs12oWVaC2hStd2zCxfauVIBOZqD8nt/GOEkJFxhhqTs2VasvBQJRTEj81I/kSRGeIJGpKcpRyGRXroIPYcnWhnCIBL6cQUX6veNFIVSzkJfT2Yh5W8vE//yeokKal5KeZwowvHyUJAwqCKYNQCHVBCs2EwThAXVWSEeI4Gw0j2VdAlfP4X/k7Zj2q7p3FYr9au8jiI4AsfgFNjgHNTBNWiCFsDgHjyAJ/BsTI1H48V4XY4WjHznEPyA8fYJ32mSLA==</latexit>



Observations:  
• all rules add things 
• ⊔-rule is non-

deterministic

Let’s work out 2 
examples…

A Tableau Algorithm for ALC
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Observations:  
• all rules add things 
• ⊔-rule is non-

deterministic

Not 
terminating 
😟

A Tableau Algorithm for ALC
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Let’s work out 2 
examples…



Proper Tableau Rules for ALC
<latexit sha1_base64="e3z4LfSd4bkZZsgfNo3TDry4ipc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GuZRtO6q3bhwUcE+oB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6YdQUUPBA7n3Ms9OX7MqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/qSR+Z0pEZJG/E7NYuKFaMRpQDFSWvL6IVJjjFh6edOYD8oVy3SqTs12oWVaC2hStd2zCxfauVIBOZqD8nt/GOEkJFxhhqTs2VasvBQJRTEj81I/kSRGeIJGpKcpRyGRXroIPYcnWhnCIBL6cQUX6veNFIVSzkJfT2Yh5W8vE//yeokKal5KeZwowvHyUJAwqCKYNQCHVBCs2EwThAXVWSEeI4Gw0j2VdAlfP4X/k7Zj2q7p3FYr9au8jiI4AsfgFNjgHNTBNWiCFsDgHjyAJ/BsTI1H48V4XY4WjHznEPyA8fYJ32mSLA==</latexit>



Proper Tableau Rules for ALC
<latexit sha1_base64="e3z4LfSd4bkZZsgfNo3TDry4ipc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GuZRtO6q3bhwUcE+oB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6YdQUUPBA7n3Ms9OX7MqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/qSR+Z0pEZJG/E7NYuKFaMRpQDFSWvL6IVJjjFh6edOYD8oVy3SqTs12oWVaC2hStd2zCxfauVIBOZqD8nt/GOEkJFxhhqTs2VasvBQJRTEj81I/kSRGeIJGpKcpRyGRXroIPYcnWhnCIBL6cQUX6veNFIVSzkJfT2Yh5W8vE//yeokKal5KeZwowvHyUJAwqCKYNQCHVBCs2EwThAXVWSEeI4Gw0j2VdAlfP4X/k7Zj2q7p3FYr9au8jiI4AsfgFNjgHNTBNWiCFsDgHjyAJ/BsTI1H48V4XY4WjHznEPyA8fYJ32mSLA==</latexit>

These rules 
lead to 
terminating 
algorithm 
😅



Tableau and Reasoning in DLs 

This tableau  
• is a decision procedure for  

– can be made to run in PSpace 

• is very naive  
– needs serious consideration & optimisation to work  

• is only for  
– needs more rules/blocking for more expressive DLs 

• only decides consistency of input ontology 
– classification needs much more & more optimisation 

• is only 1 of many DL reasoning techniques 
– consequence-driven 
– hyper-tableau-based

ALC
<latexit sha1_base64="HYkH9/BXXm7xfhvTYTSJtFXx7Qw=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRVsMtKNy5cVLAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cZJmoa0HBg7n3Ms9c7yIM6Vt+9sqbGxube8Ud0t7+weHR+Xjk44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2vWkz9bszKhULxaOeR9QN8FgwnxGsjeQOAqwnBPPk9r65GJYrdtXOgNaJk5MK5GgNy1+DUUjigApNOFaq79iRdhMsNSOcLkqDWNEIkyke076hAgdUuUkWeoEujDJCfijNExpl6u+NBAdKzQPPTKYh1aqXiv95/Vj7dTdhIoo1FWR5yI850iFKG0AjJinRfG4IJpKZrIhMsMREm55KpgRn9cvrpFOrOlfV2sN1pVHP6yjCGZzDJThwAw24gxa0gcATPMMrvFkz68V6tz6WowUr3zmFP7A+fwCaFpH0</latexit>

ALC
<latexit sha1_base64="HYkH9/BXXm7xfhvTYTSJtFXx7Qw=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRVsMtKNy5cVLAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cZJmoa0HBg7n3Ms9c7yIM6Vt+9sqbGxube8Ud0t7+weHR+Xjk44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2vWkz9bszKhULxaOeR9QN8FgwnxGsjeQOAqwnBPPk9r65GJYrdtXOgNaJk5MK5GgNy1+DUUjigApNOFaq79iRdhMsNSOcLkqDWNEIkyke076hAgdUuUkWeoEujDJCfijNExpl6u+NBAdKzQPPTKYh1aqXiv95/Vj7dTdhIoo1FWR5yI850iFKG0AjJinRfG4IJpKZrIhMsMREm55KpgRn9cvrpFOrOlfV2sN1pVHP6yjCGZzDJThwAw24gxa0gcATPMMrvFkz68V6tz6WowUr3zmFP7A+fwCaFpH0</latexit>



Description Logics 
&  

OWL



The Web Ontology Language OWL 

Vision of Semantic Web led to web ontology languages 
•      set up Web-Ontology Working Groups

E. Shepard,  
Winnie-the-Pooh [A. A. Milne] 



The Web Ontology Language OWL 

OWL 2 is a W3C recommendation

• based on a DL more expressive than  

- inverse roles, cardinality restrictions, role (chain) inclusions,…  
- datatypes (e.g., integers, strings) for 

   features (e.g., weight, age, name) 

• where axioms, concepts, etc. can be annotated 
- who wrote axiom? Who introduced a term? 

- labels, synonyms, preferred labels, different languages, etc.  
• with an imports mechanism for modular development/reuse 
• with a versioning mechanism 
• in different syntaxes 
• with 3 fragments/profiles for more efficient reasoning 

- each optimal for complexity class

ALC
<latexit sha1_base64="uqrdPnYMMQ2TGqyzdEQT6xZZXcM=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiS1oMtKNy5cVLAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/qSR+Z0plYpF4lHPYuqFeCRYwAjWRvL6IdZjgnl6e9+YD+yyU3EWQOvEzUkZcjQH9ld/GJEkpEITjpXquU6svRRLzQin81I/UTTGZIJHtGeowCFVXroIPUcXRhmiIJLmCY0W6u+NFIdKzULfTGYh1aqXif95vUQHN17KRJxoKsjyUJBwpCOUNYCGTFKi+cwQTCQzWREZY4mJNj2VTAnu6pfXSbtaca8q1YdauV7L6yjCGZzDJbhwDXW4gya0gMATPMMrvFlT68V6tz6WowUr3zmFP7A+fwCY4pHw</latexit>



What OWL has changed
Having a stable, standardized syntax  
➟ more tools: 

– reasoners 
– APIs 
– editors/IDEs  

➟ more users designing more ontologies: 
– enthusiasm around Semantic Web 
– requirements in bio-health applications 
– see e.g. BioPortal repository: 621 OWL ontologies  

➟ more requirements: 
– (non-logician) domain experts require support to   

build/maintain/use large scale, highly axiomatised ontologies  
- performance/scalability 
- novel reasoning problems



Explanations of Entailments 
-  

demo and brief tour



Explanation of Entailments 

• Entailments are either 
– intended or 
– reveal modelling errors ➠ which require repair 
– have to be understood and explained



1.  show proofs:                 
• pick suitable calculus 
• present proof steps     

Two approaches to Explanation



1.  show proofs:                 
• pick suitable calculus 
• present proof steps     

Two approaches to Explanation

2.  show justifications:                 
• Let            . 

          is a justification for       

-             and 
-     is minimal 

‣ also called kernels 
‣ 1 entailment can have  

several entailments    
‣ to repair ,  

weaken each justification  
‣ to trust ,  

understand easiest justification   
 
                      

↵
<latexit sha1_base64="8L9NXYa2AgcuzWEQHXE7C1p+3DY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSa88TMuk9QwSZeLwlQQE5P562TIFaNGTC1Bqri9ldAxKqTGBlSyIXirL6+Tdq3qXVVr9/VKo57HUYQzOIdL8OAaGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIiZjw4=</latexit>

↵
<latexit sha1_base64="8L9NXYa2AgcuzWEQHXE7C1p+3DY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSa88TMuk9QwSZeLwlQQE5P562TIFaNGTC1Bqri9ldAxKqTGBlSyIXirL6+Tdq3qXVVr9/VKo57HUYQzOIdL8OAaGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIiZjw4=</latexit>

O |= ↵
<latexit sha1_base64="SX2EDCt0zZBBAf7o8b+YLpiU1wM=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSS1oMeCF29WsB/QhDLZbNulu0nY3QglFLz4V7x4UMSrf8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3AEU5i2hLM81pN5EURMBpJxhf537ngUrF4uheTxLqCxhGbMAIaCP17WNPgB4R4NntFHsiDilX2AOejKBvV5yqMwNeJm5BKqhAs29/eWFMUkEjTTgo1XOdRPsZSM0Ip9OylyqaABnDkPYMjUBQ5WezH6b4zCghHsTSVKTxTP09kYFQaiIC05lfrBa9XPzP66V6cOVnLEpSTSMyXzRIOdYxzgPBIZOUaD4xBIhk5lZMRiCBaBNb2YTgLr68TNq1qntRrd3VK416EUcJnaBTdI5cdIka6AY1UQsR9Iie0St6s56sF+vd+pi3rljFzBH6A+vzB+jzl6Q=</latexit>

J ✓ O
<latexit sha1_base64="jfD5CPhFsbczbcqUTkALzywM2P8=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiS1oMuCG3FjBfuAJpTJ9KYdOnk4MxFK6N6Nv+LGhSJu/QF3/o2TNoi2HrhwOOde7r3HizmTyrK+jMLK6tr6RnGztLW9s7tn7h+0ZZQICi0a8Uh0PSKBsxBaiikO3VgACTwOHW98kfmdexCSReGtmsTgBmQYMp9RorTUN8tOQNSIEp5eTbEjE0+Cgjv8o15Pcd+sWFVrBrxM7JxUUI5m3/x0BhFNAggV5UTKnm3Fyk2JUIxymJacREJM6JgMoadpSAKQbjr7ZYqPtTLAfiR0hQrP1N8TKQmknASe7sxulIteJv7n9RLln7spC+NEQUjni/yEYxXhLBg8YAKo4hNNCBVM34rpiAhClY6vpEOwF19eJu1a1T6t1m7qlUY9j6OIjlAZnSAbnaEGukRN1EIUPaAn9IJejUfj2Xgz3uetBSOfOUR/YHx8AyoomxI=</latexit>

J |= ↵
<latexit sha1_base64="tLGqDfrIPzRXIEs1xdP+atgfL28=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSS1oMeCF/FUwX5AE8pks22X7iZhdyOUUPDiX/HiQRGv/glv/hs3bQ7a+mDg8d4MM/OChDOlHefbWlldW9/YLG2Vt3d29/btg8O2ilNJaIvEPJbdABTlLKItzTSn3URSEAGnnWB8nfudByoVi6N7PUmoL2AYsQEjoI3Ut489AXpEgGe3U+yJOKRcYQ94MoK+XXGqzgx4mbgFqaACzb795YUxSQWNNOGgVM91Eu1nIDUjnE7LXqpoAmQMQ9ozNAJBlZ/NfpjiM6OEeBBLU5HGM/X3RAZCqYkITGd+sVr0cvE/r5fqwZWfsShJNY3IfNEg5VjHOA8Eh0xSovnEECCSmVsxGYEEok1sZROCu/jyMmnXqu5FtXZXrzTqRRwldIJO0Tly0SVqoBvURC1E0CN6Rq/ozXqyXqx362PeumIVM0foD6zPH+EPl58=</latexit>

J
<latexit sha1_base64="c9+bQmvL/M+NSn/9KxO+jDNTFwQ=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi4LbsRVBfuA6VAyaaYNzSRDkhHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hAln2rjut1Pa2Nza3invVvb2Dw6PqscnXS1TRWiHSC5VP8SaciZoxzDDaT9RFMchp71wepv7vSeqNJPi0cwSGsR4LFjECDZW8gcxNhOCeXY/H1Zrbt1dAK0TryA1KNAeVr8GI0nSmApDONba99zEBBlWhhFO55VBqmmCyRSPqW+pwDHVQbaIPEcXVhmhSCr7hEEL9fdGhmOtZ3FoJ/OIetXLxf88PzXRTZAxkaSGCrL8KEo5MhLl96MRU5QYPrMEE8VsVkQmWGFibEsVW4K3evI66Tbq3lW98dCstZpFHWU4g3O4BA+uoQV30IYOEJDwDK/w5hjnxXl3PpajJafYOYU/cD5/AHsTkVY=</latexit>

↵
<latexit sha1_base64="8L9NXYa2AgcuzWEQHXE7C1p+3DY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSa88TMuk9QwSZeLwlQQE5P562TIFaNGTC1Bqri9ldAxKqTGBlSyIXirL6+Tdq3qXVVr9/VKo57HUYQzOIdL8OAaGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIiZjw4=</latexit>



1.  show proofs:                 
• pick suitable calculus 
• present proof steps  
• approach often followed       

Two approaches to Explanation

2.  show justifications:                 
• Let            . 

          is a justification for       

-             and 
-     is minimal 

‣ also called kernels 
‣ 1 entailment can have  

several entailments      
 
                      

O |= ↵
<latexit sha1_base64="SX2EDCt0zZBBAf7o8b+YLpiU1wM=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSS1oMeCF29WsB/QhDLZbNulu0nY3QglFLz4V7x4UMSrf8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3AEU5i2hLM81pN5EURMBpJxhf537ngUrF4uheTxLqCxhGbMAIaCP17WNPgB4R4NntFHsiDilX2AOejKBvV5yqMwNeJm5BKqhAs29/eWFMUkEjTTgo1XOdRPsZSM0Ip9OylyqaABnDkPYMjUBQ5WezH6b4zCghHsTSVKTxTP09kYFQaiIC05lfrBa9XPzP66V6cOVnLEpSTSMyXzRIOdYxzgPBIZOUaD4xBIhk5lZMRiCBaBNb2YTgLr68TNq1qntRrd3VK416EUcJnaBTdI5cdIka6AY1UQsR9Iie0St6s56sF+vd+pi3rljFzBH6A+vzB+jzl6Q=</latexit>

J ✓ O
<latexit sha1_base64="jfD5CPhFsbczbcqUTkALzywM2P8=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiS1oMuCG3FjBfuAJpTJ9KYdOnk4MxFK6N6Nv+LGhSJu/QF3/o2TNoi2HrhwOOde7r3HizmTyrK+jMLK6tr6RnGztLW9s7tn7h+0ZZQICi0a8Uh0PSKBsxBaiikO3VgACTwOHW98kfmdexCSReGtmsTgBmQYMp9RorTUN8tOQNSIEp5eTbEjE0+Cgjv8o15Pcd+sWFVrBrxM7JxUUI5m3/x0BhFNAggV5UTKnm3Fyk2JUIxymJacREJM6JgMoadpSAKQbjr7ZYqPtTLAfiR0hQrP1N8TKQmknASe7sxulIteJv7n9RLln7spC+NEQUjni/yEYxXhLBg8YAKo4hNNCBVM34rpiAhClY6vpEOwF19eJu1a1T6t1m7qlUY9j6OIjlAZnSAbnaEGukRN1EIUPaAn9IJejUfj2Xgz3uetBSOfOUR/YHx8AyoomxI=</latexit>

J |= ↵
<latexit sha1_base64="tLGqDfrIPzRXIEs1xdP+atgfL28=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSS1oMeCF/FUwX5AE8pks22X7iZhdyOUUPDiX/HiQRGv/glv/hs3bQ7a+mDg8d4MM/OChDOlHefbWlldW9/YLG2Vt3d29/btg8O2ilNJaIvEPJbdABTlLKItzTSn3URSEAGnnWB8nfudByoVi6N7PUmoL2AYsQEjoI3Ut489AXpEgGe3U+yJOKRcYQ94MoK+XXGqzgx4mbgFqaACzb795YUxSQWNNOGgVM91Eu1nIDUjnE7LXqpoAmQMQ9ozNAJBlZ/NfpjiM6OEeBBLU5HGM/X3RAZCqYkITGd+sVr0cvE/r5fqwZWfsShJNY3IfNEg5VjHOA8Eh0xSovnEECCSmVsxGYEEok1sZROCu/jyMmnXqu5FtXZXrzTqRRwldIJO0Tly0SVqoBvURC1E0CN6Rq/ozXqyXqx362PeumIVM0foD6zPH+EPl58=</latexit>

J
<latexit sha1_base64="c9+bQmvL/M+NSn/9KxO+jDNTFwQ=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi4LbsRVBfuA6VAyaaYNzSRDkhHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hAln2rjut1Pa2Nza3invVvb2Dw6PqscnXS1TRWiHSC5VP8SaciZoxzDDaT9RFMchp71wepv7vSeqNJPi0cwSGsR4LFjECDZW8gcxNhOCeXY/H1Zrbt1dAK0TryA1KNAeVr8GI0nSmApDONba99zEBBlWhhFO55VBqmmCyRSPqW+pwDHVQbaIPEcXVhmhSCr7hEEL9fdGhmOtZ3FoJ/OIetXLxf88PzXRTZAxkaSGCrL8KEo5MhLl96MRU5QYPrMEE8VsVkQmWGFibEsVW4K3evI66Tbq3lW98dCstZpFHWU4g3O4BA+uoQV30IYOEJDwDK/w5hjnxXl3PpajJafYOYU/cD5/AHsTkVY=</latexit>

↵
<latexit sha1_base64="8L9NXYa2AgcuzWEQHXE7C1p+3DY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSa88TMuk9QwSZeLwlQQE5P562TIFaNGTC1Bqri9ldAxKqTGBlSyIXirL6+Tdq3qXVVr9/VKo57HUYQzOIdL8OAaGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIiZjw4=</latexit>

✗ user to understand calculus & steps 
✗ modifications to reasoner to produce proofs 
✗ suitable summarization & choice of proof
✗ user to be happy with   ✗

require...



Justifications
• Reveal needle in haystack 
• How can we compute them? 

• Glass-box: add tracing mechanism to reasoner 
• Black-box: use Reiter’s hitting sets  
• interesting:  

• black-box as good as glass-box 
• ‘true’ entailments are easier than O ⊨ ⊤⊑⊥ 

• Check out in Protégé 
➡ demo 

• Justifications can be refined:  
– lemmatise  
– remove superfluous axiom parts: laconic  

• Explaining 1 entailment is not enough: 
- imagine reasoner finds 144/395 classes are unsatisfiable



Modularity



• for re-using terms from existing ontologies

Why Modularity? 

Animal

Agriculture

Bird
Pig

Cow



• for re-using terms from existing ontologies 
• collaboratively working on an ontology

Why Modularity? 

Animal
Bird

Cat
Dog



• for re-using terms from existing ontologies 
• collaboratively working on an ontology 
• understanding an ontology, its 

– content 
– modelling 
– structure

Why Modularity? 

?

Animal

Dog Cat Meat PlantsFish

Forest Sea Lake

Animal
Food

Habitat



• for re-using terms from existing ontologies 
• collaboratively working on an ontology 
• understanding an ontology 
• optimising automated reasoning 

– classification 

Why Modularity? 

Dog Cat Meat PlantsFish

Forest Sea Lake

Animal
Food

Habitat

Animal



A Module
• is a subset of an ontology 
• that covers a set of terms



A Module
• is a subset of an ontology 
• that covers a set of terms

Given an ontology , 
           a signature ,  
a  -module  of  is  
• a subset of  
• that is deductively indistinguishable from , i.e,  

• for all  over  
            

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

↵
<latexit sha1_base64="nFzpfrKvyxa7M8jF3/s0tlGXHWw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJu1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AInNjxI=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

  iff  O |= ↵
<latexit sha1_base64="54noa2ciOOw3xWjGQpJXcD2E3sI=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCF29WsB/QhDLZbNulu0nY3QglFLz4V7x4UMSrf8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3AEU5i2hLM81pN5EURMBpJxhf537ngUrF4uheTxLqCxhGbMAIaCP17WNPgB4R4NntFHsiDilX2AOejKBvV5yqMwNeJm5BKqhAs29/eWFMUkEjTTgo1XOdRPsZSM0Ip9OylyqaABnDkPYMjUBQ5WezH6b4zCghHsTSVKTxTP09kYFQaiIC05lfrBa9XPzP66V6UPczFiWpphGZLxqkHOsY54HgkElKNJ8YAkQycysmI5BAtImtbEJwF19eJu1a1b2o1u4uK416EUcJnaBTdI5cdIUa6AY1UQsR9Iie0St6s56sF+vd+pi3rljFzBH6A+vzB+onl6g=</latexit>

M |= ↵
<latexit sha1_base64="A6dQPjOD56DtvSAbh9cOP9PE/c8=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCFy9CBfsBTSiTzbZdupuE3Y1QQsGLf8WLB0W8+ie8+W/ctDlo64OBx3szzMwLEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A1CUs4i2NNOcdhNJQQScdoLxde53HqhULI7u9SShvoBhxAaMgDZS3z72BOgRAZ7dTrEn4pByhT3gyQj6dsWpOjPgZeIWpIIKNPv2lxfGJBU00oSDUj3XSbSfgdSMcDote6miCZAxDGnP0AgEVX42+2GKz4wS4kEsTUUaz9TfExkIpSYiMJ35xWrRy8X/vF6qB3U/Y1GSahqR+aJByrGOcR4IDpmkRPOJIUAkM7diMgIJRJvYyiYEd/HlZdKuVd2Lau3ustKoF3GU0Ak6RefIRVeogW5QE7UQQY/oGb2iN+vJerHerY9564pVzByhP7A+fwDm/5em</latexit>



A Module
• is a subset of an ontology 
• that covers a set of terms

Given an ontology , 
           a signature ,  
a  -module  of  is  
• a subset of  
• that is deductively indistinguishable from , i.e,  

• for all  over  
            

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

↵
<latexit sha1_base64="nFzpfrKvyxa7M8jF3/s0tlGXHWw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJu1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AInNjxI=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

  iff  O |= ↵
<latexit sha1_base64="54noa2ciOOw3xWjGQpJXcD2E3sI=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCF29WsB/QhDLZbNulu0nY3QglFLz4V7x4UMSrf8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3AEU5i2hLM81pN5EURMBpJxhf537ngUrF4uheTxLqCxhGbMAIaCP17WNPgB4R4NntFHsiDilX2AOejKBvV5yqMwNeJm5BKqhAs29/eWFMUkEjTTgo1XOdRPsZSM0Ip9OylyqaABnDkPYMjUBQ5WezH6b4zCghHsTSVKTxTP09kYFQaiIC05lfrBa9XPzP66V6UPczFiWpphGZLxqkHOsY54HgkElKNJ8YAkQycysmI5BAtImtbEJwF19eJu1a1b2o1u4uK416EUcJnaBTdI5cdIUa6AY1UQsR9Iie0St6s56sF+vd+pi3rljFzBH6A+vzB+onl6g=</latexit>

M |= ↵
<latexit sha1_base64="A6dQPjOD56DtvSAbh9cOP9PE/c8=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCFy9CBfsBTSiTzbZdupuE3Y1QQsGLf8WLB0W8+ie8+W/ctDlo64OBx3szzMwLEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A1CUs4i2NNOcdhNJQQScdoLxde53HqhULI7u9SShvoBhxAaMgDZS3z72BOgRAZ7dTrEn4pByhT3gyQj6dsWpOjPgZeIWpIIKNPv2lxfGJBU00oSDUj3XSbSfgdSMcDote6miCZAxDGnP0AgEVX42+2GKz4wS4kEsTUUaz9TfExkIpSYiMJ35xWrRy8X/vF6qB3U/Y1GSahqR+aJByrGOcR4IDpmkRPOJIUAkM7diMgIJRJvYyiYEd/HlZdKuVd2Lau3ustKoF3GU0Ak6RefIRVeogW5QE7UQQY/oGb2iN+vJerHerY9564pVzByhP7A+fwDm/5em</latexit>

In which 
logic?



A Module
• is a subset of an ontology 
• that covers a set of terms

Given an ontology , 
           a signature ,  
a  -module  of  is  
• a subset of  
• that is deductively indistinguishable from , i.e,  

• for all  over  
            

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

↵
<latexit sha1_base64="nFzpfrKvyxa7M8jF3/s0tlGXHWw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJu1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AInNjxI=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

  iff  O |= ↵
<latexit sha1_base64="54noa2ciOOw3xWjGQpJXcD2E3sI=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCF29WsB/QhDLZbNulu0nY3QglFLz4V7x4UMSrf8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3AEU5i2hLM81pN5EURMBpJxhf537ngUrF4uheTxLqCxhGbMAIaCP17WNPgB4R4NntFHsiDilX2AOejKBvV5yqMwNeJm5BKqhAs29/eWFMUkEjTTgo1XOdRPsZSM0Ip9OylyqaABnDkPYMjUBQ5WezH6b4zCghHsTSVKTxTP09kYFQaiIC05lfrBa9XPzP66V6UPczFiWpphGZLxqkHOsY54HgkElKNJ8YAkQycysmI5BAtImtbEJwF19eJu1a1b2o1u4uK416EUcJnaBTdI5cdIUa6AY1UQsR9Iie0St6s56sF+vd+pi3rljFzBH6A+vzB+onl6g=</latexit>

M |= ↵
<latexit sha1_base64="A6dQPjOD56DtvSAbh9cOP9PE/c8=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCFy9CBfsBTSiTzbZdupuE3Y1QQsGLf8WLB0W8+ie8+W/ctDlo64OBx3szzMwLEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A1CUs4i2NNOcdhNJQQScdoLxde53HqhULI7u9SShvoBhxAaMgDZS3z72BOgRAZ7dTrEn4pByhT3gyQj6dsWpOjPgZeIWpIIKNPv2lxfGJBU00oSDUj3XSbSfgdSMcDote6miCZAxDGnP0AgEVX42+2GKz4wS4kEsTUUaz9TfExkIpSYiMJ35xWrRy8X/vF6qB3U/Y1GSahqR+aJByrGOcR4IDpmkRPOJIUAkM7diMgIJRJvYyiYEd/HlZdKuVd2Lau3ustKoF3GU0Ak6RefIRVeogW5QE7UQQY/oGb2iN+vJerHerY9564pVzByhP7A+fwDm/5em</latexit>

In which 
logic?

Any? Minimal?  
Good? 



A Module
• is a subset of an ontology 
• that covers a set of terms

Given an ontology , 
           a signature ,  
a  -module  of  is  
• a subset of  
• that is deductively indistinguishable from , i.e,  

• for all  over  
            

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

↵
<latexit sha1_base64="nFzpfrKvyxa7M8jF3/s0tlGXHWw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJu1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AInNjxI=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

  iff  O |= ↵
<latexit sha1_base64="54noa2ciOOw3xWjGQpJXcD2E3sI=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCF29WsB/QhDLZbNulu0nY3QglFLz4V7x4UMSrf8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3AEU5i2hLM81pN5EURMBpJxhf537ngUrF4uheTxLqCxhGbMAIaCP17WNPgB4R4NntFHsiDilX2AOejKBvV5yqMwNeJm5BKqhAs29/eWFMUkEjTTgo1XOdRPsZSM0Ip9OylyqaABnDkPYMjUBQ5WezH6b4zCghHsTSVKTxTP09kYFQaiIC05lfrBa9XPzP66V6UPczFiWpphGZLxqkHOsY54HgkElKNJ8YAkQycysmI5BAtImtbEJwF19eJu1a1b2o1u4uK416EUcJnaBTdI5cdIUa6AY1UQsR9Iie0St6s56sF+vd+pi3rljFzBH6A+vzB+onl6g=</latexit>

M |= ↵
<latexit sha1_base64="A6dQPjOD56DtvSAbh9cOP9PE/c8=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCFy9CBfsBTSiTzbZdupuE3Y1QQsGLf8WLB0W8+ie8+W/ctDlo64OBx3szzMwLEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A1CUs4i2NNOcdhNJQQScdoLxde53HqhULI7u9SShvoBhxAaMgDZS3z72BOgRAZ7dTrEn4pByhT3gyQj6dsWpOjPgZeIWpIIKNPv2lxfGJBU00oSDUj3XSbSfgdSMcDote6miCZAxDGnP0AgEVX42+2GKz4wS4kEsTUUaz9TfExkIpSYiMJ35xWrRy8X/vF6qB3U/Y1GSahqR+aJByrGOcR4IDpmkRPOJIUAkM7diMgIJRJvYyiYEd/HlZdKuVd2Lau3ustKoF3GU0Ak6RefIRVeogW5QE7UQQY/oGb2iN+vJerHerY9564pVzByhP7A+fwDm/5em</latexit>

In which 
logic?

Conservative 
extensions

Any? Minimal?  
Good? 



A Module
• is a subset of an ontology 
• that covers a set of terms

Given an ontology , 
           a signature ,  
a  -module  of  is  
• a subset of  
• that is deductively indistinguishable from , i.e,  

• for all  over  
            

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

M
<latexit sha1_base64="TZF+eVNlk4JMpAyP9a1j7y4iBTo=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyR/E2EwI5tn9fFituXV3AbROvILUoEB7WP0ajCRJYyoM4Vhr33MTE2RYGUY4nVcGqaYJJlM8pr6lAsdUB9ki8hxdWGWEIqnsEwYt1N8bGY61nsWhncwj6lUvF//z/NREzSBjIkkNFWT5UZRyZCTK70cjpigxfGYJJorZrIhMsMLE2JYqtgRv9eR10m3Uvat64+G61moWdZThDM7hEjy4gRbcQRs6QEDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AYDWkV0=</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

O
<latexit sha1_base64="0XIWT66/1JIrHESukhHmY46PVSM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUwS4LbtxZwT5gOpRMmmlDM8mQZIQy9DPcuFDErV/jzr8x085CWw8EDufcS849YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2V/EGMzYRgnt3Ph9WaW3cXQOvEK0gNCrSH1a/BSJI0psIQjrX2PTcxQYaVYYTTeWWQappgMsVj6lsqcEx1kC0iz9GFVUYokso+YdBC/b2R4VjrWRzayTyiXvVy8T/PT03UDDImktRQQZYfRSlHRqL8fjRiihLDZ5ZgopjNisgEK0yMbaliS/BWT14n3Ubdu6o3Hq5rrWZRRxnO4BwuwYMbaMEdtKEDBCQ8wyu8OcZ5cd6dj+VoySl2TuEPnM8fg+CRXw==</latexit>

↵
<latexit sha1_base64="nFzpfrKvyxa7M8jF3/s0tlGXHWw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSas+xmXSWqYpMtFYSqIicn8dTLkilEjppYgVdzeSugYFVJjAyrZELzVl9dJu1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AInNjxI=</latexit>

⌃
<latexit sha1_base64="xHbSk5mu2RlK5Ifr/aq0MNYRAcM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGNDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx9cx/eKLaMCXv7SShocBDyWJGsHVSu3fHhgL3yxW/6s+BVkmQkwrkaPbLX72BIqmg0hKOjekGfmLDDGvLCKfTUi81NMFkjIe066jEgpowm187RWdOGaBYaVfSorn6eyLDwpiJiFynwHZklr2Z+J/XTW1cDzMmk9RSSRaL4pQjq9DsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xK2rVqcFGt3V5WGvU8jiKcwCmcQwBX0IAbaEILCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AWmrjv0=</latexit>

  iff  O |= ↵
<latexit sha1_base64="54noa2ciOOw3xWjGQpJXcD2E3sI=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCF29WsB/QhDLZbNulu0nY3QglFLz4V7x4UMSrf8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2VlbX1jc2S1vl7Z3dvX374LCt4lQS2iIxj2U3AEU5i2hLM81pN5EURMBpJxhf537ngUrF4uheTxLqCxhGbMAIaCP17WNPgB4R4NntFHsiDilX2AOejKBvV5yqMwNeJm5BKqhAs29/eWFMUkEjTTgo1XOdRPsZSM0Ip9OylyqaABnDkPYMjUBQ5WezH6b4zCghHsTSVKTxTP09kYFQaiIC05lfrBa9XPzP66V6UPczFiWpphGZLxqkHOsY54HgkElKNJ8YAkQycysmI5BAtImtbEJwF19eJu1a1b2o1u4uK416EUcJnaBTdI5cdIUa6AY1UQsR9Iie0St6s56sF+vd+pi3rljFzBH6A+vzB+onl6g=</latexit>

M |= ↵
<latexit sha1_base64="A6dQPjOD56DtvSAbh9cOP9PE/c8=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRVsMeCFy9CBfsBTSiTzbZdupuE3Y1QQsGLf8WLB0W8+ie8+W/ctDlo64OBx3szzMwLEs6Udpxva2V1bX1js7RV3t7Z3du3Dw7bKk4loS0S81h2A1CUs4i2NNOcdhNJQQScdoLxde53HqhULI7u9SShvoBhxAaMgDZS3z72BOgRAZ7dTrEn4pByhT3gyQj6dsWpOjPgZeIWpIIKNPv2lxfGJBU00oSDUj3XSbSfgdSMcDote6miCZAxDGnP0AgEVX42+2GKz4wS4kEsTUUaz9TfExkIpSYiMJ35xWrRy8X/vF6qB3U/Y1GSahqR+aJByrGOcR4IDpmkRPOJIUAkM7diMgIJRJvYyiYEd/HlZdKuVd2Lau3ustKoF3GU0Ak6RefIRVeogW5QE7UQQY/oGb2iN+vJerHerY9564pVzByhP7A+fwDm/5em</latexit>

In which 
logic?

Conservative 
extensions

Any? Minimal?  
Good? 

How to test/ 
extract?



1. realisable 
– decidable 
– low complexity

Properties of Good Modules



1. realisable
2. unique 

Properties of Good Modules



1. realisable
2. unique 
3. small (?)  

Properties of Good Modules



1. realisable
2. unique 
3. small (?)  
4. good logical properties

Properties of Good Modules



Properties of Good Modules
1. realisable
2. unique 
3. small (?)
4. good logical properties

– self-contained:  
M and O have same entailments regarding Σ ∪ sign(M)

Otherwise:  
2 kinds of terms 
(covered & not) 



Properties of Good Modules
1. realisable
2. unique 
3. small (?)
4. good logical properties

– self-contained:  
M and O have same entailments regarding Σ ∪ sign(M)

– depleting: 
O\M has no (real) entailments regarding Σ ∪ sign(M)

Encapsulation!



Properties of Good Modules
1. realisable
2. unique 
3. small (?)
4. good logical properties

– self-contained:  
M and O have same entailments regarding Σ ∪ sign(M)

– depleting: 
O\M has no (real) entailments regarding Σ ∪ sign(M)

– robust for certain operations: 
• vocabulary restriction:  

M is also a Σ’-module of O for Σ’ ⊆ Σ
•  …

Rational



Some Relevant Types of Modules

Motivation Inseparability relations Robustness properties Conclusions

Relevant module types
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 small       ⊆      large       
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as di⇤cult as reasoning

tractable

Nice: language independent! 
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• undecidable for EL,  
acyclic ALC TBoxes…  

• PT—NExpTime-c for tiny DLs 
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My favourite:  
✓ language-independent 
✓polynomial 
✓depleting 
✓self-contained 
✓unique 
- not minimal  

sometimes huge 



The End 

• A brief tour through various aspects of DLs 
– including tableau, modules, and explanations 

• What was left out  
– details, proofs, complexity bounds 
– implementation and optimisations 
– many extensions & restrictions, EL, SHIQ, SROIQ, … 
– variations: temporal, non-monotonic, fuzzy, metric, … 
– reasoning problems:  

• conjunctive query answering 
• rewriting, msc, lcs, unification, matching, …. 
• decomposition  
• alignment, diffing



Thank You!


